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Abstract: Ultrafast chip nanocalorimetry opens up remarkable possibilities in materials science by 

allowing samples to be cooled and heated at extremely high rates. Due to heat transfer limitations, 

controlled ultrafast cooling and heating can only be achieved for tiny samples in calorimeters with 

a micron-thick membrane. Even if ultrafast heating can be controlled under quasi-adiabatic condi-

tions, ultrafast controlled cooling can be performed if the calorimetric cell is located in a heat-con-

ducting gas. It was found that the maximum possible cooling rate increases as 1/𝑟0 with decreasing 

radius 𝑟0 of the hot zone of the membrane. The possibility of increasing the maximum cooling rate 

with decreasing 𝑟0 was successfully implemented in many experiments. In this regard, it is inter-

esting to answer the question: what is the maximum possible cooling rate in such experiments if 𝑟0 

tends to zero? Indeed, on submicron scales, the mean free path of gas molecules 𝑙𝑚𝑓𝑝 becomes com-

parable to 𝑟0, and the temperature jump that exists at the membrane/gas interface becomes signifi-

cant. Considering the limitation associated with thermal resistance at the membrane/gas interface 

and considering the transfer of heat through the membrane, we show that the controlled cooling 

rate can reach billions of K/s, up to 1010 K/s. 
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1. Introduction 

Ultrafast membrane-based nanocalorimetry opens up exciting opportunities for ma-

terials science [1-15]. Indeed, ultrafast calorimetry allows nano- and microsamples to be 

heated or quenched at extremely high, controlled rates, creating non-equilibrium states 

under well-defined conditions, and to study the kinetics of phase transitions on a sub-

millisecond time scale. For example, crystallization and recrystallization kinetics [15-20], 

as well as interfacial thermal conductance [21,22], can be measured in ultrafast membrane 

nanocalorimeters during rapid melting and crystallization. It was shown that calorimetric 

measurements with controlled cooling and heating rates up to 108 K/s are possible using 

commercially available calorimetric sensors [23]. However, the fundamental limitations 

on controlled cooling rates need to be investigated. Indeed, even if ultrafast heating can 

be controlled in a nanocalorimeter under quasi-adiabatic conditions, ultrafast cooling can 

only be performed under non-adiabatic conditions. In fact, the central hot zone of the 

membrane is used as a calorimetric cell. The heat transfer between the hot zone and the 

environment determines the maximum cooling rate achievable in an experiment. It was 

found that uniform ultrafast controlled cooling can be accomplished for nanogram sam-

ples if the measuring calorimetric cell is placed in heat-conducting nitrogen or helium gas. 

For several sensors of different size and geometry, it was shown that the maximum pos-

sible controlled cooling rate is proportional to the ratio 𝜆/𝑟0 , where 𝜆 is the thermal 
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conductivity of the surrounding gas and 𝑟0 is the radius of the central hot zone of the 

membrane. The possibility of increasing the maximum cooling rate with decreasing 𝑟0 

has been successfully used in many experiments [23-26]. The goal of this article is to an-

swer the question: what is the maximum possible cooling rate in such experiments if 𝑟0 

tends to zero? Indeed, on submicron scales, the mean free path of gas molecules 𝑙𝑚𝑓𝑝 be-

comes comparable to 𝑟0. In fact, there is a jump in temperature ∆𝑇𝐶  at the membrane/gas 

contact. The temperature jump ∆𝑇𝐶  increases with the increase of the temperature gradi-

ent in the gas near the membrane hot zone; this temperature gradient is about (𝑇 − 𝑇𝑡)/𝑟0, 

where 𝑇 is the temperature of the hot zone, 𝑇𝑡  is the temperature of the thermostat. 

Thus, for 𝑟0 on a submicron scale, a comprehensive analysis of the thermal processes oc-

curring in the calorimetric sensor located in a heat-conducting gas is required. 

In the first part of the paper, we consider the thermal resistance at the membrane/gas 

interface and obtain the fundamental limitation on the maximum possible cooling rate in 

a membrane-based calorimeter with the calorimetric cell located in a heat-conducting gas. 

In the second part of the paper, the effect of the heat transfer from the central hot zone of 

the membrane to the periphery of the membrane is considered. Finally, it is shown that 

the controlled cooling rate in membrane calorimeters can reach up to ten billion K/s in 

helium gas. 

2. Membrane-based ultrafast nanocalorimeter 

The considered membrane-based calorimeter consists of an amorphous silicon ni-

tride membrane with a thin-film resistive heater and a thermocouple located in the center 

of the membrane, see Fig.1. The central hot zone of the membrane is used as the calori-

metric cell. The sample to be measured is placed in the center of this zone, next to the 

measuring hot junction of the thermocouple. The thermocouple, heater, and electrical 

leaders are formed by p- and n-type polysilicon tracks with suitable thermoelectric prop-

erties and resistivity. For the protection and electrical insulation, the measuring circuit is 

covered with a submicron amorphous silicon nitride layer so that the total membrane 

thickness 𝑑𝑚 is about 1 µm. The membrane is attached to a silicon frame at a distance of 

𝑏0 = 350 µm from the center of the membrane. The frame is mounted on a standard TO-5 

housing. The calorimetric cell is located in a thermostat with controlled temperature 𝑇𝑡 

and gas pressure 𝑝. 

