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Abstract: The methods for constructing solutions to integro-differential equations of the Volterra type
are considered. The equations are related to fractional conformable derivatives. Explicit solutions of
homogeneous and inhomogeneous equations are constructed and a Cauchy-type problem is studied.
It should be noted that the considered method is based on the construction of normalized systems of
functions with respect to a differential operator of fractional order.
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1. Introduction

There are many different ways of defining fractional operators, unlike in classical
calculus where there is only one way to define the derivative operation. The most common
derivatives are Riemann-Liouville and Caputo derivatives, which were successfully used
in modeling complex dynamical processes in physics, biology, engineering and many other
fields [1-5].

Among other definitions of fractional calculus, we can mention Hilfer, Riesz, Hadamard,
Erd’elyi-Kober, Atangana—Baleanu, Katugampola, fractional conformable derivatives, and
many others [2], [6-9].

It should be noted that questions related to the theorems of existence and uniqueness of
solutions of Cauchy-type and Dirichlet-type problems for linear and nonlinear differential
equations of fractional order have been developed in sufficient detail, whereas explicit
solutions are known only for certain types of linear differential equations of fractional
order.

One of the most widely used methods for constructing solutions to differential equa-
tions of fractional order is the method of integral transformations. A detailed description
of this method can be found in [2], [4,5] and other works. An effective method for con-
structing explicit solutions and solving the Cauchy problem for differential equations
of fractional order is based on the Mikusinski operational calculus. In the papers of Yu.
Luchko et al. [10]-[15] this method was applied to solving linear differential equations
of fractional order with constant coefficients and with derivatives of Riemann-Liouville
and Caputo type and the general fractional derivative. This method was later used for a
general equation with a Hilfer-type operator [16]. In the paper [17] A. Pskhu formulated
and solved the initial problem for linear ordinary differential equations of fractional order
with Riemann-Liouville derivatives. He reduced the problem to an integral equation and
constructed an explicit solution in terms of the Wright function. We also note that in [18,19]
the Cauchy problem for differential equations of fractional order has been studied by the
Adomian decomposition method.

In this paper, we consider an operator method for constructing solutions of fractional
differential equations. This method is based on the construction of normalized systems
with respect to operators of fractional differentiation. The method of normalized systems
was introduced in [20] and used to construct exact solutions of the Helmholtz equation
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and the polyharmonic equation. The method of normalized systems was used to solve the
Cauchy problem for ordinary differential equations with constant coefficients [21], as well
as to construct solutions of differential equations associated with Dunkl operators [22,23].
Later, in [24-27], this method was applied to construction of an explicit form of solution of
fractional differential equations.

Let us first consider the definition of fractional-order integro-differentiation operators
that will be used in this paper.

Let 0 < a < b < oo. For function f(x) € C![a, b] we define the operator

JTf(x) = (t—a)' ™ f'(x),a > 0.

In case & € (0,1) this operator corresponds to an integral operator of the form
r dt
I f(x) = /f(t)m-
a

Let0 < a,fand /T* = ;T* -, T*- ..., T*,n = 1,2,.... In[8], the following integro-

n
differential operators were considered:

Bacn 1 [((x—a)—(t—a)®\P dt
i) = gy | (== e <1>

« _oaT* x (x —a)* — (t— a)® n—p—1 it
D flx) = I'(B) a/( o ) f(f)m, @)

x & (s \a\ n—p-1
gﬁDaf(x)_r(la)a/((x a) . (t—a) ) gTaf(t)(t_d;)la,n—1<ﬁ<n. ®3)

In case « = 1 operator E J* coincides with the integration operator of the B order

in the Riemann-Liouville sense, whereas aﬁ D* and ,(,?ﬁ D* coincide with the differentiation
operators of the § order in the Riemann-Liouville and Caputo sense [2].

Further we present some well-known information about the method of normalized
systems.

Let L; and L, be linear operators, acting from the functional space X to X, L; X C
X,k =1,2. Let functions from X be defined in a domain (2 C R”". Let us give the definition
of normalized systems [20].

Definition 1. A sequence of functions {f;(x)}i-, fi(x) € X is called f—normalized with respect
to (L1, Ly) on Q, having the base fo(x),if on this domain the following equality holds: L1 fo(x) =
f(x), Lifi(x) = Lofia(x),i > 1.

If L, = E is a unit operator, then a system of functions f — normalized with respect
to (Ly,I) is called f— normalized with respect to Ly, i.e. Lifo(x) = f(x),Lifi(x) =
fra(x),i> 1.

If f(x) = 0, then the system of functions { f;(x)} is just called normalized.

The main properties of the systems of functions f - normalized with respect to the
operators (Li, Lp) on ) have been described in [20]. Let us consider the main property of
the f - normalized systems.

