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Abstract: In the face of the upcoming 30th anniversary of econophysics, we review our contributions9

and other related works on the modeling of the long–range memory phenomenon in physical,10

economic, and other social complex systems. Our group has shown that the long–range memory11

phenomenon can be reproduced using various Markov processes, such as point processes, stochastic12

differential equations and agent–based models. Reproduced well enough to match other statistical13

properties of the financial markets, such as return and trading activity distributions and first–passage14

time distributions. Research has lead us to question whether the observed long–range memory is15

a result of actual long–range memory process or just a consequence of non–linearity of Markov16

processes. As our most recent result we discuss the long–range memory of the order flow data in17

the financial markets and other social systems from the perspective of the fractional Lèvy stable18

motion. We test widely used long-range memory estimators on discrete fractional Lèvy stable motion19

represented by the ARFIMA sample series. Our newly obtained results seem indicate that new20

estimators of self–similarity and long–range memory for analyzing systems with non–Gaussian21

distributions have to be developed.22

Keywords: long–range memory; 1/f noise; absolute value estimator; anomalous diffusion; ARFIMA;23

first–passage times; fractional Lèvy stable motion; Higuchi’s method; Mean squared displacement;24

multiplicative point process25

1. Introduction26

Many empirical data sets and theoretical models have been investigated using the tool27

of spectral analysis. Many researchers across different fields find the power spectral28

density (abbr. PSD) of the 1/ f β form (with 0.5 . β . 1.5) to be of a particular interest29

[1–10]. Both because of its apparent omnipresence and the implication of slowly decaying30

autocorrelation, which indicates the presence of the long–range memory phenomenon.31

Long–range memory is also one of the established stylized facts of the financial markets32

[11–19]. Consequently, as our group was investigating 1/ f noise [20–23], we have become33

naturally interested in the rapidly growing field of econophysics. The term “econophysics”34

being coined by H. E. Stanley in Statphys conference in Kolkata [24].35

Our first publications were devoted to the modeling of the financial markets [25,26]. In36

those works we have considered trades occurring in the financial markets as point events37

driven by a point process proposed in [21–23]. Thanks to the organizers of the international38

conference Applications of Physics in Financial Analysis 4, held in Warsaw in 2003, we39
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were able to present our findings to econophysicists. Our first results inspired by the40

interaction with the participants of the APFA4 conference have been published in [27,28].41

We presented our ideas in the more general context of complex systems in [29,30].42

Later, we have taken part in COST Action P10 “Physics of Risk” and the follow–up COST43

Action MP0801 “Physics of Competition and Conflicts”. Bronislovas Kaulakys and Vygintas44

Gontis were executive committee members of both COST Actions, while the other group45

members gave talks and poster presentations during the annual meetings and helped46

organize an annual Action meeting in Vilnius in 2006. This COST Action has helped us47

embrace econophysics and be recognized as econophysicists.48

While it may be natural to see trades in the financial markets as point events [25–28],49

modeling volatility and return as a point process was not as straightforward. We have50

developed our approach further by abstracting the point process away and considering a51

continuous framework of Langevin stochastic differential equations (abbr. SDEs). First we52

have shown that the continuous interpretation of the point process model works well for53

trading activity [31]. And thus we have refined the SDE approach with model for volatility54

and return [32–36]. Interestingly similar SDEs can be derived from a simple agent–based55

model (abbr. ABM) [37,38], too. With time we have developed more complicated ABMs to56

account for the separation of time scales and order flow [39,40]. We even have branched out57

into sociophysics [41–44] as we have understood that the herding ABM we used to model58

the financial market is essentially equivalent to the well–known voter model [45–47].59

For 10 months (in 2015 and 2016), Vygintas Gontis, with the support of the Baltic American60

Freedom Foundation has stayed as a visiting researcher at the Center of Polymer Studies of61

Boston University. Discussions with the founding fathers of econophysics H. E. Stanley,62

professors Sh. Havlin, B. Podobnik, and S. Buldyrev, resulted in a paper [48]. Together63

we have considered volatility return intervals (term inspired by the studies [49–52]) of64

the financial time series at various time scales. In the paper we have shown that the time65

intervals between large financial fluctuations is distributed according to a power–law66

probability density function (abbr. PDF) p(τ) ∼ τ−3/2 [48]. The same distribution arise67

in our models and from many other one–dimensional Markov processes [53], while the68

long–range memory process would exhibit a different distribution, such as p(τ) ∼ τ2−H ,69

which is a well–known result for the fractional Brownian motion (abbr. FBM) [54].70

Here we provide an overview of our approach to understanding and modeling the long–71

range memory phenomenon in financial markets and other complex systems and share our72

most recent result. In Section 2 we introduce the original point process and discuss how73

to derive a non–linear SDE, which can reproduce the long–range memory phenomenon.74

We also discuss numerous extensions of both the point process model and non–linear SDE.75

Next, Section 3, we show how we can obtain a similar SDE from a simple herding ABM.76

Following the overview, we also present a novel result, which concerns understanding the77

nature of the self–similarity and long–range memory phenomenon from the perspective78

of fractional Lèvy stable motion (abbr. FLSM) and auto–regressive fractionally integrated79

moving average (abbr. ARFIMA) time series. In Section 4 we tested various long-range80

memory estimators such as Mean squared displacement, method of Absolute Value esti-81

mator, Higuchi’s method, and burst and inter–burst duration analysis on fractional Levy82

stable motion (ARFIMA(0,d,0) time series). Finally, in Section 5, we share our future83

considerations.84
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2. The multiplicative point process, the class of stochastic differential equations and85

their applications86

In this section, we overview how the physically motivated point process proposed in87

[21–23] was applied to model trading activity and absolute returns in the financial markets.88

We also discuss numerous extensions of the model into some related research topics, such89

as superstatistics, anomalous and non–homogeneous diffusion.90

2.1. The multiplicative point process model91

Let us consider signal I(t) composed of pulses with profiles given by Ak(x):92

I(t) = ∑
k

Ak(t− tk), (1)

here tk is the event (pulse) time. There are many physical and social systems, which93

generate signals of such nature: electric current [55], music [56], human heartbeat [57],94

internet traffic [30] or trading activity [27] to name a few.95

As most profiles of the pulses are brief, it is trivial that they would influence only high96

frequencies corresponding to the typical inverse pulse length. If we are interested in97

longer–term dynamics it is sufficient to assume that the Kronecker delta function well98

approximates the profile, Ak(x) = akδ(x). Many such systems are driven by the flow of99

identical or similar objects, such as electrons, packets, or trades. This lets us simplify (1)100

and investigate it as a temporal point process with unit events. Such process can be either101

described by the event times {tk} or by the inter–event times {τk = tk+1 − tk}.102

The inter–event times are far more convenient choice to model as they at least can give103

a semblance of the stationarity, while event times are obviously non–stationary as {tk}104

is monotonically increasing series. In [21–23] it was analytically shown that a relatively105

slow autoregresive AR(1) Brownian motion of τk yield 1/ f fluctuations of the signal I(t).106

[27] has built upon this observation and introduced multiplicative point process for the107

inter–event time108

τk+1 = τk + σ2γτ
2µ−1
k + στ

µ
k εk. (2)

In the above, it is assumed that inter–event time fluctuates due to exogenous perturbations.109

Perturbations are assumed to be standard uncorrelated Gaussian random variables, εk. The110

general rate of change is governed by σ, while γ is the damping constant. Multiplicativity,111

specified by µ, ensures that I(t) is multifractal and has a power–law PDF. This point process112

model has found its use for the analysis of 1/ f noise and long–range memory in many113

diverse phenomena such as musical rhythm spectra [56], human cognition [58], human114

interaction dynamics [59], turbulence [60] and few others [61–64]. Inspired by this model115

[65] has shown under which conditions 1/ f β spectrum can arise from reversible Markov116

chains.117

After closer examination it should be evident that Eq. (2) can be seen as an iterative solution118

of a certain SDE if Euler–Maruyama method was used [66]. Hence the corresponding119

Langevin SDE can be trivially recovered from the iterative relation (2):120

d τ = σ2γτ2µ−1 d k + στµ d Wk. (3)
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Figure 1. Statistical properties of the point process by numerically solving Eq. (2): (a) sample fragment
of corresponding N[t] time series, (b) PDF of the inter–event times and (c) PSD of the process. Red
curves correspond to numerical results, while black curves are theoretical power–law fits with (b)
α = 0 and (c) β = 1. Model parameter values: γ = 0, µ = 0, σ = 0.1, w = 1.