 

Figure 1. Schematic sectional view of a membrane-based nanocalorimeter, not to scale. 

The heat generated by the heater in the hot zone of the membrane is transferred to 

the surrounding gas and membrane. Consider the transfer of heat to the gas. Let 𝛼 denote 

the coefficient of heat transfer from the membrane surface to the surrounding gas. This 

coefficient, measured in W/m2K, describes the heat loss from the central hot zone of the 

membrane to the gas. The heat losses are mainly associated with the thermal conductivity 

𝜆 of the surrounding gas. This heat loss is proportional to 
𝜆(𝑇−𝑇𝑡)

𝐿
, where 𝐿 is the charac-

teristic length of the problem. Since 𝑟0 is small with respect to the distance 𝐿𝑡 from the 

hot zone to the thermostat, the heat loss is proportional to 
𝜆(𝑇−𝑇𝑡)

𝑟0
. In fact, the hot zone can 
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be considered as a spherical (point) heat source embedded in the gas. Consequently, 𝛼 =

𝜆/𝑟0 with good accuracy for a radius 𝑟0 of tens of microns or less [23-26]. The convective 

and radiative contributions to the heat losses are negligible for such a small 𝑟0, see Ap-

pendix A. Thus, the cooling rate 𝑅 of the hot zone of the membrane depends on the heat 

transfer parameter 𝛼 = 𝜆/𝑟0 at 𝐿𝑡 ≫ 𝑟0 ≫ 𝑙𝑚𝑓𝑝 . 

Typically, nitrogen gas or helium gas is used to cool the membrane. In differential 

scanning calorimetry, the calorimetric cell loaded with the sample and the reference un-

loaded cell are maintained at the same temperature 𝑇(𝑡) in the central hot zone; this tem-

perature is controlled at the desired scanning rate 𝑅(𝑡). The difference in input power 

required to match the temperature of the loaded cell to the temperature of the reference 

cell is equal to the power 𝑃𝑆(𝑡) absorbed or released from the sample being measured 

[27]. This study aims to estimate the maximum possible controlled cooling rate 𝑅𝑚𝑎𝑥 for 

membrane calorimeters. Thus, we estimate 𝑅𝑚𝑎𝑥 for an unloaded cell, considering the 

limiting case when the heat capacity of the sample is negligible. 

3. Interfacial thermal resistance at the membrane/gas interface 

Let us consider the change in the gas temperature near the hot zone of the membrane 

at distances comparable to 𝑙𝑚𝑓𝑝. Note that for distances of the order of 𝑙𝑚𝑓𝑝, it is necessary 

to clarify the concept of the gas temperature. Temperature is commonly defined as the 

average local energy of gas molecules, assuming that the distribution function is the same 

as for large volumes [28]. Consider the temperature jump ∆𝑇𝐶  at the membrane/gas con-

tact. This jump in temperature means that there is a contact thermal resistance at the in-

terface between the gas and the calorimeter membrane. In this case, the so-called temper-

ature jump distance 𝛿 can be introduced [29,30]. In fact, the effect of the temperature 

jump increases the length of the heat transfer path through the gas by an amount of 𝛿, 

which is of the order of 𝑙𝑚𝑓𝑝. Usually, the boundary condition that takes into account the 

temperature jump at the membrane/gas interface is represented by equation (1) [29,30]: 

𝑇𝐾 − 𝑇𝑚 = 𝛿
𝜕𝑇

𝜕𝑧
, (1) 

where 𝑇𝑚 is the temperature of the membrane, and 𝑇𝐾  is the gas temperature extrapo-

lated to the membrane, as if the temperature gradient in the gas 
𝜕𝑇

𝜕𝑧
 was not distorted due 

to the temperature jump at the interface. The temperature jump distance 𝛿 depends on 

the following gas parameters: mean free path 𝑙𝑚𝑓𝑝, heat capacity ratio 𝛾, kinematic vis-

cosity 𝜈, and thermal diffusivity 𝐷 = 𝜆/𝜌𝑐𝑝, where 𝜌 and 𝑐𝑝 are the density and spe-

cific heat capacity at constant pressure, respectively. The temperature jump distance 𝛿 

can be represented by equation (2) [29,30]: 

𝛿 = (
2−𝜎

𝜎
)(

2𝛾

1+𝛾
)(

𝜆

𝜈𝜌𝑐𝑝
)𝑙𝑚𝑓𝑝, (2) 

where 𝜎 is the thermal accommodation coefficient in the boundary condition, see Eq.(3). 