Proposition 1. If a system of functions { f;(x)}3°, is f—normalized with respect to (L1, Ly) on
[e0]

Q), then the functional series y(x) = Y. fi(x),x € Q, is a formal solution of the equation:
i=0
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(L1 = La)y(x) = f(x), x € Q. €9

The following proposition allows us to construct an f —normalized system with respect
to a pair of operators (Ly, Lp).

Proposition 2. [27] If for Ly there exists a right inverse operator L;l, ie Lq- Lfl = E, where E is

a unit operator and Ly fo(x) = f(x), then a system of functions f;(x) = (L1_1 : Lz)lfo(x),i >1
is f—normalized with respect to a pair of operators (L1, L;) on Q.

2. Properties of integro-differential operators

Let us consider some properties of operators 5 JA, 5 D% and ,E’S D*.

Lemma1l. Letwa,f > 0,5 > —1land f(x) = (x — a)*. Then the equality holds:

(e -a)@ =5 r(rs(iﬁ)m (=)t > =1 ®

Proof. By the definition of the operator 5 J* we have

B ra x) = 1 / (x_a)’x_(t_a)a A1 _asai
11] f( >_r(ﬁ)/< P ) (t ) (t—g)l_""

After changing variables { = ((t:‘;);; for 5 J¥f(x) we get

Bra - (x—a (B—1)+as+a 1 ﬁ e <x_a)txs+txﬁ r(ﬁ)r(s+1)
oS ) = hr e / CAe="=pr(g) T(s+1+p)

0

:i r(s+1) (x_a)ochraﬁ'

aPT(s+1+p)

The lemma is proved. O

Lemma 2. Let f(t) = (t —a)*,s > —1. Then the following equalities hold:

0,s€{f-1,8-2.,B8—n}
B _
(“ Dot = a)sa) () = { Py (x =) P s >n—1 ©
0,5¢€{0,1,..,n—1}
cp _

Proof. If B = n is an integer, then by definition 5 D*f(x) :uc’s D*f(x) =l T* and thus for
alls > n —1we get

d
npa (. \as _n—1 _ N\l _\as n—1pa _ o a(s—1
P (x—a)® = T ((x a) dx(t a) ) =as-h T ((x a) )

=as-a(s—1) - a(s—n+1)(x—a) M =as. (s—1)-..- (s —n+1)(x —a) "

_ o L+1)
— I[(s+1—n)

Ifs € {0,1,..,n =1}, then } T*(x — a)* = 0.

(x _ a)a(s—n)'
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Letn —1 < B <n,n=1,2,... Then, by the definition of the operator 5 D* and taking
into account (5) we get

a‘BDle(x) :Z T (Z—.B]ac(t _ a)sa) (X) :Zl ™ ((an_ﬁ F(S —ir_(lsj:rll)_ '3) (x _ a)oc(s—‘rn—ﬁ)) )

If in the latter equality the parameter s takes one of the values sy = f— 1,50 =
B—2,..,5 =B —n,then

ZTN<(X _ a)a(sj+nfﬁ>> 0= (f[)“(t - g)si"‘> (x)=0,j=1,2,...,n.

Andifs > f—1, then

aﬁD"‘f(x) :Z T (Ixnl_/g F(S i(lsj:rll)_ ‘B) (X _ a)uc(s-&-n—ﬁ))

_ 1 F(s—l—l)zx”(s+n—ﬁ)...(s—l—1—,B) (x—a)"‘(s_ﬁ) :06/3 F(S—I-l) (x—a)“(s_ﬁ)
al—p I'(s+1+n—-p) I'(s+1—-p) ’

Similarly, if s takes one of the valuess; = 0,5, =1,...,s, = n — 1, we get
dTH((x—a)™) =0,j=1,2,.,n

Then for these values of s; we get (gﬁD“(t - a)sf"‘) (x)=0.
Andifs > n —1, then

PO () =0 P T (= a)™) (x) =3P T (sw(sw — )5 — (n+ 1)a) (x — @) ") =

=as(s—1)..(s+1— n)Zfﬁ]"‘((x - u)“($*")> -

=a"s(s—1)..(s+1—n) a”{ﬁ ?Ez i 1 : g; (x — a)vé(sfﬁ) — aﬁl"(ls-‘(j—]’_i)ﬁ)(x _ a)zx(sfﬁ).

The lemma is proved. O

The following assertion was proved in [8].
Lemma3. Letn —1< B <mn,n=1,2,..and f(x) € Cla,b]. Then the equality
o () = f() (8)
is valid.

3. Construction of a solution to an integral equation

Leta, 3 > 0,m =1,2,.... Let us consider in the domain x > a the following integral
equation

A(x — a)*Bm=1) 77 (x — q)% — (t — g)*\ P! dt
/( ) et @O

S z o

It should be noted that for the case of the Riemann - Liouville operator, i.e. fora =1,
integral equation (9) was studied in [28]. In this work, in the case when & = 1, based on
the properties of a special Mittag-Leffler type function

S it TBkmD+1]
Egm,(2) —Z;)czz,m—l,cz —gr[ﬁ(km+l+1)+1],121 (10)
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an algorithm for constructing a solution to equation (9) was proposed for the cases
when f(x)is a polynomial or a quasi-polynomial. The properties of the function Eg ,,,(2)
were also studied in [29-32].