Note that this SDE is in the event space (or k–space) and not in the real time. Also this121

SDE must be solved by restricting the diffusion of the inter–event time τ to some arbitrary122

interval [τmin, τmax] on the positive half–plane as otherwise this SDE may not have a123

stationary distribution. If stationary distribution exists, then the stationary PDF of τ is a124

power–law:125

pk(τ) =
α + 1

τα+1
max − τα+1

min

τα, α = 2(γ− µ). (4)

Yet the main result of [27] is the power–law statistical properties of I(t). In the limit126

τmin → 0 and τmax → ∞ PSD of I(t) in arbitrarily long range of frequencies has a power–127

law slope:128

S( f ) ∼ 1/ f β, β = 1 +
2(γ− µ)

3− 2µ
. (5)

Number of events in a selected time window, for example number of trades per minute,129

also has a power–law distribution [27]:130

p(N) ∼ N−2(γ−µ)−3. (6)

Formally one could define the number of events in a window of length w as N[t] =131 ∫ t+w
t I(u)d u (here the square brackets indicate that N is in discrete time). These analytical132

results can be confirmed by numerical simulation (see Figure 1).133

2.2. The class of non–linear stochastic differential equations134

In [31,67–69] we have made a transition from k–space to real time and this enabled us to135

model trading activity and absolute returns in the financial markets not only qualitatively,136

but quantitatively, too. The transition from SDE in k–space, Eq. (3), to real time is done by137

substitution d t = τ d k, which yields:138

d τ = σ2γτ2µ−2 d t + στµ−1/2 d W. (7)

Modeling inter–event time in real time makes less sense than in the k–space, so let us change139

the variable to the number of events per unit time x = 1
τ . Applying Itô transformation140

yields:141
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Figure 2. Various slopes of PDF (a) and PSD (b) reproduced by the numerical solutions of SDE (8).
Model parameter values: σ = 1, η = 2.5 (all cases) and λ = 2 (red curves in both (a) and (b)), 3 (blue
curves), 4 (green curves) and 5 (magenta curves). Black dashed lines correspond to (a) p(x) ∼ x−λ

with λ = 1.5 and λ = 6 (upper and lower curves), (b) S( f ) ∼ 1/ f β with β = 0.5 and β = 2 (upper
and lower curves).

d x = σ2
(

η − λ

2

)
x2η−1 d t + σxη d W. (8)

In the above we have introduced a more convenient set of parameters:142

η =
5
2
− µ, λ = 2(γ− µ) + 3. (9)

As far as SDE (8) corresponds to the point process defined by Eq. (2), the results for143

stationary PDF and PSD should apply:144

p(x) ∼ x−λ, S( f ) ∼ 1/ f β, β = 1 +
λ− 3
2η − 2

. (10)

The validity of these theoretical predictions was extensively checked numerically (see145

Figure 2 for a quick example) and also, in [70], proven analytically. Analytical proof146

provided in [70] allows interpreting the process modeled by SDE (8) in a more general147

context. In fact we can model any process possessing these power–law statistical properties,148

even processes, which make less sense from the perspective of the original point process.149

Eq. (8) and similar random walk models have been used to model the EUR/CHF exchange150

rate [71]. It has also lead to numerous modifications by our group, which we discuss in151

detail in the following subsections.152

2.3. Reproducing the long–range memory using GARCH(1,1) process153

Autoregressive conditional heteroscedasticity (abbr. ARCH) family models [72–77] are154

quite popular forecasting tools among professional traders as well as researchers interested155

in the long–range memory phenomenon. Unlike SDEs ARCH family models have explicitly156

built–in memory. Which is built–in either via explicit dependence on the numerous previ-157

ous states, infinitely many in case of ARCH(∞) model [78–80], or via fractional integration158

procedure, which introduces memory similar to the one present in the fractional Brownian159

motion (abbr. FBM), as in FIGARCH fractionally integrated GARCH (abbr. FIGARCH)160

model [81–83]. In [84] we have shown that it is possible to modify GARCH(1,1) model,161

which is Markovian in nature, to reproduce 1/ f spectrum.162
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Generalized autoregressive conditional heteroskedasticity (abbr. GARCH) processes can163

be approximated by the diffusion processes. There are two competing approaches, which164

yield continuous approximations of GARCH processes using sets of SDEs. One of the165

approaches was proposed by Nelson [85] and the other by Kluppelberg et al. [86,87]. In166

case of GARCH(1,1) Nelson’s approach is easier to apply, but has a drawback that the167

resulting COGARCH(1,1) would be driven by two source of noise, instead of the one in the168

GARCH(1,1). Yet we can circumvent the problem by ignoring the observed heteroskedastic169

economic variable zt and focusing on the approximation of the volatility process, σ2
t , of170

GARCH(1,1):171

zt = σtωt, (11)

σ2
t = a + bz2

t−1 + cσ2
t−1 = a + bσ2

t−1ω2
t−1 + cσ2

t−1. (12)

In the above ωt is the noise, while a, b and c are the GARCH(1,1) model parameters. For172

Nelson’s approach to work we need to compute first and second moments of change in173

volatility. With the usual GARCH(1,1) we obtain SDE for geometric Brownian motion [84].174

Now lets introduce non–linearity into Eq. (12). In [84] we have explored two such options:175

σ2
t = a + bσ

µ
t−1ω

µ
t−1 + cσ2

t−1, (13)

σ2
t = a + bσ

µ
t−1|ωt−1|µ + σ2

t−1 − cσ
µ
t−1. (14)

Both of these options can be approximated by SDEs belonging to the class of SDEs (8) with176

λ = µ and η = µ/2. Consequently both of these options reproduce 1/ f spectrum with177

µ = 3. Other parameters, a, b and c, influence only the additional terms, which restrict178

the diffusion of σ2
t . Setting these values too high shrinks the interval and the power–law179

distribution becomes extremely hard to observe.180

2.4. Anomalous diffusion in the long–range memory process181

SDE (8) can be also seen to describe a heterogeneous diffusion in a non–linear potential.182

Such diffusion leads to anomalous growth in variance [88]183

〈
[x(t)− 〈x(t)〉]2

〉
∼ tθ , θ =

1
1− η

. (15)

This phenomenon is also known as anomalous diffusion [89–91]. If θ = 1 then the process184

exhibits normal diffusion. Otherwise if 0 < θ < 1, the diffusion is slower than normal and185

is referred to as sub–diffusion. The diffusion may also be faster, if 1 < θ < 2, in that case it186

is called super–diffusion.187

The anomalous diffusion can be obtained from SDE (8) only for specific parameter values188

such as λ < 1 and η < 1/2 [88]. Because power–law slope of the PSD, β, varies between 0189

and 2, from Eq. (10) follows that anomalous diffusion and power–law noise can be observed190

at the same time only for negative parameter η values, specifically for η < (λ− 1)/2 and191

λ < 1. However, for these parameters values numerical simulation would become very192
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slow and inefficient [70]. Therefore we have considered generalizing SDE (8) by considering193

non–Gaussian white noise.194

In [92] we have considered Lévy α–stable noise. SDE equivalent to SDE (8), but with Lévy195

α–stable noise takes the following form:196

d x
d t

= γ(η, λ, α)xα(η−1)+1 + xηξα(t). (16)

Here ξα(t) is a white noise, intensity of which is distributed according to the symmetric197

Lévy α–stable distribution. Characteristic function of the noise intensity is given by:198

〈exp(ikξα)〉 = exp
(
−σα|k|α

)
. (17)

Here α is the index of stability and σ is the scale parameter. We interpret SDE (16) in Itô199

sense and it can also be written in the form200

d x = γ(η, λ, α)xα(η−1)+1 d t + xη d Lα
t . (18)