𝑇𝑟 = 𝜎𝑇𝑚 + 𝑇𝑖(1 − 𝜎), (3) 

where 𝑇𝑖  and 𝑇𝑟 are the temperatures of the incident and reflected gas molecules; 𝑇𝑚 is 

the membrane temperature. In fact, 𝜎 denotes the fraction of molecules that are diffusely 

reflected from the membrane at the temperature 𝑇𝑚. The remaining fraction of molecules 

is reflected specularly, which means that their velocity components, perpendicular to the 

membrane surface, only change sign. Thus, it follows from equation Eq.(3) that 𝜎 can be 

represented as 

𝜎 = (𝑇𝑟 − 𝑇𝑖)/(𝑇𝑚 − 𝑇𝑖). (4) 

Eq.(4) reveals the physical meaning of the thermal accommodation coefficient 𝜎. The pa-

rameter 𝜎 depends on the gas molecules and the solid surface with which the gas mole-

cules interact. This parameter becomes close to 1 for a blackened surface. 𝜎 is relatively 

small for light gas molecules. For example, for helium gas and bright platinum 𝜎 is about 
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0.5, and 0.9 for blackened platinum [30]. However, for CO2 gas, 𝜎 is about 1 for various 

solids [30]. 

Let us consider the thermal contact conductance 𝐺𝐶 at the membrane/gas interface. 

By definition, the thermal contact conductance 𝐺𝐶 is equal to the ratio 𝑞𝐶/∆𝑇𝐶 , where 𝑞𝐶  

is the heat flux through the interface [30]. 𝑞𝐶  is equal to the product of 𝜆 and the tem-

perature gradient in the gas near the interface. ∆𝑇𝐶  is equal to the product of 𝛿 and the 

temperature gradient in the gas near the interface. Thus, the thermal contact conductance 

𝐺𝐶 is 

𝐺𝐶 = 𝜆/𝛿. (5) 

Kennard calculated the energy flux 𝐺𝑚𝑎𝑥(𝑇 − 𝑇𝑡) from a unit area of a solid in a gas at a 

constant pressure 𝑝, which is the maximum possible heat flux at the solid/gas interface 

[29,31]. 

𝐺𝑚𝑎𝑥 = (𝑓 + 1)𝑘𝐵
𝜎

(2−𝜎)

𝑝

√2𝜋𝑚𝑘𝐵𝑇
, (6) 

where 𝑚 and 𝑓 are the mass and number of degrees of freedom of the gas molecule, 

respectively. 𝑘𝐵 = 1.38⸱10-23 J/K is Boltzmann constant. In fact, 𝐺𝑚𝑎𝑥 is equal to the ther-

mal contact conductance 𝐺𝐶 = 𝜆/𝛿. Indeed, from Eqs.(2), (5), and (6) we obtain the equal-

ity 𝐺𝐶 = 𝐺𝑚𝑎𝑥  taking into account the equation for the mean free pass 𝑙𝑚𝑓𝑝 =

𝜈√𝜋𝑚/2𝑘𝐵𝑇 [32]. 

Thus, 𝑅𝑚𝑎𝑥 for an unloaded cell can be estimated as 

𝑅𝑚𝑎𝑥 =
2𝐺𝑚𝑎𝑥(𝑇−𝑇𝑡)

𝜌𝑚𝑐𝑚𝑑𝑚
, (7) 

where 𝑑𝑚 = 1 μm is the membrane thickness and 𝜌𝑚𝑐𝑚 = 2.3·106 J/m3K is the volumetric 

heat capacity of the membrane at the density 𝜌𝑚 = 3.2 g/cm3 and the specific heat capacity 

𝑐𝑚 = 0.71 J/gK [33]. Suppose 𝑇 − 𝑇𝑡 = 500 K,  𝜎 = 1 for a blackened membrane surface, 

and 𝑟𝑚𝑖𝑛 = 𝛿. Then the rate 𝑅𝑚𝑎𝑥 can be estimated for several gases, see Table 1. A simi-

lar Table 2 is represented for 𝜎 corresponding to a bright surface. Since 𝜎 depends not 

so much on the material but significantly on the quality of the surface, therefore in Table 2 

we use the data available for some bright solid surfaces and several gases [30]. Data on 𝜆, 

𝜈, and 𝑙𝑚𝑓𝑝 for gases are available in [33]. 

Table 1. Thermal and contact parameters of gases for a blackened membrane at 300 K and 105 Pa. 