In our case, to construct a solution to equation (9), we use the method of normalized
systems. For this purpose we introduce the notations L; = E and Ly = A(x — a)*("—1)..

5 J*,where L; is the unit operator. Then equation (9) can be rewritten in the form (4).
Let f(x) € C[a, b]. Let us denote ¢o(x) = f(x) and

pilx) = (MG = ay 800 B0 (), k = 1,2, .. (1)

It is known (see, for example, [8]) that the operator uﬁ J# is bounded from the space
Cla, b] to the space Cla, b] and therefore for each k = 1,2, ... an inclusion ¢¢(x) € Cla, b]
occurs.

It is obvious that

Ligo(x) = Ego(x) = f(x), Ligk(x) = g(x) = Ligo(x) = L, (L]z(_lfPO(x)) = Lygg_1(x).

Hence, the system of functions ¢ (x) from (11) is f- normalized with respect to the
pair of operators Ly = E, Ly = A(x —a)*"=1). 5]“.
The following assertion is valid.

Theorem 1. Let o, > 0,m > 0,f(x) € Cla, b] and ¢y (x) be defined by equality (11). Then the
function

p(x) =) gx(x) (12)
k=0
is a solution to equation (9) from class Cla, b).

Proof. Let f(x) € C[a, b]. Then, formally applying operators L; and L, to the series (11),
we have

[0}

(L1 — Lo)(x) = L ké Pr(x) — Lo ki}) Pr(x) = f(x) + I:il ge(x) = Y Ly f(x)

k=0

— f(x) +k°_°il P(x) - iLéfm — f(x) +I:il¢k<x> - ilqoxx) = f(x).

Hence, function ¢(x) from (12) formally satisfies equation (9). It remains to study the
convergence of series (11). For this, let us estimate functions ¢y (x).
For k =1 we get

A(x — a)*B(m=1) /"((x — )= (t— a)“>ﬁ1f(t) ( dt

|(p1(x)| = F(‘B)

a/ (=0 = (=)0 s
< 1l (x =) (1) (x)

wm—1 1 T(1 N Al T(1 B
— i Al = a6 55 o Bl g (x =

Al (x = a)#n-Y
S W)
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For k = 2 we get

IA|(x — a)Bm=1) T (x —a)* — (t —a)*\ P! dt
92(0)] < /( T

I'(p)

2
< et 2 s = a0 (70— ) ) =

B |A| r(l) wB(m—1) 1 I’(ﬁm+1)

= llews ot 1~ " ST O
- A2 T(1) T(Bm+1)

= 1A lletedt 2 T3 3 T T 1 51T

In the general case, using the method of mathematical induction, one can prove that
the inequality

_ a)txﬁ(m-&-l)

_ a)Zaﬁm'

k-1 : k
9001 < fllci (-Ho Tty > D gy 21

is satisfied. Then

oo [k—1 im k
(91 < X ol |<||f||c(1+z<nF lmfl/;j]lm])'jk',gu—a)k“ﬁm)

=0

x — a)*Pm
= fllcwnEsmare (M= ).

This implies absolute and uniform convergence of series (12) and the inclusion ¢(x) €
Cla, b]. The theorem is proved.
Now let us construct explicit solutions of Eq. (9) for particular cases of function f(x)
O

Theorem 2. Let a, 5 > 0,m > Oand f(x) = fo(x —a)**, u > —1, where fy is a real number.
Then the solution to Eq. (9) is the function

9(x) = fo- (x = a)" Egp (AP (x — a)"om). (13)

Proof. Under the conditions of this theorem, system (11) can be written as

k
or(x) = (A(x — q)*Blm=1).. 5]“) folx—a), k=1,2, ...
Find the explicit form of ¢¢(x). For k = 1 we get

¢1(x) = A(x — a) "B =DE (£ (r— a)™)(x)

Alx — a)"‘ﬁ(m_l) I'(p+1)

= f, A T(p+1)
—J0 P T(u+1+p)

aBT(p+14p)

(x ) (u+8) fO (x - a)ay—&-aﬁm'

For k = 2 we get
92(x) = A(x — a)*Pm=DE % (1) (x)

= A=) gy D (0 ) o

)aﬁ(mfl)f /\72 F(V + 1) r(ﬁm Tyt 1) ) (t _ a)ochruc/Seraﬁ

=(x—a BTB+pu+)T(Bm+p+pu+1
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AT T(u+1) TBmAp+1) o ongmra
_fOTﬁr(ﬁ+y+1)r(/sm+,3+y+1) (x = aypmre,