Here d Lα
t stands for the increments of Lévy α–stable motion Lα

t . If SDE (16) is solved with201

reflective boundary conditions and202

γ(η, λ, α) =
sin
[
π
(

α
2 − αη + λ

)]
sin[π(α(η − 1)− λ)]

Γ(αη − λ + 1)
Γ(α(η − 1)− λ + 2)

, (19)

then generalized SDE (16) generate time series with power–law steady–state PDF and203

power–law PSD:204

p(x) ∼ x−λ, S( f ) ∼ 1
f β

, β = 1 +
λ− 3

α(η − 1)
. (20)

Extensive numerical simulations have shown that due to the presence of the multiplicative205

Lévy α–stable noise in Eq. (16) both sub–diffusion and super–diffusion can be observed206

together with power–law noise even for positive η values [93]. However, no analytical207

expression for anomalous diffusion exponent dependence on SDE parameters has been208

derived yet.209

In Figure 3 we show a sample series of the solutions of SDE (16) and the statistical prop-210

erties of the series when the noise is Lévy α-stable noise with α = 1. The other SDE (16)211

parameters were picked so 1/ f spectrum would be reproduced. As can be seen in the212

subfigure (a) ongoing diffusion is disrupted by huge jumps, which are characteristic to213

Lévy flights.214

If we consider modeling only sub–diffusive processes, then we can study another gen-215

eralization of SDE (8), originally proposed in [94]. If we start with a Markovian process216

described by the Itô SDE217

d x(τ) = f [x(τ)]d τ + g[x(τ)]d W(τ). (21)

The drift and diffusion functions of the above SDE are given by218

f (x) = σ2
(

η − λ

2

)
x2η−1, g(x) = σxη . (22)
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Figure 3. Statistical properties of the time series obtained by solving SDE with Lévy α-stable noise,
Eq. (16): (a) sample fragment of the time series, (b) PDF and (c) PSD of time series. Red curves
correspond to numerical results, while black curves are power–law best fits with exponents (b)
λ ≈ 3.3, (c) β ≈ 1.

We interpret the time τ as an internal (operational) time. For the trapping processes that219

have a distribution of the trapping times with power–law tails, the physical time t = T(τ)220

is given by the strictly increasing α+–stable Lévy motion defined by the Laplace transform221

〈
e−kT(τ)

〉
= e−τkα+ . (23)

Here the parameter α+ takes the values from the interval 0 < α+ < 1. Thus the physical222

time t obeys the SDE223

d t(τ) = d Lα+(τ), (24)

where dLα+(τ) stands for the increments of the strictly increasing α+–stable Lévy motion224

Lα+(τ). For such physical time t the operational time τ is related to the physical time t via225

the inverse α+–stable subordinator226

S(t) = inf{τ : T(τ) > t}. (25)

Such subordination leads to power spectral density227

S( f ) ∼

 1
ωβ , 1− α+ < β < 1 + α+,

1
ω1+α+

, β > 1 + α+.
, β = 1 +

α+(λ− 3)
(η − 1)

(26)

Proposed SDEs (8), (16), and (21) have served as a basis to study heterogeneous diffusion228

in non–homogeneous medium [88,94,95] and time subordinated processes [96,97] as well229

as the effects of non–linear variable transformations [98,99].230

In paper [96] we investigated the distinction between the internal time of the system and the231

physical time as a source of 1/ f noise. We have introduced the internal (operational) time232

into the earlier point process [21–23] together with additional equation relating the internal233

time to the physical time. In this scenario we can still recover power–law statistical features234

similar to the ones obtained by solving Eq. (8). In the financial markets, the internal time235

could reflect the fluctuating human activity, e.g., trading activity, yielding the long–range236

correlations in the volatility. The effective way for the solution of highly non–linear SDEs237

was proposed [96] by suitable choice of the internal time and variable steps of integration.238
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The effects of non–linear variable transformations [98,99] suggest that long–range memory239

in certain cases can be just a measurement effect. As far as the non–linear transformation240

of the observable x to y241

x =
1
yδ

, (27)

with δ being the transformation exponent, yields SDE for the variable y of the same form242

like Eq. (8) for x.243

2.5. Inverse cubic law for long–range correlated processes244

Inverse cubic law is an established stylized fact stating that the cumulative distributions of245

various financial market time series such as the number of trades, the trade volume or the246

return [12,14,15,19]. Thus this law is as important for the modeling as the consideration of247

long–range memory and fractal scaling, which are also stylized facts [6,12,14,15,19]. We248

have proposed [100] the non–linear SDE giving both the power–law behavior of the PSD249

and the inverse cubic law of the cumulative distribution. This was achieved using the idea250

that when the market evolves from calm to violent behavior there is a decrease of the delay251

time of multiplicative feedback of the system in comparison to the driving noise correlation252

time. This results in transition from the Itô to the Stratonovich sense of the SDE and yields253

a long–range memory process.254

We start from a simple quadratic SDE255

d x = x2 ◦α d W (28)

where α is the interpretation parameter, defining the α-dependent stochastic integral of the256

SDE (28),257

∫ T

0
f (x(t)) ◦α dWt ≡ lim

N→∞

N−1

∑
n=0

f (x(tn))∆Wtn . (29)

Here tn = n+α
N T with 0 ≤ α ≤ 1. Natural choices of the parameter α are: (i) α = 0,258

pre–point (Itô convention), (ii) α = 1/2, mid–point (Stratonovich convention) and (iii)259

α = 1, post–point (Hänggi–Klimontovich, kinetic or isothermal convention) [101].260

The quadratic SDE (28) is the simplest multiplicative SDE without the drift term symmetric261

for the positive and negative deviations of some observable x. More generally, the same262

process can be described by the delayed SDE [101]263

d x(t) = f (x(t))d t + g(x(t− δ))ζτ
t d t. (30)

Here f (x) represents arbitrary deterministic drift of the observable x, while g(x) effectively264

controls the diffusion as ζτ
t is the noise term, which is assumed to have correlation time τ.265

Note that the diffusion function depends on the delayed value of the observable x (by time266

interval δ).267

It may be shown [101] that in the limit δ→ 0 and τ → 0 (under the condition δ/τ = const)268

SDE (30) can be transformed into269
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d x = f (x(t))d t + g(x(t)) ◦α d W (31)

with the interpretation parameter being determined by270

α

(
δ

τ

)
' 1

2(1 + δ/τ)
. (32)

Under the perturbation by the white noise, in a case of τ � δ, even for short delay in271

feedback δ we achieve the Itô outcome, because there is no correlation between the sign272

of the noise ζt and the time–derivative of the feedback g(x). On the contrary, under the273

perturbation by the correlated noise, τ � δ, a correlation emerges between the sign of274

ζt and the time–derivative of g(x). In this case the correlation yields the Stratonovich275

outcome [101].276

In general the value of α may depend on the coordinate x and/or other system’ parameters.277

SDE (28) with α 6= 0 may be transformed into SDE in Itô sense278

d x = 2αx3 d t + x2 d W. (33)

This SDE is a particular case of the general Itô equation (8) yielding the power–law steady–279

state PDF and the power–law PSD (10). These SDEs become identical for η = 2 and280

λ = 4(1− α).281

Let us note that 1/ f β noise emerges due to the large fluctuations in the time series, while282

the finite time studies reveal the commonly observed magnitudes of the observable. The283

common fluctuations can be modeled by the familiar in the financial applications Itô SDEs.284

On the other hand, the large rapid fluctuations of the violent market arise due to the strong285

correlated influences, the processes of such a market are fast, all durations become short286

in comparison to the herding correlation time, and, consequently, the market should be287

modeled by the Stratonovich version of SDE.288

For the modeling of such dynamics we generalize equations (28) and (33) with x-dependent289

parameter α(x). Let290

d x = 2α(x)x3 d t + x2 d W, (34)

with, e.g.,291

α(x) =
1
2

[
1− exp

{
−
(

x
xc

)2
}]

, (35)

where xc is the Itô to Stratonovich interpretations crossover parameter. Equations (34) and292

(35) represent transition from Itô to Stratonovich convention with increasing the variable x293

and decrease of the delay time of multiplicative feedback for larger x, according to Wong–294

Zakai theorem [101]. Detailed numerical analysis of the model represented by equations295