Gas 

Number of 

degrees of 

freedom of 

gas molecules 

𝒇 

dimensionless 

Mean free 

path of gas 

molecules 

 

𝒍𝒎𝒇𝒑 

μm 

Tempera-

ture jump 

distance 

 

𝜹 

μm 

Thermal 

conductivity 

 

 

𝝀 

W/m⸱K 

Maximum 

possible 

parameter 

 

𝜶 = 𝝀/𝒓𝒎𝒊𝒏 

MW/m2K 

Maximum 

interfacial 

thermal 

conductance 

𝑮𝒎𝒂𝒙 

MW/m2K 

Maximum 

cooling 

rate 

 

 

𝑹𝒎𝒂𝒙 

K/s 

H2 5 0.126 0.21 0.192 0.90 0.90 3.9⸱108 

He 3 0.200 0.38 0.156 0.41 0.42 1.8⸱108 

N2 5 0.068 0.11 0.026 0.24 0.24 1.04⸱108 

CO2 6 0.045 0.07 0.017 0.22 0.22 0.96⸱108 

Table 2. Thermal and contact parameters of gases for a bright membrane at 300 K and 105 Pa. 
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Gas 

Thermal 

accom-

modation 

coefficient 

𝝈 

dimensionless 

Mean free 

path of gas 

molecules 

 

𝒍𝒎𝒇𝒑 

μm 

Tempera-

ture jump 

distance 

 

𝜹 

μm 

Thermal 

conductivity 

 

 

𝝀 

W/m⸱K 

Maximum 

possible 

parameter 

 

𝜶 = 𝝀/𝒓𝒎𝒊𝒏 

MW/m2K 

Maximum 

interfacial 

thermal 

conductance 

𝑮𝒎𝒂𝒙 

MW/m2K 

Maximum 

cooling 

rate 

 

 

𝑹𝒎𝒂𝒙 

K/s 

H2 0.7 0.126 0.40 0.192 0.48 0.48 2.1⸱108 

H2 0.5 0.126 0.64 0.192 0.30 0.30 1.3⸱108 

N2 0.95 0.068 0.12 0.026 0.21 0.22 0.9⸱108 

He 0.5 0.200 1.13 0.156 0.14 0.14 0.6⸱108 

Fig.2 shows the dependence of the rate 𝑅  on 𝑟0  for different gases, obtained by 

Eq.(8). 

𝑅 =
2𝜆(𝑇−𝑇𝑡)/𝑟0

𝜌𝑚𝑐𝑚𝑑𝑚
. (8) 

𝑅 increases as 1/𝑟0  up to the maximum possible rate corresponding to the maximum 

possible heat flux 𝐺𝑚𝑎𝑥(𝑇 − 𝑇𝑡), see Eq.(6). For the estimation of 𝑅𝑚𝑎𝑥, the thermal pa-

rameters of the gas and membrane are considered independent of temperature. In fact, 

the heat capacity of the membrane changes insignificantly at temperatures above 300 K. 

The increase in gas thermal conductivity 𝜆 with increasing temperature is compensated 

by an increase of the temperature jump distance 𝛿. Thus, we get approximately the same 

𝑅𝑚𝑎𝑥 (with an accuracy of about 30%) for thermal parameters corresponding to 600 K. 

The uncertainty in 𝜎 (which depends on the surface quality) is more significant. Thus, we 

obtain an estimate of the maximum possible interfacial thermal conductance (𝐺𝑚𝑎𝑥) and 

the minimum radius (𝑟𝑚𝑖𝑛 ≥ 𝛿) of the hot zone of the membrane. 

0.01 0.1 1 10

0

1x10
8

2x10
8

3x10
8

4x10
8

 = 1

 H2

 He

 N2

 CO2

R
a
te

 i
n
 K

/s

Radius r0 in m
 

0.01 0.1 1 10

0.0

5.0x10
7

1.0x10
8

1.5x10
8

 = 1.0

 = 0.95

 = 0.5

R
a
te

 i
n
 K

/s

Radius r0 in m

 H2

 He

 N2

 CO2

 = 0.5

 

(a) (b) 

Figure 2. Possible cooling rate 𝑅 vs. the radius 𝑟0 of the hot zone for blackened (a) and bright (b) membrane surfaces for 

different gases. 

In fact, it makes no sense to reduce the radius 𝑟0 to less than 1 μm, at least for the 

most heat-conducting hydrogen and helium gases, see Table 2 and Fig.2(b). Thus, a cool-

ing rate 108 K/s is possible at 𝑟0 of about 1 μm. However, the maximum possible cooling 

rate 𝑅𝑚𝑎𝑥 is even higher due to the additional heat transfer from the hot zone of the mem-

brane to the periphery of the membrane. Thus, it is necessary to consider the problem of 

heat transfer for the entire membrane-gas system. Next, we estimate the rate 𝑅𝑚𝑎𝑥 for 
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helium gas as one of the most suitable and heat-conducting gases at 𝑟0 = 1 μm and dif-

ferent thermal conductivity 𝜆𝑚 of the membrane. 

4. Maximum possible controlled cooling rate in the membrane-gas system 

Let us consider the temperature distribution 𝑇(𝑡, 𝑟) in the lateral direction of the 

membrane for a ring-shaped heater. The temperature difference in the z direction is insig-

nificant, since 𝜆 is much less than the membrane thermal conductivity 𝜆𝑚. Note that the 

temperature gradients near the central hot zone in the gas and membrane are approxi-

mately the same and equal to (𝑇 − 𝑇𝑡)/𝑟0. Therefore, ∂T/∂z is about (𝜆/𝜆𝑚)∂T/∂r, as follows 

from the boundary condition for the heat flux at the membrane/gas interface. Thus, gra-

dients along the z direction in the membrane can be neglected at 𝜆<<𝜆𝑚. In addition, the 

temperature distribution 𝑇(𝑡, 𝑟) tends to zero at a distance of the order of 𝑟0, see below. 