In the general case, for an arbitrary k > 1 we get

_ AR (AL T[B(im + /) + 1) wpmia
¢k(x)fOM(gr[ﬁ(im—l—}l/ﬁ—i—l)‘f‘l]) (x—a)k/s tap

Hence, for the solution of equation (9), we obtain representation (13). The theorem is
proved. 0O

!
Corollary 1. Let o, > 0,m > Oand f(x) = ¥ fi(x —a)*", u > —1, where fy is a real
k=0
number. Then the solution to equation (9) is written as

1

@(x) =Y filx —a)™ - Eg .. /p (/\oc_/g(x — a)"‘ﬁm). (14)
k=0

Remark 1. For case « = 1,a = 0 representation (14) was obtained in [28] (see Theorem 9, formula
32).

!
Corollary 2. Leta,f > 0,m = land f(x) = ¥ fi(x — a)**, where f; is a real number. Then

the solution to equation (9) is written as

I

p(x) = Y Kifielx — @)% Egrpn (AaP(x — a)*F),
k=0

where Eg ,(z) is a Mittag-Leffler type function [2].

4. Construction of solutions for homogeneous fractional differential equations
Leta > 0,n—1 < B < n,v > 0. Let us introduce the notations RLBZ/3 = (x—
a)""'*u’g D%, CB?’3 =(x— 11)""'7,(1:/8 D*. Consider in the domain x > a a differential equation
of the type
a,B n _
(Bv - )L) y(x) =0,x >a, (15)

wherem = 1,2,..., Bg’ﬁ is one of the operators gy, BZ, g Or CBi’ﬁ .

Let m = 1. If we introduce the notations L; = Bﬁ;’ﬁ , Ly = A, equation (15) can be
rewritten in the form (4) and to construct a solution to this equation we have to construct
a 0 - normalized system with respect to operators (Bi’ﬁ , )L) . In this case, we will use the
method proposed in [25].

Definition 2. [25] Operator D,, is called generalized - homogeneous of the y order with respect to
the variable t, if
Dyt = Cyat" ¥, >0, (16)

where 0 < a < y is a real number, Cy, 4 is a constant.

Lets € R and Dy, be a generalized - homogeneous operator of order p. Let us suppose
that operator D), can be applied to the monomial tik+s Based on equality (16), we introduce
the following coefficients

i
C(i,5,0) = 1,C(p,s,i) = H(rﬂ"*w[)ytﬂkﬂ),i > 1. (17)
k=1
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Let us assume that C(y,s,i) # 0,i > 1.
From (17) it follows that for coefficients C(y, s, i) the equalities
t*]li*SD t]li+5+]4
1 E )iz
C(u,s,i) C(u,s,i+1)

hold.
Let p =0,1,.... Consider the function

; pi+s
Ysp(t ZN r’(;>t -, (18)

C(p,s, 1)

p pi—p)!

Theorem 3. Let the series (18) converge and the operator Dy, can be applied term-by-term to it.
If there exist such values of parameter s for which the equality (t~F=STHD, )|, =0, then
functions ys,,(t) for all such values of parameters and for all p = 0,1, ..., m — 1 satisfy the equation

(Dy —A)"y(t) =0,t >0,m=1,2,..

From equalities (6) and (7) it follows that operators gy, BZ 8 and (;Bz'l3 are generalized -

homogeneous of order a(B + 7) with respect to (x — a). Let us construct function (18) for
these operators.

Consider first the case for operator CBf';’ﬁ . Leta >0n—-1<p <mn, sj = ij=

0,1,..,n—1and fi;(x) = (x — a)“(/%”)k”‘sf, k=0,1,..
As in case (17), consider the coefficients

C(a(B+7),5,0) =1,

C(a(B+17),sj1) :]}i[l((x q) (BT 1k—asita(pt) ﬁD“fk (x )) i>1.

By virtue of equality (7) for k > 1, we get

r((ﬁ+v)k+sj +1)
T((B+1k+sj+1—p)

_ (B+7)k+s;+1)
Clalp+).si) = o H( [3+'y)k+s]—|]—1—,8)> 19)

(x —a)~™7 gﬁD“fk,j(x) _ (x — a)a(ﬁ+'y)k+as]-7a(ﬁ+7)/k > 1.