(34) and (35) is presented in paper [100].296

2.6. 1/ f β noise with distributions other than power–law297

Solutions of the SDE (8) will always have power–law statistical properties of the (10) form.298

However, often noise with 1/ f β PSD is distributed according to PDF, which is not power–299
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law, but Gaussian or some other distribution. Here we review two different approaches,300

which allow for other distributions to be observed in time series with 1/ f β spectrum:301

superstatistical and coupled SDE approaches.302

In [102] it was suggested that the Poissonian–like process with the slowly changing average303

inter–event time may be represented as the superstatistical process one exhibiting 1/ f304

noise. It was assumed that the inter–event time τk, obtained by solving Eq. (2), represents305

not the actual (observed) inter–event time, but its average (reciprocal of the event rate). In306

this setup the actual inter–event time τ̂k would given by the conditional probability307

ϕ(τ̂k|τk) =
1
τk

e−τ̂k/τk , (36)

like for the non–homogeneous Poisson process. This additional randomization has no308

influence on the lower frequencies of the PSD of the intensity signal.309

The PDF of the observed inter–event time τ̂k may be derived from the superstatistical310

model,311

p(τ̂k) =
∫ ∞

0
ϕ(τ̂k|τk)pk(τk)d τk. (37)

Equations (36) and (37) generate the q-exponential distribution used in the nonextensive312

statistical mechanics and many real systems [103]. Detailed analytical derivations and the313

numerical verification was presented in [102].314

In the paper [36], a similar superstatistical approach was taken in respect to the intensity of315

the signal x, obtained by solving SDE (8). The observed series x̂ is assumed to be generated316

from x series by applying exogenous noise, which is described by an arbitrary conditional317

distribution ϕ(x̂|x). In such approach the steady–state distribution of x̂ is given by318

p(x̂) =
∫ ∞

0
ϕ(x̂|x)p(x)d x. (38)

Analytical and numerical analysis of inter–trade duration, the trading activity, and the319

return using the superstatistical method with the exponential and normal distributions of320

the local signal, driven by the stochastic process, was discussed in detail in [36].321

Later we have shown that superstatistical approach is not the only approach, which allows322

us to change the observed signal PDF. Coupled SDE approach, proposed in [97], allows323

for more flexibility and easier interpretation of how the statistical properties become324

independent of each other. The general form of the set of coupled SDEs was derived from325

the scaling properties needed for the realization of 1/ f β noise [97]326

d x = f (x)y2η d t + g(x)yη d W1, (39)

d y = σ2
(

η + 1− λ

2

)
y2η+1 d t + σyη+1

t d W2. (40)

Here f (x) and g(x) are arbitrary drift and diffusion functions, which determine the station-327

ary PDF of x, W1 and W2 are uncorrelated standard Wiener processes. The first equation328

describes the changes in the intensity of the signal, while the second equation represents329

fluctuations in the rate of change. These coupled SDEs allow for 1/ f β spectrum to be330
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Figure 4. Statistical properties of the time series obtained by solving coupled SDEs (39) and (40):
(a) sample fragment of x(t) time series, (b) PDF of the externally observed values x and (c) PSD of
x(t). Red curves correspond to numerical results, while black curves are theoretical fits: (b) standard
Gaussian PDF, (c) S( f ) ∼ 1/ f β.

reproduced together with arbitrary steady–state PDF of the observed value x. It was331

shown that the power–law slope of the PSD, β, of the time series of x generated by solving332

SDEs (39) and (40) depends on the parameters η and λ as follows333

β = 1 +
λ− 1

2η
. (41)

In Figure 4 we have shown that one can obtain Gaussian distribution of x (subfigure (b))334

together with 1/ f spectrum (subfigure (c)). In subfigure (a) one can visually see the impact335

of the variations in the rate of change.336

2.7. Reproducing statistical properties of the financial markets337

While qualitatively, the trading activity and the absolute returns have power–law distribu-338

tions and exhibit long–range memory property [14,19], corresponding empirical statistical339

properties have a finer structure. In order to reproduce the empirical statistical properties340

in detail some modifications to the SDE are needed.341

[13] has determined that Hurst exponents of the trading activity time series of 1000 US342

stocks are remarkably close: H ≈ 0.85. This implies that PSD of the trading activity should343

have a power–law slope β = 2H − 1 ≈ 0.7. [13] has also investigated that slope of the344

PDFs of the trading activity also has a power–law tail with exponent λ ≈ 4.4. It would345

be impossible to reproduce such values by using SDE (8), because Eq. (10) implies that if346

λ > 3, then β > 1. In our analysis of 26 US stocks [104] we have confirmed the slope of the347

PDF, but we have observed a more complicated PSD, with two slopes instead of one (β < 1348

for both slopes).349

Both of these issues are resolved by a modified SDE for trade intensity, n [31]:350

d n = σ2
[

η − λ

2
+
(n0

n

)2
]

n2η−1

(nε + 1)2 d t + σ
nη

nε + 1
d W. (42)

The problem of the two PSD slopes is resolved, because this SDE has two different effective351

η values. For n � ε−1 the effective η is equal to the specified parameter value (in the352

numerical simulations we have used η = 5/2, thus η̂1 = 5/2). For n� ε−1 the effective353

η is one smaller than the specified parameter value η̂2 = η − 1 = 3/2). Slope of the PDF354

increases from the value predicted in Eq. (10) due to integration, as trading activity is355

defined as number of trades per time window w, or in the current paramerization an356

integral of trade intensity: N[t] =
∫ t+w

t n(u)d u.357
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Figure 5. Trading activity PDF and PSD for MMM stock traded on NYSE (red curve) and the
numerical solutions of SDE (42). Model parameters values: η = 2.5, λ = 4.3, σ2 = 0.045, ε = 0.36,
n0 = 0.14. Empirical and numerical PDF was obtained by considering trades in the 300 s time
window.

Parameter n0 and the related term in the drift function ensure that n would not get very358

small as the term causes the potential to rapidly grow for n < n0. This helps us avoid359

negative trade intensities, which are impossible by definition, as well as ensure some level360

of minimal trading activity, which in our experience may differ for different stocks and361

different markets [35,104].362

In Fig. 5 we have shown that the stochastic model can match statistical properties of MMM363

stock traded on NYSE. While the matches are not perfect, but some of the noticeable364

differences can be explained by the fact that the stochastic model does not take into account365

intraday seasonalities.366

Reproducing statistics of absolute return requires another modification of the SDE [34].367

Our empirical analysis, confirmed by the other authors [103], indicated that q–Gaussian368

distribution [36,105] seems to be a good fit for the empirical absolute return, defined as the369

log–price difference, distribution. This is achieved by:370

d x = σ2

[
η − λ

2
−
(

x
xmax

)2
] (

1 + x2)η−1(
1 + ε

√
1 + x2

)2 x d t + σ

(
1 + x2) η

2

1 + ε
√

1 + x2
d W. (43)

To reproduce the full complexity of the empirical data another ingredient is needed: external371

noise, which can be understood as an effect of news flow or the distortions caused by the372

discrete order flow:373

rt = ξ

{
r0 = 1 +

2
w

∣∣∣∣∫ t

t−w
x(u)d u

∣∣∣∣, q = 1 + 2/λ2

}
. (44)

This relation was inspired by the superstatistical approach (discussed in Section 2.6) and374

determined by trying to fit the empirical data as best we can. We have empirical determined375

that the best fit is obtained when ξ is a process that generates uncorrelated random variates376

from a q–Gaussian distribution with q ≈ 1.4 (λ2 ≈ 5) and r0 being one minute (w ≈ 60 s)377

moving average filter of the solutions of SDE (43). Using this model, we were able to378

reproduce empirical statistical properties of stock from New York (abbr. NYSE) and Vilnius379

stock exchanges (abbr. VSE) [34,35].380

In Figure 6 we have demonstrated that the stochastic model reasonably well reproduces381

empirical data from NYSE and VSE. Some of the noticeable differences can be observed382

because we do not take into account the intraday seasonality, and we do not directly take383
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Figure 6. Comparison between empirical PDF and PSD of absolute one minute return as observed in
NYSE (red curves) and VSE (blue curves) stocks. Empirical results are compared against the model,
generated by the SDE (43) and exogenous noise Eq. (44), (black curves). Model parameter values:
η = 2.5, λ = 3.6, ε = 0.017, xmax = 103, λ2 = 5.