Thus, the shape of the membrane at the periphery does not matter at 𝑟 ≫ 𝑟0. Therefore, 

we consider a boundary value problem with a homogeneous boundary condition 

𝑇(𝑡, 𝑏0) = 0, where 𝑏0  is the distance from the center of the membrane to the silicon 

frame, the temperature of which is equal to the temperature of the thermostat, and the 

temperature 𝑇(𝑡, 𝑟) is measured from 𝑇𝑡. Thus, for the membrane-gas system, we have 

an equation for 𝑇(𝑡, 𝑟) in cylindrical coordinates, see Eq.(9). The second term (−𝑇/𝜏) on 

the right-hand side of Eq.(9) describes the heat loss from the membrane to the gas. 

𝜕𝑇

𝜕𝑡
= 𝐷𝑚 (

𝜕2𝑇

𝜕𝑟2 +
1

𝑟

𝜕𝑇

𝜕𝑟
) −

𝑇

𝜏
+ 𝛷(𝑡, 𝑟), (9) 

where 𝐷𝑚 = 𝜆𝑚/𝜌𝑚𝑐𝑚 is the thermal diffusivity of the membrane, 𝜏 = 𝜌𝑚𝑐𝑚𝑑𝑚/𝛼, 𝛼 =

𝜆/𝑟0, 𝛷(𝑡, 𝑟) = 𝐻𝐹(𝑡, 𝑟)/𝜌𝑚𝑐𝑚𝑑𝑚, and 𝐻𝐹(𝑡, 𝑟) is the surface density of the heat flux gen-

erated by the heater [34]. The solution to the problem can be represented as a series ex-

pansion: 

𝑇(𝑡, 𝑟) = ∑ 𝐽0(𝜇𝑛𝑟/𝑏0)𝜓𝑛(𝑡)𝑁
𝑛=1 , (10) 

where 𝐽0(𝜇𝑛𝑟/𝑏0) are the orthogonal Bessel functions of the first kind and of zero order, 

{𝜇𝑛} is a monotonously increasing sequence of positive roots of the equation 𝐽0(𝜇𝑛) = 0 

for 𝑛 = 1,2,3 …, and 𝑁 is the number of terms in the series expansion sufficient to achieve 

the required accuracy. Note that the structure within the hot zone can be accurately cal-

culated if the number 𝑁 is large compared to 𝑏0/𝑏1, where 𝑏1 is the thickness of the thin-

nest heater structure. Good accuracy can be achieved with 𝑁 ≥1000 for 𝑏1 =1/3 μm and 

𝑏0 = 350 μm. Further calculations are performed at 𝑁 =2000. In fact, the difference in the 

results for N=1000 and 2000 was insignificant. 

The functions 𝜓𝑛(𝑡) can be obtained from the Fourier components of Eq.(9) 

𝜕𝜓𝑛(𝑡)/𝜕𝑡 + (𝜏−1 + 𝜏𝑛
−1)𝜓𝑛(𝑡) = 𝐵𝑛(𝑡), (11) 

where 𝜏𝑛 = 1/𝐷𝑚(𝜇𝑛/𝑏0)2 and 

𝐵𝑛(𝑡) =
2

𝑏0
2𝐽1(𝜇𝑛)2 ∫ 𝐽0(𝜇𝑛𝑟/𝑏0)𝛷(𝑡, 𝑟)

𝑏0

0
𝑟𝑑𝑟. (12) 

Consider the solution 𝑇(𝑡, 𝑟)  for a ring heater. Suppose 𝛷(𝑡, 𝑟) = 𝑞(𝑡)𝐹(𝑟) , where 

𝐹(𝑟) = 1 in the ring 𝑟 ∈ (𝑟1, 𝑟0) and 𝐹(𝑟) = 0 outside this ring. Thus, 

 

𝐵𝑛(𝑡) =
𝑞(𝑡)

𝜌𝑚𝑐𝑚𝑑𝑚

2𝑟0𝐽1(𝜇𝑛𝑟0/𝑏0)−2𝑟1𝐽1(𝜇𝑛𝑟1/𝑏0)

𝜇𝑛𝑏0𝐽1(𝜇𝑛)2 , (13) 

where 𝑞(𝑡) = 𝑃(𝑡)/𝜋(𝑟0
2 − 𝑟1

2) and 𝑃(𝑡) is the heater power. Therefore, with a zero initial 

condition 𝑇(𝑡, 𝑟) = 0 at 𝑡 ≤ 0, we obtain a solution to Eq.(11): 

𝜓𝑛(𝑡) = ∫ 𝐵𝑛(𝑡′) 𝑒𝑥𝑝(−(𝜏−1 + 𝜏𝑛
−1)(𝑡 − 𝑡′))