Hence,

By analogy with (18), we construct the functions

o )(/5+7)1+s ,
CE x(B+7),5;) 20
o . (x_a)a(ﬁ+7)i+s/a .
yjp(x) = Z/\ ( )C(zx(ﬁ+7),s]-,i)’]_1’2"’"”' (21)
Further, as
(ﬁ+7)k+5j+1=ﬁ[<1+g>k+;f]+1:ﬁ[(1+;)(k_1)+sf;7+1 11
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and
S; — s: +
<ﬁ+7>k+8j+1—ﬁ=ﬁ[(1+;> ’ﬁﬁ} +1=/3K1+;)(k—1)+ ]ﬁv] +1
then introducing notations m = 1 + g,f = ;’y for coefficients W we get:

1 _ H( [ﬁ+7)k+s]+1—ﬁ]>
Cla(B+)s,1) P L5\ T[(B+7k+s+1]

k—1)+0)+1]
lﬁH< —1)+£+1)+1])

If now we change the index k to k + 1, we finally obtain the equality

1 B(mk +0) +1] LT, sty
C(“(ﬁ+’r)rsj,i) 1’31—[< mk+€+1)+1]> 1+ﬁ£ p

Hence, function y;(x) in (20) satisfies the representation

x _ LZ) (B+7)itsju

Z: Ca(B+7), Sj, i ) s+ ()wé_ﬁ(x — g)"‘(ﬁ"’"ﬂ)‘

7
B’ B

— _ SleE
(x a) B+

Thus, the following assertion is valid.

Theorem 4. Leta > 0,n—1 <,B§n,720,m:1,sj =j,j=0,1,..,n —1. Then in case of

operator Biﬁ =c Bﬁ,’g solutions of equation (15) are the functions
yi(x) = (x — a)E B </\¢x Plx — u)"‘(/g+7)),j =0,1,..,n—1

We can similarly transform the functions y; ,(x) from (21). We get

L& (i1 T[B(mk+0) +1] K(Bi)itsn
ipl) = LA p(P)aiﬁn(r[ﬁ(mk+5+1)+1])<x_”) B

i=p k=0

= (r—a) g A ( ' ; ' ) oc(n-lﬂﬂ)ﬁ nﬁl (r[ll;[(ig:i ﬂ?lﬁ] 1 ) (x =yt

_ (- a):;i””’”“ )“jo (p le)n :H”O‘ 1( &iﬂ + ?J i] 1]) (AaF(x —ay B
B (x - ﬂ)apf:“”)’”*j“ Zﬁv/ﬁ (Jﬂ)/ﬁ( - a)a(ﬁﬂ))’

where function E Zjnl /(z) is defined by the equality

Py 2y POy 2T LB D Y]
E'Bmg)—nglo ‘cn+pz,co_l,cn_;:[Or[ﬁ(kaH)H],n_1. (22)
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Theorem 5. Leta >0,n—1<p<ny>0m=12,.,s;=jj=01,.,n—-1 Then in
case of operator Bf';’/s =c Bf';”s solutions to equation (15) are the functions

_ o . Y _
yj,p(x) = P ]5/3’1+A7//3’(].+7)//3 ()ux ﬁ(x—a)“(ﬁ 7)),] =01,.,n—1,p=0,1,.,m—

Remark 2. Note that for p = 0 we get Ellz,m,é (z) = Eg,m,(z). In addition, the equality holds:

1 o7

o p+1
awEﬂ’m’g()\Z) = ZPE ,m,E(Z).

p

Solutions to differential equations with the operator ;B g = (x — a)"”g D* are
constructed in a similar way.
The following assertion is valid.

Theorem 6. Letax >0,n—-1<pB<ny>0m=12,., Sj = B—jj=12,.,n Thenin

case of operator g B g = (x— a)_‘”f D* solutions to equation (15) are the functions

|  (x— a)a(ﬁ+v)p+(ﬁ—f)a 1 -B a(B+)
Yip(x) = PP Ep1y/p, 08118 ()“" (x—a) )

i=1.,2,.,np=01,.,m—-1
Remark 3. For case « = 1,a = 0 this theorem was proved in [32] .

5. Construction of solutions to inhomogeneous differential equations of fractional
order

In this section, we consider a method for constructing a solution to inhomogeneous

differential equations of fractional order with operators E D* and f,:ﬁ D*.
Leta >0,n—1 < B <n,v,v > 0. Consider the equation

DMy (x) = Ax — a) ¥ y(x) + f(x),a < x. (23)

Let us introduce the notations Ly = 5*D*, L, = A(x —a)*7 - VJ*. Then equation (23)
can be rewritten in the form (4).
First, we construct a solution to the homogeneous equation. To do this, we will con-

struct 0 - normalized systems with respect to the pair of operators (acﬁ D* A(x —a)* - 1J*).
From proposition 2 it follows that for this purpose it is necessary to find all solutions of
the equation ,93 D*y(x) = 0 and the right inverse for the operator ﬂcﬂ D*. By the proposition
of Lemma 3, the right inverse to the operator fﬂ D* is the operator 5 D*, and by virtue of

equality (8), linearly independent solutions of the equation ,Eﬁ D*y(t) = 0 are functions
(x—a)¥,j=0,1,..,.n— 1.
Let folj(x) =(x—a)¥,j=0,1,..,n — 1. Consider a system of functions

fi@) = (1 A=) 4 1) foj(x)i = 1,2, 1)

Let us find an explicit form of the system of functions f; ;(x).
The following assertion is valid.