into account that VSE had relatively low liquidity (many one minute time intervals have384

zero returns). Differing liquidity is a likely explanation for the differences seen between385

NYSE and VSE, too.386

2.8. Variable step method for solving non–linear stochastic differential equations387

Note that SDEs (8), (42) and (43) are not Lipshitz continuous [66]; thus, they have to388

be solved by imposing boundary conditions, which would prevent the explosion of the389

solutions. An alternative way to achieve Lipshitz continuity is to include additional terms390

for restricting diffusion, which would have no detrimental effects on the PSD and PDF of391

the time series. Such is the role of the n0 term in SDE (42) and xmax term in SDE (43).392

Lacking Lipshitiz continuity causes another complication in solving the SDEs: the standard393

Euler–Maruyama or Milsten methods [66] do not yield good results with reasonable step394

sizes. This complication is resolved by using variable step size. The core idea is to use395

a larger step size whenever the anticipated changes would be small and use the smaller396

step size whenever significant changes are coming. The mathematical form of the variable397

step size is often unique to the SDE being solved, but a good rule of thumb would be to398

linearize the drift and the diffusion functions. See [67,68] for more details.399

For example, SDE (8) in our works is solved by the following set of difference equations:400

xi+1 = xi + κ2
(

η − λ

2

)
xi + κxiεi, (45)

ti+1 = ti + κ2x2−2η . (46)

In the above κ is a small number that acts as an error tolerance parameter. The smaller401

it gets the better xi reproduces desired statistical properties given by Eq. (10), but at the402

expense of numerical computation time.403

Similarly this variable step method can be also applied to SDEs with α–stable Lévy noise.404

For example, we can solve SDE (16) numerically by using the following set of difference405

equations406

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 6 August 2021                   doi:10.20944/preprints202108.0161.v1

https://doi.org/10.20944/preprints202108.0161.v1


15 of 33

xk+1 = xk + καγxk +
κ

σ
xkξα

k , (47)

tk+1 = tk +
κα

σα
x−α(η−1)

k , (48)

Here ξα
k is a random variable having α–stable Lévy distribution. This set of difference407

equations should be solved only with the reflective boundaries at x = xmin and x = xmax408

using the projection method [106]. In nutshell, if the variable xk+1 acquires the value409

outside of the interval [xmin, xmax] then the value of the nearest reflective boundary is410

assigned to xk+1. Iterative equations for SDEs (42) and (43) are a bit more complicated411

[34,104], but they still remain qualitatively the same.412

Note that introduction of the variable time step into the numerical solution of an SDE is413

equivalent to introducing the subordination scheme directly into the SDE, when internal414

time and physical time are related by a non–linear transformation [96].415

3. Agent–based model of the long–range memory in the financial markets416

In the previous section, we have discussed how our group has started from the physically417

motivated point process model and arrived at the general class of SDEs reproducing418

long–range memory phenomenon. However, this generality has its drawback: microscopic419

mechanisms of the modeled systems are ignored. We then tried to investigate some existing420

financial ABMs for the possibility to derive SDE of a similar form to SDE (8). We have421

failed to do so with some prominent yet complicated ABMs like the ones proposed in422

[107,108] (for more prominent ABMs of the time, which include some other candidates423

we have tried, see [109]). However, we have found success with Kirman’s herding model,424

initially proposed in [110] and later analyzed in financial market context by [111,112].425

3.1. Kirman’s herding model426

Kirman’s herding model can be defined via two one–step transition probabilities in a427

system with two possible states:428

p(X → X + 1) = (N − X)[σ1 + hX]∆t, (49)

p(X → X− 1) = X[σ2 + h(N − X)]∆t. (50)

In the above X is the number of agents in state 1 and N is the total number of agents within429

the system. Total number of agents is conserved, so the number of agents in the state 2 is430

trivially given by N − X. Here ∆t is a short time window during which only one transition431

should be likely. Transitions may occur either due to independent behavior (governed432

by parameters σi), or due to recruitment (governed by parameter h). Using birth–death433

process formalism [113] it is easy to find SDE corresponding to Kirman’s herding model434

with x = X/N:435

d x = [(1− x)σ1 − xσ2]d t +
√

2hx(1− x)d W. (51)
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3.2. Kirman’s herding model for the financial markets436

Evidently SDE (51) is not of the same form as SDE (8), but we have not yet discussed the437

meaning of the states 1 and 2. In many financial ABMs of the time it was a common choice438

to assume that agents represent chartist and fundamentalist traders [109]. Assuming that439

chartist traders trade based on the wide variety of technical trading tools, which often440

produce conflicting predictions, their excess demand (difference between the supply and441

demand generated by the group as a whole) is given by:442

Dc = r0Xc(t)ξ(t), (52)

where Xc(t) is the number of chartist traders and ξ(t) is their average mood (describing443

average sentiment to buy or sell). The relative impact of the chartists’ traders in comparison444

to fundamentalist traders is given by r0. Fundamentalist traders on the other hand, they445

are often assumed to trade based on the quantity known as a fundamental price, Pf , with446

the expectation that the price, P(t), in the long run, will converge towards the fundamental447

price. Under this assumption, their excess demand is given by:448

D f = X f (t) ln
Pf

P(t)
. (53)

Using the excess demand functions of the both groups, we can use Walras law [114] to449

obtain the expression for the price[38,111]:450

P(t) = Pf exp

[
r0

Xc(t)
X f (t)

ξ(t)

]
. (54)

Log–return of the price is evidently given by:451

rw(t) = ln P(t)− ln P(t− w) = r0
xc(t)
x f (t)

ζw(t). (55)

In the above ζw(t) is the mood change function over time window w. As the mood changes452

on a very short time scale and we are interested in the long–term dynamics we can simply453

assume that ζw(t) is some kind of uncorrelated noise and consider only a more slowly454

varying ratio between fractions of chartists and fundamentalists. As the total number of455

agents is fixed we can define long–term component of return, modulating return, as:456

y(t) =
x(t)

1− x(t)
. (56)

SDE for the modulating return is given by:457

d y = [σ1 + (2− σ2)y](1 + y)d t +
√

2hy(1 + y)d W, (57)

which is roughly similar to the SDE 8 with η = 3/2 and λ = σ2
h + 1.458

This SDE can be generalized by introducing variable event rate τ(y) = y−α. This addition459

can be explained by the fact that it is well known that returns and trading volume correlate460

and the best correlation is acchieved between squared returns and volume [16–18,115],461
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Figure 7. Comparison between empirical PDF and PSD of absolute ten minute return as observed in
NYSE (red curves), VSE (blue curves) and WSE (green curves) stocks. Empirical results are compared
against the consentaneous model, defined in [39]. Model parameter values are the same as in Figure 2
of [39].

hence suggesting that α = 2 is a likely candidate. With this extension and when considering462

only the highest powers of y (as the large y tend to influence the PSD), we obtain [38]:463

d y = h(2− σ2)y2+α d t +
√

2hy3+α d W. (58)

Now this SDE is completely equivalent to the SDE 8 with η = 3+α
2 and λ = σ2

h + α + 1.464

Consequently PSD of y will have a frequency range in which:465

Sy( f ) ∼ 1/ f β, β = 1 +
σ2
h + α− 2

1 + α
. (59)

In the later papers, we have modified this herding ABM until it was able to reproduce466

absolute return PDF and PSD close to the empirical absolute return PDFs and PSDs. In467

[116] we have shown that considering mood dynamics can help in reproducing fractured468

PSD. In [39] we have reliably introduced the exogenous noise, much similar to what was469

done with SDE driven model in [34], into this ABM, thus producing a consentaneous model.470