𝑡

0
𝑑𝑡′. (14) 

For model calculations, in order to obtain approximately constant heating and cool-

ing rates, we take the power 𝑃(𝑡) increasing as (𝑡/𝑡0)𝛽1  during heating and decreasing 

as 1 − ((𝑡 − 𝑡0)/𝑡1)𝛽2  during cooling, where 𝑡0 and 𝑡1 are the duration of temperature 
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scanning during heating and cooling, respectively, 𝛽1  and 𝛽2  are positive parameters 

less than 1. Thus, we obtain the temperature distribution 𝑇(𝑡, 𝑟) calculated at R = 108 K/s 

and 3∙108 K/s, see Fig.3. The calculations were carried out for helium gas with 

𝜆 =  0.156 W/m∙K at 𝑟0 =  1 μm, 𝑟1 = 2𝑟0/3 , 𝑑𝑚 =  1 μm, 𝜆𝑚 =  3W/m∙K, 𝐷𝑚 =  1.3∙10-

6 m2/s, 𝜌𝑚𝑐𝑚 = 2.3·106 J/m3K, and the scanning temperature range ∆𝑇 = 1000 K. The tem-

perature profile 𝑇(𝑡0, 𝑟) was calculated at the end of heating for 𝑡0 = 10.8 μs and 3.65 μs 

at R = 108 K/s and 3∙108 K/s, respectively. 
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Figure 3. Normalized scanning rate 𝜕𝑇/𝜕𝑡 vs. temperature at the center of the membrane for the power 𝑃(𝑡) shown in 

the inset (a) and the temperature profile 𝑇(𝑡0, 𝑟) (b) for R = 108 K/s and 3∙108 K/s – black squares and red circles, respec-

tively. The heater acts uniformly in the ring 𝑟 ∈ (𝑟1, 𝑟0)  at 𝑟1 = 2𝑟0/3 . Thermal conductivity of the membrane 

𝜆𝑚 = 3 W/m∙K. 

Thus, controlled cooling is possible at R = 108 K/s and even 3∙108 K/s. Note that at 

R = 3∙108 K/s, ballistic (uncontrolled) cooling begins at some critical temperature differ-

ence (𝑇𝐶 − 𝑇𝑡)  of about 400 K. This critical temperature difference (𝑇𝐶 − 𝑇𝑡) increases 

with increasing R, so that controlled cooling above 5∙108 K/s is practically impossible, even 

with a scanning interval as large as ∆𝑇 = 1000 K. 

However, the controlled cooling rate can be increased by additional heat transfer in 

a membrane with a higher thermal conductivity 𝜆𝑚. The thermal conductivity 𝜆𝑚 can be 

increased by depositing an additional heat-conducting Au layer on the membrane [23]. 

Thus, for an additional Au layer with a thickness 𝑑𝐴𝑢  and thermal conductivity 

𝜆𝐴𝑢 = 317 W/m∙K [33], we obtain a membrane with 𝜆𝑚 = 𝜆𝐴𝑢(𝑑𝐴𝑢/𝑑0) + 𝜆0(𝑑/𝑑0) in the 

lateral direction of the membrane, where 𝑑0 is the thickness of the silicon nitride layer. 

Suppose 𝑑0 = 0.8 µm and 𝑑𝐴𝑢 = 0.4 µm, then 𝑑𝑚 = 1.2 μm, 𝜆𝑚 = 100 W/m∙K, and the 

average volumetric heat capacity of the membrane is 𝜌𝑚𝑐𝑚 =  2.4·106 J/m3K at 

𝜌𝐴𝑢𝑐𝐴𝑢 = 2.5·106 J/m3K for Au [33]. In this case, controlled cooling is possible at R = 109 K/s 

and even at 6∙109 K/s, see Fig.4. The calculations were carried out for helium gas with 

𝜆 = 0.156 W/m∙K at 𝑟0 = 1 μm, 𝑟1 = 2𝑟0/3, 𝑑𝑚 = 1.2 μm, 𝜆𝑚 = 100 W/m∙K, 𝐷𝑚 = 4.2∙10-

5 m2/s, 𝜌𝑚𝑐𝑚 = 2.4·106 J/m3K, and ∆𝑇 = 1000 K. The temperature profile 𝑇(𝑡0, 𝑟) was cal-

culated at the end of heating for 𝑡0 = 1.03 μs and 0.177 μs at R = 109 K/s and 6∙109 K/s, re-

spectively. 
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Figure 4. Normalized scanning rate 𝜕𝑇/𝜕𝑡 vs. temperature in the center of the membrane for the power 𝑃(𝑡) shown in 

the inset (a) and the temperature profile 𝑇(𝑡0, 𝑟) (b) for R = 109 K/s and 6∙109 K/s – black squares and red circles, respec-

tively. The heater acts uniformly in the ring 𝑟 ∈ (𝑟1, 𝑟0)  at 𝑟1 = 2𝑟0/3 . Thermal conductivity of the membrane 

𝜆𝑚 = 100 W/m∙K. 