Lemma 4. For functions f; ;(x) equalities hold

1 . o v i+aj
fij(x) = Wcﬁ,v(ﬁ—i—v—ﬁ—%],z)(x —a) (Brvn)itej j — 1,2, . (25)
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where

—1
T[(B+v+7)k+j+1]
Cou(BHvE7)i0) IEJ T[(B+v+k+j+1+1]

T(B+v+y)(k+1)+j+1-p]
F[(ﬁ+v+’y)(k+1)~l—j+1]

(26)

Proof. By virtue of equality (8) we get

1 I@G+1
Z]DC(x_a)’X]:E ((]+)

: x—a'XjJrM.
F]+1+v)( )

Hence, for function f; ;(x) we obtain

fl,j(X) = (aﬁ]"‘ “A(x —a)* V]Oé)fo]( ) = ;jlm aﬁ]“(x—a)“(j"'v""”

_ A F(] +1) F(v+7y +j+ 1) (x— a)tx(j—&-v-&-“r-i-ﬁ)
BTG+ 1+v)T(B+y+j+1+v)

A TG+ T((Btyt+v)+jt+1-8)
CavtPT(j+1+v) T(B+vr+v)+j+1)

(x — a)a(ﬁ+v+'y+j)
A e a(B+y+v-+)
rpCer(Bty v 1) (x —a) :
If i = 2, then
B ra ayvya 2
fri ) = (B A=) 1a ) fo (x)
A

2B Cou(B+v+7.] )(5]"‘ “A(x — a)”g]“) (x — a)*(BrvHrt))

_ A? : r(ﬁ+1/+')/+j+1) B ra a(B+2v+27+))
= 2 PV Vg S g ) )

A? T(B+v+y+j+1) T(B+2v+2y+j+1)
= w2t B ) g T TR v k) 4+ 1Y)

. A2 ) I(B+v+y)+j+1))
(v — g\ F2vF2y+)) Y
(x —a) P A Al v (7 vy s wry
'T(Z(ﬁ +v+ 'Y) +j+ 1- ﬁ) (x _ a)Za(,BJerr'y)Jraj
rep+v+qy)+j+1)
}\2 .
g v (B +7,7,2) (x —a) 2T

2
«
Further, let equality (25) hold for a natural number r. Then for r + 1, we get

franjx) = (B1 A =) J“)”lfo,f<x> = ({1 A=) )

(B A= 1) fog ) = s Bt v o) (B A=) 2 )

A LB+t )r+j+1]
Ay — \eBrvEy)rdaj Y ]
(x —a) P i A G O AO) v e Paw

B . Ar-i—l )
B - a)a(ﬁ+v+v)r+zx1+au+m - mcm(ﬁ +v+7,j,7)
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CI((B+vty)r+j+1) r(p+v+yr+v+y+j+1)
I(B+v+y)r+j+1+v)T((B+v+y)r+v+y+B+j+1+4v)
'(x _ a)a(ﬁ+v+7)r+aj+zw+vw+aﬁ

oot . T((B+v+y)r+j+1)
R G A A A0} v (- uarey s wry

r((ﬁ +v+7)(r+1)+j+1-p) (x — a)a(ﬁ+u+’y)r+aj+av+a’y+aﬁ
r(B+v+y)(r+1)+j+1+v)

/\rJrl

= e o (B v+ m i+ 1) (x — @) P,

Thus, equality (25) also holds for the case r + 1. Obviously, for the given values of
parameters «, B,,v, for any i > 1, the inequality Cg, (B +v + 17, j,i) # 0 is satisfied. The
lemma is proved. [

Let Cg, (B +v +1,j,0) = 1 and consider functions

ui(z) = Y Cpu(B+v+7,j,i)2,j=0,1,..,n—1. (27)

where z— is a complex number.
If in equality (26) v = 0, then

a1 TlB+vk+j+1]  TB+v)(k+1)+j+1—f]
CorlBtvid) =1L g k4100 T k1) 47 +1]

r(j+1)
CTli(B+v)+j+1)
and - .
2 [i(B+ v++)] + 1]Zi = TG+ DEprvj41(2).