In [117,118] we have explored the opportunities to control the fluctuations in the artificial471

financial markets driven by the herding ABM, showing that random trading, control472

strategy suggested in [119], may also destabilize the market. In [40] we have removed473

the assumption about the exogenous noise and replaced it with order book dynamics,474

thus presenting another possible explanation for fracture in the PSD: it also arises due to475

market price lagging behind the changes in the equilibrium price, Eq. 54. Notably, the476

order book version of the model was able to reproduce both trading activity and absolute477

return statistical properties at the same time.478

In Figure 7 we have reproduced one of the figures from [39] to show how well the ABM479

can reproduce the empirical data from New York, Vilnius, and Warsaw stock exchanges480

(abbr. WSE). Here we have shown that the model was able to reproduce 10 minute absolute481

return PDFs and PSDs from the different stock exchanges, but in the original article, more482

intraday time scales are covered, and seasonality was also taken into account.483

3.3. Kirman’s herding model, voter model and the opinion dynamics context484

Attentive reader with a background in opinion dynamics will likely notice that Kirman’s485

model is remarkably similar to the well–known voter model [45–47]. They are identical,486

which has prompted us to question whether the voter model is truly a model for voters,487
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which Fernandez–Garcia et al. in [120] also raised. This has lead us to explore and model488

statistical properties of spatially heterogeneous electoral data [41]. As we have noticed489

segregation effects in the electoral data, we have continued our investigation by considering490

the migratory nature of census and electoral data [42]. Similar approaches were taken by491

others as well. Sano and Mori [121] have looked into spatiotemporal Japanese election data492

in their model, assuming a noticeable fraction of stubborn voters who do not allow for the493

party’s popularity to drop below a certain threshold. Braha et al. [122] have considered494

spatiotemporal US election data and have also emphasized the role of opinion leaders495

and spatial variability of external influences. Fenner et al. [123,124] have started from a496

generative model inspired by survival analysis, but in later works transition to the SDE497

framework [125,126]. While Michaud and Szilva [127] have fixed issues with the model498

originally proposed by Fernandez–Garcia et al. [120], mainly they have redefined how499

the noise term is handled so that the model would be more mathematically well–posed.500

Marmani et al. [128] have provided a similar empirical analysis of Italian electoral data501

and provided additional perspective from the point of view of Shannon entropy.502

As is common in opinion dynamics [45–47] we have also explored the influence of network503

topologies on the statistical properties of Kirman’s herding model. Namely, we have504

demonstrated [129] a continuous transition from extensive case, characterized by localized505

interactions, Gaussian distributions and Boltzmann entropy, to a non–extensive case,506

characterized by global interactions, q–Gaussian distribution, and Tsallis entropy. Similar507

results were demonstrated earlier by Alfarano and Milakovic [130], who have explored how508

Kirman’s herding model works on random, Barabasi–Albert and small–world network509

topologies. Similar observations were also made in [131], but Carro et al. have used510

so–called annealed approximation which takes into account network structures better than511

the usual mean–field approximation.512

Recently we have also used the noisy voter model to model parliamentary presence [43].513

A paper by Vieira et al. [132] has inspired us to look into the Lithuanian parliamentary514

presence data. Unlike Vieira et al., we have observed not a ballistic diffusion regime515

but superdiffusive behavior. However, both of these regimes can be obtained from the516

noisy voter model with imperfectly acting agents. Namely, agents can internally intend517

to attend the parliamentary session or skip, but the action itself may be random despite518

being conditioned on the intended action. As Vieira et al. have used fractional diffusion519

equation as a model, this result implies that it may be possible to fake long–range memory520

encoded in fractional diffusion equation by using Markov models employing non–linear521

transformations of the voter model [99].522

Classical voter model incorporates only recruitment mechanism, while other responses to523

social interaction are also possible. For example, diamond model [133] posits that indepen-524

dence and anti–conformity mechanism may be important to understanding human social525

behaviors. Similarly Latane social impact theory [134] perdicts importance of supportive526

interactions. Namely, individuals strengthening the conviction of their like–mended peers.527

While this theory was recently studied in the opinion dynamics context [135,136], it hasn’t528

been combined with the voter model. One could also consider majority–vote models529

[137–139] and q–voter models [140,141] as implementing some kind of support by the530

like–minded agents. In majority–vote models recruitment is only possible if majority of531

agents have opposing opinion (therefore majority becomes harder to convince, but minority532
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remains as susceptible to change). In most q–voter models a group of q agents must share533

an opinion to convince a single agent. We have implemented supportive interactions by534

decreasing the transitions rates of the agents by an amount proportional to the number535

of like–minded agents. In some cases these modifications cause the transition rates go to536

zero, which freezes the system state. Similar qualitative behavior is observed in works,537

which consider non–Markovian mechanisms, such as implicit opinion freezing or ageing538

[142–145]. This serves as another example that highly non–linear Markovian models can539

lead to similar dynamics as the dynamics generated by the non–Markovian models.540

4. Searching for the true long–range memory test541

We have reviewed our experience of modeling long–range memory phenomena using542

Markovian models in the earlier sections. We have shown numerous examples of non–543

linearity causing behaviors and dynamics reminiscent of the models with true long–range544

memory (such as delayed feedback, aging, freezing, and fractional dynamics). In this545

section, we present our latest endeavor to find a statistical test, which would distinguish546

whether the real–life systems possess true or spurious long–range memory. We have earlier547

proposed a test based on the specific first–passage times, which we refer to as the burst548

and inter–burst duration analysis (abbr. BDA) [146–149].549

Investigating empirical PDF of burst and inter–burst duration compared with the model550

properties, we have interpreted the observed long–range memory in the financial markets551

by ordinary non–linear SDEs representing multifractal stochastic processes with non–552

stationary increments [150,151]. One has to take into account the interplay of endogenous553

and exogenous fluctuations in the financial markets to build a comprehensive model of554

this complex system [152]. Non–linear SDEs might be applicable in the modeling of other555

social systems, where models of opinion or populations dynamics lead to the macroscopic556

description by these equations [146–149]. The description by SDEs is an alternative to557

the modeling incorporating fractional dynamics, if power–law statistical properties are558

observed in the empirical data.559

The BDA employs the dependence of first–passage time PDF on Hurst exponent H for the560

fractional Brownian motion [54,150,151,153].561

FBM, FLSM, and ARFIMA [154–156] form the theoretical background of long–range mem-562

ory and self–similar processes. These processes, first of all, served for the modeling of563

systems with anomalous diffusion and expected fractional dynamics [157]. We can consider564

fractional models possessing true long–range memory as they have correlated increments.565

Self–similar processes with non–Gaussian stable increments are essential for the modeling566

of social systems as well. In the financial markets power–law distributions of noise often567

interplay with autocorrelations [158–160]. In [161] we implemented BDA for the order568

disbalance time series seeking to confirm or reject the long–range memory in the order569

flow. Further, we analyzed the same LOBSTER data of order flow in the financial markets570

[162] from the perspective of FLSM and ARFIMA models seeking to identify the impact of571

increment distributions and correlations on estimated parameters of self–similarity [163].572

The revealed peculiarities of non–Gaussian fractional dynamics in this financial system573

raise new questions about whether used sample estimators are reliable. In this section, we574

test various long-range memory estimators such as Mean squared displacement, Absolute575
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Value estimator, Higuchi’s method, and BDA on discrete fractional Lèvy stable motion576

represented by the ARFIMA sample series.577

4.1. Fractional processes with non–Gaussian noise578

FBM serves as a model of the correlated time series with stationary Gaussian increments579

and generalizes the classical Brownian motion [1]. One can define FBM, BH(t), of the580

index H (Hurst parameter) in the interval 0 < H < 1 as the Itô integration over classical581

Brownian motion B582

BH(t) =
∫ ∞

−∞

(
(t− u)d

+ − (−u)d
+

)
d B(u), (60)

where d = H− 1/2, (x)+ = max(x, 0). The parameter H in FBM quantifies fractal behavior,583

long–range memory, and anomalous diffusion. This is not the case for the other more584

general stochastic processes. Thus in this contribution the Hurst parameter H is responsible585

only for the fractal properties of the trajectories. We will consider fractional Lèvy stable586

motion as more general process with non–Gaussian distribution Lα
H(t) representing an587

integrated process of independent and stable stationary increments d Lα(u) [154]588