The maximum possible rate of controlled cooling can be even higher if the heater is 

uniformly distributed over the entire hot zone for 𝑟 ∈ (0, 𝑟0). However, in this case, the 

temperature profile in the middle of the hot zone is not as flat as in the case of the ring 

heater, see Figs.4 and 5. Controlled cooling is possible at R = 109 K/s, 6∙109 K/s, and even 

1010 K/s, see Fig.5. The calculations were carried out for helium gas with 𝜆 = 0.156 W/m∙K 

at 𝑟0 = 1 μm, 𝑑𝑚 = 1.2 μm, 𝜆𝑚 = 100 W/m∙K, 𝐷𝑚 = 4.2∙10-5 m2/s, 𝜌𝑚𝑐𝑚 = 2.4·106 J/m3K, 

and ∆𝑇 = 1000 K. The temperature profile 𝑇(𝑡0, 𝑟) was calculated at the end of heating 

for 𝑡0 = 1.03 μs, 0.175 μs, and 0.105 μs at R = 109 K/s, 6∙109 K/s, and 1010 K/s, respectively. 
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Figure 5. Normalized scanning rate 𝜕𝑇/𝜕𝑡 vs. temperature in the center of the membrane for the power 𝑃(𝑡) shown in 

the inset (a) and the temperature profile 𝑇(𝑡0, 𝑟) (b) for R = 109 K/s, 6∙109 K/s, and 1010 K/s – black squares, red circles, and 

green crosses, respectively. The heater acts uniformly in the disk 𝑟 ∈ (0, 𝑟0). Thermal conductivity of the membrane 

𝜆𝑚 = 100 W/m∙K. 

5. Conclusions 

The controlled maximum possible cooling rate is limited due to the heat transfer lim-

itations associated with the thermal resistance at the membrane/gas interface. Heat losses 

from the membrane due to thermal conductivity 𝜆 of the surrounding gas are propor-

tional to the heat transfer parameter 𝛼 = 𝜆/𝑟0, which increases with decreasing of the ra-

dius of the membrane hot zone 𝑟0 if 𝐿𝑡 ≫ 𝑟0 ≫ 𝑙𝑚𝑓𝑝. However, the possibility of reducing 
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the radius 𝑟0 is limited by the temperature jump distance 𝛿, which depends on the gas 

and the membrane surface. Thus, it makes no sense to reduce the radius 𝑟0 to less than 

1 μm, at least for the most heat-conducting hydrogen and helium gases. In fact, this limi-

tation is associated with the maximum possible value of the heat flux 𝐺𝑚𝑎𝑥(𝑇 − 𝑇𝑡) at the 

membrane/gas interface, where the maximum interfacial thermal conductance 𝐺𝑚𝑎𝑥  is 

about 0.9 MW/m2K and 0.42 MW/m2K for a blackened membrane (𝜎 = 1) and the most 

heat-conducting gases hydrogen and helium, respectively. Thus, for a free blackened 

membrane, the maximum cooling rate 2𝐺𝑚𝑎𝑥(𝑇 − 𝑇𝑡)/(𝜌𝑚𝑐𝑚𝑑𝑚) is about 3.9⸱108 K/s and 

1.8⸱108 K/s at (𝑇 − 𝑇𝑡) = 500 K for hydrogen and helium gases, respectively. This estimate 

is even lower for the thermal accommodation coefficient 𝜎 = 0.5. In this case, for hydro-

gen and helium gases, the radius of the membrane hot zone should not be less than 1 μm. 

In addition, the transfer of heat from the hot zone of the membrane to the periphery of the 

membrane must be taken into account. Thus, solving the heat transfer problem for the 

complete membrane-gas system, we find that the maximum possible controlled cooling 

rate is about 3∙108 K/s for a silicon nitride membrane with a thickness of 1 μm in helium 

gas. Note that controlled cooling is limited by the minimum critical temperature differ-

ence (𝑇𝐶 − 𝑇𝑡). In fact, uncontrolled ballistic cooling begins at 𝑇 < 𝑇𝐶 , see Figs. 3, 4, and 

5. Thus, the temperature scan interval should be large enough, say, of the order of 1000 K. 

However, the controlled cooling rate can be increased by additional heat transfer in the 

combined membrane with a higher thermal conductivity 𝜆𝑚. The membrane thermal con-

ductivity 𝜆𝑚 can be increased to 100 W/m∙K by applying an additional heat-conducting 

Au layer to the membrane. Thus, a controlled cooling rate of the order of billions of K/s 

(up to 1010 K/s) is possible when using a coated membrane and 𝑟0 = 1 μm for helium gas. 
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Nomenclature 

Latin Symbols 
𝑏0 distance from the center to the periphery of the membrane (m) 

𝑐𝑝, 𝑐𝑚 specific heat of gas and membrane at constant 𝑝 (J·kg−1·K−1) 