Moreover, for v = 0 the following equality holds:

H T(B+v)k+j+1] T[B+7)k+1)+j+1-pf]
T[(

R b (R S E o M (R0 S R )

ﬁr (B+7)(k+1)+j+1—p] :ﬁr[(ﬁ+v>k+ﬁ+v+j+l—ﬁ]
ico TIB+7)(k+1)+j+1] ico TIB+Mk+p+v+j+1]

ﬁ BL+v/Bk+(y+)/B) +1] _
P 1+7/ﬁ)k+(7+1)/ﬁ+1)+1] v

i.e., these coefficients coincide with the expansion coefficients of the functionEg ,, ; (z)with

the indices m = 1+ %, = 7;]' . It was shown in [30] that the coefficients of the function

Eg ,1(z) satisfy the asymptotic estimate

L= (Bmi)P - oo(i — o),
Cit+1
Whence it follows that the functionEg ,,,(z) is an integral function.
Let us introduce the notation § = B + -y + v and rewrite coefficients Cg , (B + v + 7, ], 1)
as
i-1 ; ;
. Tok+j+1] T[pk+5+j+1—p]
Cpu(6,],1i) = . : .
pr(8:,1) gr[5k+]+1+v] T[ok+0+]+1]
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e e
_k:OF[v(kg—l—%—i—l)—kl} 'F[ﬁ(kg+5ﬂl‘3—/3+1)+l]/121,V>0.

Further, from the asymptotic estimate

Cpu(9,],1)

_ . ]/+‘B .
Coul6 ity T etz ),

it follows that u j(z), j=1,2,..,m, from equality (27) it also follows that they are integral
functions.
Lemma 4 and Proposition 2 imply the following lemma.

Lemma5. Leta > 0,n—1< B <mn,v,v > 0. Then for all values j = 0,1, ...,n — 1 the system
of functions (25) is O-normalized with respect to the pair of operators (,93 D* A(x —a)*7 - Z]”‘)
in the domain x > a.

Using the main property of normalized systems, we obtain the following assertion.

Theorem 7. Let o« > 0,n —1 < < n,v,v > 0 Then for all values j = 0,1,...,n — 1 the
functions

- = )Li ] w v i
yi(x) =) fij(¥) = (k=) ) =y Cpu (B v+ 7, i) (x —a) (Bro7) (28)
i=0 i=0

are linearly independent solutions of the homogeneous equation (23) where y;(t) € Cla,b],
EﬁD“yj(x) € Cla,b].

Proof. Consider the function

uj(x) =Y NCgy(B+v+7,ji)(x—a),j=01,.,n—1
i=0

Since function (27) is an integral function, it is obvious that
yj(x) = (x = a)u; (Aa” B (x — a2 B+ € Cla, b
and .
°D"y;(x) = Ay;(x) € Cla,b].

forj =0,1,...,n — 1. Therefore, functions yj(x) from (28) are solutions to the homogeneous
equation (23). The proof of the linear independence of solutions (28) will be shown below
in Theorem 11. The theorem is proved. [

Further, we will consider a method for constructing a solution to the inhomogeneous
equation. Let f(x) € C[a, b]. Then, by the proposition of Lemma 3, the function fy(x) =

5 J* f(x) satisfies the equality
Lifo(x) = &"D* (o] () = f(x).

Consider the system

£ = (81 A= 4 1) fol) = M (B 0 4 ) folx)i= 1,2, @9)
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Lemma 6. Let f(x) € Cla, b]. Then the system of function (29) is f(x)- normalized with respect
to the pair of operators (gﬁD“,/\(x —a)"7. Z]“) in the domain x > a .

Proof. Let f(x) € C[a, D], then

(1)

10 = |7 < 1 lctan BP0 < 1 lcton 35 1oy @ =
Hence

fllews_T(1 . fllewsT(1 .
)] < 2 G (= ), 1) et gy 0~

Further, we use the notation M = I ‘ﬁ[“'b] r(r 5(1)1). Then |fo(x)| < M(x — a)* From the

latter estimate it follows that

(B At =a) 1) folt)]| < MIAL (1 - (x = )74 ) (x = ).

Hence, for any i > 1 the estimate is valid:

) = | (G A= a4 1) fo)| < MAF(B1* - (x— a7 4 1) (x - ).

Let us calculate the value of the function g;(x) = (5}”‘ (x—a)*r-y ]”‘)Z(x —a)*p.
Due to equality (25) we get

1 i .
8i(x) =~ Cpa(B v 47, B,i) (x = ) FH 0B =10,

Hence, for any i > 1 the relation f;(x) € C[a, b] and estimates

Ifi(x)] < M%C‘Brv(ﬁ +v+7,B,i)(x— a)ﬂl(ﬁ+v+7)i+tx/5 (30)

are valid. Moreover,

(B = 11) fol) = (81 A=) 1) fioa () =£ J'g(x)

where
g(x) =Alx—a)™ - 7] fi1(x).

As fi_1(x) € Cla, b], then g(x) = A(x —a)*7 - 4]*f;_1(x) also belongs to class C[a, b]
and the equality is satisfied:

Lifi() =58 D (1% Alx =)+ 11%) fo(x) =P D*[B1°] (x) = 5()

— A=) Uiy (x) = Lofi1(x),i > 1.