Lα
H(t) =

∫ ∞

−∞

(
(t− u)d

+ − (−u)d
+

)
d Lα(u), (61)

where parameter d depends on H and parameter of stable distribution α, d = H− 1/α. The589

parameter α characterizes special class of stable, invariant under summation, distributions590

[164], useful in the modeling both super and sub–diffusion [157]. Here we are interested in591

the symmetric zero mean, stable distribution defined by the stability index in the region592

0 < α < 2. This new parameter is responsible for the power–law tails of the new PDF593

P(x) ∼ |x|−1−α.594

FBM and FLSM exhibit identical self–similar scaling behavior in statistical sense,595

BH(ct) ∼ cH BH(t), Lα
H(ct) ∼ cH Lα

H(t), (62)

here x ∼ y means that x and y have identical distributions. One can establish the relation596

with the fractal dimension of trajectories D = 2− H [165]. In analogy to the notions used597

in fractal geometry, these types of processes can be considered self–similar.598

Mean squared displacement (abbr. MSD) is another important statistical property of599

various complex systems. Mathematically it was introduced as an ensemble average of the600

possible microscopic trajectories x(t) [157]601

〈(x(t)− x(0))2〉 ∼ tλ, λ = 2d + 1. (63)

Note that Eq. (63) is valid for the FBM, while the ensemble average of FLSM diverges [154].602

For the FBM d = H − 1/2, while for the FLSM λ is not defined. When d < 0, one observes603

dynamics as sub–diffusion and for d > 0 as super–diffusion.604

In experimental or empirical data analysis one usually deals with discrete–time sample605

data series {Xi}. It is challenging to decide which model to apply in the description of606

empirical data when diffusion is anomalous d 6= 0, as observed dynamics in the sample607
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data can originate from the long–range memory or power–law of the noise. We will use608

the sample MSD defined as609

MN(k) =
1

N − k + 1

N−k

∑
i=o

(Xi+k − Xk)
2. (64)

Let us also introduce increment process {Yi = Xi − Xi−1} which is extracted from the sam-610

ple data series. In the case of the FBM increment process is called fractional Gaussian noise611

(abbr. FGN), and in the case of FLSM is called fractional Lèvy stable noise (abbr. FLSN).612

Authors in [154] provide an evidence of FLSM non–ergodicity and that MN(k) ∼ kλ, where613

λ = 2d + 1, for large N, k, and N/k. Thus the MSD sample analysis of time series with614

FLSM assumption becomes very important providing estimation of the memory parameter615

d. The long–range memory usually is defined through the divergence of autocovariance616

ρ(k), ∑∞
k=1 ρ(k) = ∞, [11]617

ρ(k) =
1

N − k + 1

N−k+1

∑
i=1

YiYi+k = 2−1{(k + 1)2H − 2k2H + |k− 1|2H} (65)

∼ H(2H − 1)k−γ, k→ ∞.

For the FGN, the exponent of autocorrelation is defined by the Hurst parameter γ =618

2− 2H. We see that FBM is an essential long–range memory process with various statistical619

properties defined by the Hurst parameter. Thus, researchers use an extensive choice of620

statistical estimators to determine H and evaluate memory effects even when investigated621

time series deviate from the Gaussian distribution.622

Accepting more general FLSM approach one has to reevaluate previously used estimators623

[161], as we now have more independent parameters. The stability index 0 < α < 2 and624

the memory parameter d both contribute to the observed sample properties. Since in the625

Lèvy stable case the second moment is infinite the measure of noise autocorrelation, e.g.,626

the co–difference [164,166], is used instead of covariance627

τ(k) =∼ k−(α−αH). (66)

Note that the parameter γ = α− αH = α− αd− 1, has a strong dependency on α, when628

for the Gaussian processes, it was considered just as the indicator of long–range memory.629

Consequently, the previously used sample power spectral density analysis, the rescaled630

range analysis [167–169], or multifractal detrended fluctuation analysis [170,171] has to be631

reevaluated from the perspective of FLSM [161,163].632

Earlier, we have introduced the burst and inter–burst duration analysis (BDA) as one more633

method to quantify the long–range memory through the evaluation of H [147,150,151,161].634

For the one dimensional bounded sample time series, any threshold divides these series635

into a sequence of burst Tb
j and inter–burst Ti

j duration, j = 1, ..Nb. The notion of burst636

and inter–burst duration follows from the threshold first–passage problem initiated at637

the nearest vicinity of the threshold. The burst duration is the first–passage time from638

above and inter–burst from below the threshold, see [147,150,151,161] for more details. The639

empirical (sample) PDF (histogram) of Tj gives us the information about H, as power–law640
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part of this PDF should be T2−H [54]. We have to revise the method of BDA from the more641

general perspective of FLSM [163], as the question of which properties can be recovered642

using this method is open and has to be investigated.643

The method of Absolute Value estimator (abbr. AVE) works correctly even for the time644

series with infinite variance [11,165,166,172]. The method is based on mean value δn645

calculated from sample series Yi and evaluating its scaling with length of sub–series n.646

Divide the increment series Yi into blocks of size n, so that m · n = N, and average within647

each block to get aggregated series Y(n)
j = 1

n ∑
jn
i=(j−1)n+1 Yi. Calculate δn648

δn =
1
m

m

∑
j=1
|Y(n)

j − 〈Y〉|, (67)

where 〈X〉 is the overall series mean. Then the absolute value scaling parameter HAV can649

be evaluated from the scaling relation650

δn ∼ nHAV−1. (68)

One more almost equivalent estimator of scaling properties regarding the FLSM is Higuchi’s651

method [11,173]. It relies on finding fractional dimension D of the length of the path. The652

normalized path length Ln in this method is defined as follows653

Ln =
N − 1

n3

n

∑
i=1

1
m− 1

m−1

∑
j=1
|Xi+jn − Xi+(j−1)n|, (69)

and Ln ∼ n−D, where D = 2− H.654

We will investigate four methods: AVE, Higuchi’s, MSD, and BDA for the analysis of655

ARFIMA time series as a test sample of FLSM.656

4.2. Numerical exploration of the accumulated ARFIMA(0,d,0) time series657

Let us consider discrete process {Xi} defined as a cumulative sum,658

Xi+1 = Xi + Yi, (70)

of correlated increments {Yi}. Let the increments be generated by the ARFIMA(0,d,0)659

process [156,174]:660

Yi =
∞

∑
j=0

Γ(j + d)
Γ(d)Γ(j + 1)

Zi−j, (71)

with random Zi−j from the domain of attraction of an α–stable law with 0 < α ≤ 2. One can661

calculate the sum in Eq. (71) using the Fast Fourier Transform algorithm. The approximate662

relation between FLSM and ARFIMA can be derived using Riemann–sum approximation,663

see [174] for details.664

Seeking to generate comparable time series with analyzed in [163] order disbalance time665

series of the financial markets we choose N = 7 · 106, nine values of d = {−0.4,−0.3,−0.2,666

0.1, 0.0, 0.1, 0.2, 0.3, 0.4} and four values of α = {2, 1.5, 1.25, 1.0}. The sample time series for667

any set of parameters have been evaluated using four estimators described above: MSD,668
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Figure 8. Comparison of the MSD (a), AVE (b) and Higuchi (c) estimator performance when estimat-
ing d from the accumulated ARFIMA(0,d,0) series in the unbounded case, {Xi} generated by Eq. (70).
Different curves correspond to the different values of the noise distribution stability parameter: α = 2
(red triangles), 1.5 (green diamonds), 1.25 (blue squares) and 1 (black circles).