𝐷, 𝐷𝑚 thermal diffusivity of gas and membrane (m2·s−1) 
𝑑𝑚 membrane thickness (m) 
𝑓 number of degrees of freedom of a gas molecule (dimensionless) 
𝑔 acceleration of gravity (m·s-2) 
𝐺𝐶 thermal contact conductance (W·m-2·K-1) 

𝐺𝑚𝑎𝑥 membrane/gas maximum thermal conductance (W·m-2·K-1) 
𝐺𝑟 Grashof number (dimensionless) 
𝑘𝐵 Boltzmann constant (J·K-1) 
𝑙𝑚𝑓𝑝 mean-free-path (m) 
𝐿𝑡 distance from the membrane hot zone to the thermostat (m) 
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𝑚 mass of a gas molecule (kg) 
𝑁𝑢 Nusselt number (dimensionless) 
𝑃𝑟 Prandtl number (dimensionless) 
𝑝 pressure (Pa) 
𝑃(𝑡) heater power (W) 
𝑞𝐶  heat flux through thermal contact (W·m-2) 

𝑅(𝑡) temperature scan rate (K·s-1) 
𝑅𝑚𝑎𝑥 maximum possible cooling rate (K·s-1) 
𝑟0 radius of the hot zone of the membrane (m) 
𝑟𝑚𝑖𝑛  minimum radius of the hot zone (m) 
𝑡0 scan duration on heating (s) 
𝑇𝑡 thermostat temperature (K) 
𝑇𝐶 − 𝑇𝑡  critical temperature difference of controlled cooling (K) 

Greek Symbols 
𝛼 heat transfer coefficient W·m-2·K-1 
𝛾 heat capacity ratio (dimensionless) 
𝛿 temperature jump distance (m) 
∆𝑇 scanning temperature range (K) 
∆𝑇𝐶  temperature jump at the membrane/gas contact (K) 
𝜀 membrane emissivity (dimensionless) 
𝜆 thermal conductivity of gas (W·K−1·m−1) 

𝜈 kinematic viscosity of gas (m2·s-1) 

𝜌, 𝜌𝑚 density of gas and membrane (kg·m−3) 
𝜎 thermal accommodation coefficient (dimensionless) 
𝜎𝑟 Stefan-Boltzmann constant (W·m−2·K−4) 
𝜏 time constant (s) 
𝜏𝑛 time constant of nth component (s) 
𝛷(𝑡, 𝑟) reduced heat flux (K·s-1) 
𝜓𝑛(𝑡) nth Fourier component (K) 

Appendix A. Radiative and convective contributions to membrane heat loss 

The radiative contribution to the heat transfer coefficient is 𝛼𝑟 = 𝜀𝜎𝑡(𝑇4 − 𝑇𝑡
4)/(𝑇 −

𝑇𝑡), where the Stefan-Boltzmann constant 𝜎𝑟 = 5.67∙10−8 W/(m2K4) [33] and the emissivity 

of the silicon nitride membrane 𝜀 ≤  0.2 [35,36]. Therefore, 𝛼𝑟 =  16 W/(m2K) at 

𝑇 =  1000 K and 𝑇𝑡 =  300 K. Thus, 𝛼𝑟/𝛼  is about 0.01% at 𝛼 = 𝜆/𝑟0 , which is about 

1.56∙105 W/(m2K) for helium gas 𝜆 =0.156 W/m∙K and 𝑟0 = 1 µm. Then 𝛼𝑟 is negligible 

compared to 𝛼. 

The convective component 𝛼𝐶 of the heat losses from the membrane decreases with 

a decrease in the characteristic length of the problem, which is 𝑟0 = 1 µm. Convective heat 

losses arise due to the temperature dependence of the gas density in the gravitational field 

in the presence of temperature gradients. The ratio 𝛼𝐶/𝛼 is equal to the Nusselt number 

𝑁𝑢 = (𝐺𝑟)1/4𝑓(𝑃𝑟) [37]. The Prandtl number 𝑃𝑟 and 𝑓(𝑃𝑟) for gases are about 1 [33,37]. 

The Grashof number 𝐺𝑟 =
𝑟0

3𝑔

𝜈2

(𝑇−𝑇𝑡)

𝑇
, where 𝑔 is the acceleration due to gravity [37]. Thus, 

the Nusselt number 𝑁𝑢 decreases as 𝑟0
3/4

 with decreasing 𝑟0. In fact, (𝐺𝑟)1/4 is about or 

less than (𝑟0
3𝑔/𝜈2)0.25 =  5∙10−3 at 𝑟0 = 1 µm and 𝜈 =  1.24⸱10-4 m2/s [33], that is, 

𝑁𝑢 < 0.005. Convective heat loss only acts on the upper side of the membrane. However, 

heat losses due to thermal conductivity 𝜆 of the surrounding gas act on both sides of the 

membrane. Thus, the convective contribution to the membrane heat loss 𝑁𝑢/2𝛼 is about 

0.25% for 𝑟0 = 1 µm. 
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