It is obvious that L; fo(x) :Eﬂ D*(fo)(x) = f(x). Thus, in the class of functions
X = Cla, b] the equalities

Lifo(x) = f(x),L1fi(x) = Lafi1(x),i > 1

hold, i.e., system (29) is f — normalized with respect to the pair of operators

(gﬁD“,/\(x —a)*7. Z]"‘).
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The lemma is proved. O

Theorem 8. Let f(x) € Cla,b], fo(x) = fj]"‘f(x) and function f;(x),i > 1 are defined by
equality (29). Then the function

fi(x) (31)

e

yr(x) =

=0

is a particular solution of equation (23) from the class Cla, b].

Proof. Let us estimate the series (31). By virtue of estimate (30), we have

vl < 3 1fD] < MIIfllcpoa (x = a)*F |1+ Y [ACpo(B+ 7 +v, B, i) (x —a)FH7+Y)
i=0 i=1

As the latter series converges uniformly in the domain a <t < b, the sum of this series
and hence the function y¢(t) belong to class Cla, b]. The theorem is proved.
Let us investigate the representation of function (31) for some special cases of function

f(x). O
Lemma 7. Let f(x) = (x —a)*", u > 0. Then the particular solution of equation (23) is written
as
_ (V + 1) (x - a)a tp) A ai(B+y+v)
yy(t)—m5 T 17 8) 12 5 Cov (B v+ B i) (x —a)

Proof. In this case for f;(x) from (29) we get

0 = (B A0 1) B g = LU (g g )

~(x _ a)zx(l“rﬁ) alﬁ 1‘(‘”(5_—1’__}_)’3) /51+V ,u(,B Foy+vu+ ﬁ,i)(x _ u)ﬂéi(ﬁJr’)“H/)JrlX(]l#“ﬁ)'

The lemma is proved. O

This lemma implies the following assertion.

p
Theorem 9. Let f(x) = Y. Aj(x —a)!,u; > 0 p; > —1. Then the particular solution of
=1

equation (23) is written as

PoAT (4 1) (x — a) B T)

yf(t) = ]; Dcﬁr(]/l]' 1 +ﬁ)

X Z 5+V v(B+y+v, Hji+pBi i)(x ”)ia(ﬁ+7+v)- (32)

Remark 4. In case & = 1 representation (32) of a particular solution of equation (23) coincides
with the result of [27].

Further, let us investigate the following Cauchy-type problem
p
DY) = Al =) Y)Y A - 20 <y, (39
=1

dTy(xX)|—y =dm,m=0,1,..,n—1 (34)
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where dj are real numbers. First, let us consider the homogeneous problem (33), (34).

Theorem 10. Let A; = 0,j = 1,2, ..., p. Then the solution to the Cauchy problem (33), (34) exists,
is unique, and can be represented as

n—1 d: 0 /\i |
= 7] _ 9 - .. . IX(‘B+I/+’)/)1
Jg G+ L i e BV v —a) . ()

Proof. LetA; =0,j=1,2,..,p. According to Theorem 7, function y(x) in (35) is a solution
to equation (33). Let us show that y(x) satisfies the initial conditions (34). For function
(x — a)“we have

T (x —a)¥ = 0,m > j, "T*(x — )" = aj(aj — a)...(af — (m — 1)a) (x — a)*0=™)

= @501 (= D)= = U e =12

Then

lim ['T*(x — )" = a"C(m+1),m=j
x—a 0,m<j ’

Hence, for function y(x) we get

T ()] = lim Ty (x) = "Lk41) = d (36)

dm N
amT(k+1)
The theorem is proved. O

From Theorem 10 the following theorem can be derived.
Theorem 11. Functions y;(t),j = 0,1,...,n — 1 from (28) are linearly independent.

Proof. For functions yo (), y1(t), ..., y»—1(t) we introduce an analogue of Wronskian: W, (x) =
-1
det(TT"‘y]-(x)):ln,jzl, a<x<b.
As in the case of the theorem for linear differential equations of order 7, the following
statement can be proved. [

Lemma 8. For solutions y1(t),ya2(t), ..., ym(t) to equations (33) be linearly independent, it is
necessary and sufficient that Wy (xo) # 0 at a point xy € [a, b].

According to (36) we get Wy (a) # 0 and, hence, according to the lemma, the solutions
y1(t),y2(t), ..., ym(t) to equation (33) are linearly independent. The theorem is proved.
Theorems 9 and 10 imply the following assertion.

Theorem 12. If uj >0, j=1,2,...,p, then the solution to the Cauchy problem (33), (34) exists, is
unique, and can be represented as

n—1 d: 00 i .
=Y ,71 a)Y WYy —~—C _ g)x(BHvt)i
/) S WI(j+1) S ﬁ+v pr(Bvyji)x—a)

PTG+ (= )P =

——C
;; aPT(pj+1+B) ,-:2w<ﬁ+v> p

B+ +v,pj + B, i) (x — ) BTrH)

Remark 5. Similar investigations can be carried out for the equation with the operator ,’18 D*.
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