AVE, Higuchi’s estimator, and BDA. We evaluate H as described in the previous subsection.669

First of all, we partition time series Yi in subsets with 5 · 105 time steps and accumulate670

them to get 14 subseries Xi. Then the exponent λ or the Hurst parameter are evaluated for671

each subseries using MSD, AVE, and Higuchi’s sample estimators. Finally, we calculate the672

mean and standard deviation of defined 14 λ and H sets. Estimated d we calculate using673

d = H − 1/α or d = (λ− 1)/2 in MSD case. The graphs in Figure 8 of estimated d versus674

used ARFIMA model d serve as a good test of used estimators.675

Our numerical result given in subfigure (a) confirms theoretical prediction for the sample676

MSD MN(k) ∼ k2d+1 [154] as estimated d using this relation almost coincide with model d677

for all values of α. It is accepted that two estimators, Absolute value and Higuchi’s, are678

almost equivalent and should be applicable for the analysis of fractional processes with679

stable distribution [11,165,166,172]. Indeed, the results of our numerical investigation, see680

(b) and (c) subfigures in Figure 8 confirm the equivalence of these estimators. Nevertheless,681

the estimated values of memory parameter d deviate considerably from its model value,682

when α→ 1, and these deviations are much more prominent for the super–diffusion case683

d > 0. These deviations do not arise as a computational effect as estimated relative standard684

deviation decreases from 0.15 to 0.02 for the evaluated H in the investigated interval of d.685

Fortunately, this result does not contradict the study [163], where we used these estimators686

to evaluate d in empirical order disbalance time series exhibiting sub–diffusion.687

It is important to note that the estimators: MSD, AVE, and Higuchi’s should work well688

only for the unbounded time series when the most physical systems and processes are689

of finite size and duration. In all such cases, boundary effects might become important,690

and one must choose or propose more reliable estimators [165]. The BDA considered691

in our previous work [147,150,151,161], probably, can serve as an alternative approach.692

This method works better for the bounded time series, where more intersections of series693

with the threshold can be expected. Thus in this contribution for the BDA we restrict the694

diffusion of Xi to the interval [−Xmax, Xmax] (in our analysis we use Xmax = (105)2d+1).695

This restriction is implemented as a soft boundary condition:696

Xi+1 = max(min(Xi + Yi, Xmax),−Xmax). (72)

This iterative relation replaces Eq. (70) in the {Xi} series generation algorithm. We define697

the PDF of the burs and interburst duration Tj for the whole set of time steps N = 7 · 106
698

and the series threshold equal to zero mean. Note that only in this symmetric case PDF’s of699

burst and interbust duration coincide. Seeking to understand how the diffusion restriction700

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 6 August 2021                   doi:10.20944/preprints202108.0161.v1

https://doi.org/10.20944/preprints202108.0161.v1


24 of 33

Figure 9. Comparison of the MSD (a), AVE (b), Higuchi (c) and BDA (d) estimator performance
when estimating d from the accumulated ARFIMA(0,d,0) series in the bounded case, {Xi} generated
by Eq. (72). Different curves correspond to the different values of the noise distribution stability
parameter: α = 2 (red triangles), 1.5 (green diamonds), 1.25 (blue squares) and 1 (black circles).

mechanism impacts the results of other estimators, we use the same restriction mechanism701

for the 14 subseries obtained after the partition procedure. Results of this analysis we702

present in Figure 9.703

Though the used diffusion restriction is relatively soft and changes the direction of move-704

ment in the limited number of trajectories points, results of MSD, AVE, and Higuchi’s705

estimators changed very considerably, compare subfigures (a), (b) and (c) with correspond-706

ing results in Figure 9. Contrary, the results obtained using H defined by BDA, see subfigure707

(d), resembles AVE (b) and Higuchi’s estimator (c) subfigures from unbounded series Fig.708

9. Further investigation is needed to define the best methods and sample estimators for709

evaluating parameters of fractional time series impacted by various diffusion restrictions.710

The vast amount of data available from the financial markets can serve as empirical time711

series considered from the perspective of FLSM.712

5. Future considerations713

Here we have reviewed our approaches to modeling the long–range memory phenomenon714

and power–law statistics in a variety of complex systems. Our approach differs from715

the usual approach taken by mathematicians in that we have used Markovian models716

instead of the non–Markovian alternatives. We were able to reproduce similar behaviors717

due to our models being driven by various non–linear dependencies. In the case of SDEs718

non–linearity may cause the increments of the stochastic process to be non–stationary and,719

by consequence, cause spurious long–range memory [175,176]. Many models we have built720

over the years are not the models of the true long–range memory. However, the critical721

question is whether our models capture the memory as observed in the financial markets722

and possibly other socio–economic complex systems. Section 4, which describes our most723

recent endeavor, hints at three components that are needed to provide an answer.724

The first component is a statistical test, which should distinguish between the spurious and725

the true long–range memory. Currently, we are considering BDA method [146–149], which726

performs reasonably well in comparison to the alternatives. The core idea of the method727
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is that for any one–dimensional Markovian random walk first–passage time PDF should728

be a power–law with exponent −3/2 at least for some of the durations. Deviations from729

this law could indicate the presence of the true long–range memory. Though the method730

may fail when the stochastic process is not one–dimensional, the study of what happens in731

the multidimensional case, e.g., as in [97], is pending. Other challenges may also arise, as732

discussed in Section 4.733

The second component would be a selection of models exhibiting both spurious and true734

long–range memory. Our prior research has introduced a variety of models of spurious735

long–range memory; hence the next steps would be formulating comparable alternative736

models and studying properties of the existing long–range memory models. Here we have737

focused on estimating long-range memory in the fractional Lévy stable motion (modeled738

using ARFIMA(0,d,0) discrete process), which is a generalization of the fractional Brownian739

motion. However, in general, other models could also be considered, for example, the740

multiplicative point process (see Section 2) could be generalized by replacing uncorrelated741

Gaussian noise with fractional Gaussian noise. Other correlation structures or variable742

pulse durations could also be considered as an extension [177]. Other notable alterna-743

tives and extensions include continuous-time random walk [178] and complex contagion744

frameworks [179,180].745

The third component would be a variety of data from socio–economic complex systems.746

Many of our earlier approaches relied on high–frequency absolute return and trading747

activity time series, but in our most recent works, we have shifted our attention to the748

order book data obtained from LOBSTER [162]. Order book data seems to invite a more749

general approach by understanding the data within FLSM or ARFIMA mindset for a broad750

class of anomalous diffusion processes. [155,165,166]. The vast amount of data in social751

including financial systems, has to be investigated to identify and validate the fractional752

dynamics and long–range memory. Our first results in this direction [161,163] question753

the interpretation of long–range memory in the order flow data of financial markets. First754

of all, a prudent choice of estimators based on FLSM and ARFIMA assumptions are755

needed. After extensive analysis from this perspective would be possible to decide whether756

the investigated social system exhibits true long-range memory or observed power–law757

statistical properties are just the outcome of strong non–linear effects.758

Research effort combining all these three components could yield a better understanding of759

the long–range memory phenomenon as it is observed in the variety of complex systems.760

Author Contributions: Conceptualization, R.K., A.K., B.K and V.G.; methodology, R.K., A.K., B.K761

and V.G.; software, A.K. and V.G.; validation, R.K., A.K., B.K and V.G.; formal analysis, B.K.; in-762

vestigation, R.K., A.K., B.K and V.G.; resources, R.K., A.K., B.K and V.G.; data curation, R.K., A.K.,763

B.K and V.G.; writing—original draft preparation, R.K., A.K., B.K and V.G.; writing—review and764

editing, R.K.; visualization, R.K., A.K., B.K and V.G.; supervision, V.G.; project administration, R.K.;765

funding acquisition, R.K. and V.G. All authors have read and agreed to the published version of the766

manuscript.767

Funding: This project was funded by the European Union (project No 09.3.3-LMT-K-712-19-0017)768

under the agreement with the Research Council of Lithuania (LMTLT).769

Conflicts of Interest: The authors declare no conflict of interest.770

Abbreviations771

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 6 August 2021                   doi:10.20944/preprints202108.0161.v1

https://doi.org/10.20944/preprints202108.0161.v1


26 of 33

The following abbreviations are used in this manuscript:772

773

AMB agent–based model

ARCH auto–regressive conditional heteroscedasticity

ARFIMA auto–regressive fractionally integrated moving average

AVE Absolute Value estimator

BDA burst and inter–burst duration analysis

FBM fractional Brownian motion

FGN fractional Gaussian noise

FIGARCH Fractionally Integrated GARCH

FLSM fractional Lèvy stable motion

GARCH generalized auto–regressive conditional heteroskedasticity

MSD Mean squared displacement

NYSE New York stock exchange

PDF probability density function

PSD power spectral density

SDEs stochastic differential equations

VSE Vilnius stock exchange

WSE Warsaw stock exchange
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