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ABSTRACT. In this paper, the notion of 6*-weak contraction is introduced,
which is utilized to prove some fixed point results. These results are helpful
to give a positive response to certain open question raised by Kannan [Amer.
Math. Monthly 76:1969] and Rhoades [Contemp. Math. 72:1988] on the exis-
tence of contractive definition which does not force the mapping to be continuous
at the fixed point. Some illustrative examples are also given to support our re-
sults. As applications of our result, we investigate the existence and uniqueness
of a solution of non-linear matrix equations and integral equations of Volterra
type as well.
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1. INTRODUCTION AND PRELIMINARIES

In order to study the existence of fixed point for discontinuous mappings, Kan-
nan |1 introduced a weaker contraction condition and proved the following theo-
rem:

Every self-mapping S defined on a complete metric space (M, d) satisfying the
condition

(S, Sw) < Bld(z. =) + d(w, Sw)], where § € [0, %) (1.1)

Vz,w € M, has a unique fixed point. Such type of mappings are called Kannan
type mappings.

Rhoades [2] presented and compared 250 contractive definitions (including )
and showed that though most of these definitions do not force the mapping to be
continuous in the entire domain but all of them force it to be continuous at the
fixed point. Inspired by his perceptions, Rhoades [3] formulated a very intersting
open question:
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Open Question 1.1. Does there exist a contractive definition which is strong enough
to ensure the existence and uniqueness of a fixed point but does not force the
mapping to be continuous at the underlying fixed point?

The first answer to the Open Question was given by Pant after more
than a decade.

In other direction, Jleli and Samet [5] introduced another class of mappings and
by using it, they defined #-contractions.

Definition 1.1. [5,6] Let 6 : (0,00) — (1, 00) be a mapping satisfying the follow-
ing conditions:
©1 : 0 is non-decreasing;
©2 : for each sequence {fr} C (0,00), limy 00 0(Bk) =1 <= limg_,00 B = 0;
©3: 3r € (0,1) and I € (0, 00] such that

©4 : 6 is continuous.

We consider the following class of mappings:
O1,2,3: the class of mappings satisfying ©1-03.
©12.4: the class of mappings satisfying ©1, ©2 and ©4.
O 3: the class of mappings satisfying ©2 and ©3.
O34: the class of mappings satisfying ©2 and ©4.
Jleli and Samet [5] used the class of functions O 53 and proved the following
result.

Theorem 1.1. [5] Let (M, d) be a complete generalized metric space and S : M —
M a given mapping. Suppose that there exist 0 € ©143 and k € (0,1) such that

d(Sz,Sw) >0 = 0(d(Sz, Sw)) < [A(d(z,w))], (1.2)
Vz,w € M. Then S has a unique fixed point.

Later on, this contraction condition was modified by many authors. In this

direction, Ahmad et al. 7] proved the same result by using class of functions ©; o 4.
It was already remarked that the monotonicity of 6 implies just the continuity of
the mapping S, but continuity of S can also be obtained by ©2, without using
1.
Let S be a self-mapping defined on a metric space (M, d) satisfying condition ©2. If
z,w € M such that d(z,w) tends to 0, then condition ©2 implies that 6(d(z,w))
tends to 1 and yields that 6(d(Sz, Sw)) tends to 1. Again, condition ©2
implies that d(Sz,Sw) tends to 0. Hence, S is continuous mapping. Imdad et
al. observed that continuity of S still holds even if ©1 is removed. So they
used 0 € ©y3 (or § € O,4) and established that Theorem still held true by
considering these class of mappings, i.e., Theorem 1.1 can survive without ©1.

In the sequel, it is substantial to state the following lemma.

Lemma 1.1. [9] Let {z,} be a sequence in a metric space (M,d). If {z,} is not
a Cauchy sequence, then there exist an € > 0 and two subsequences {znu} and

{zmm)} of {zn} such that
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E<m(k) <n(k), d(Zmw), 2nm)) = € and d(2mp)s Znm)-1) <€, YV keN.
Furthermore, limy o0 d(Zm(k), 2Zn(k)) = €, provided limy, oo d(zn, 2n41) = 0.

The aim of this paper is five-fold described as follows:

(1) to introduce the notion of §*-weak contractions.

(2) to prove some fixed point results.

(3) to provide a new answer to the Open Question 1.1 via 8*-weak contractions.

(4) to investigate the existence and uniqueness of a solution of non-linear ma-
trix equation.

(5) to investigate the existence and uniqueness of a solution of integral equation
of Volterra type.

In the sequel, R and N denote the set of real and natural numbers respectively and
Np stands for NU {0}. The set of all fixed points of a self-mapping S is denoted
by Fiz(S).

2. MAIN RESULTS

Let © be the set of all functions 6 : (0,00) — (1, 00) satisfying the following
condition:
©2' : for every sequence {f;} C (0,00), limyg 00 O(Bk) = 1 = limg_,o B = 0.
Obviously, ©123 C ©'. However, the converse inclusion is not true in general as
substantiated by the following examples:

Example 2.1. [8] Let 6 : (0,00) — (1,00) be given by: 6(a) = e2+ [t is clear
that 0 satisfies ©2 and ©4. However, it dose not satisfy ©1.

S 1
cos a— &

Example 2.2. Let 0 : (0,00) — (1,00) be given by: (a) = e°
that 0 satisfies ©2 and ©4. However, it dose not satisfy ©1 and ©3.

. It is clear

Example 2.3. Let 6 : (0,00) — (1, 00) be given by: 0(a) = e~ 1+ Tt is clear
that 0 satisfies ©2 and ©4. However, it dose not satisfy ©1 and ©3.

Example 2.4. Let 6 : (0,00) — (1,00) be given by: 0(a) = erctana=sina Tt jg
clear that 6 satisfies ©2 and ©4. However, it dose not satisfy ©1 and O3.

Now, we are ready to define the notion of 6*-weak contractions as follows.

Definition 2.1. Let (M, d) be a metric space. A self-mapping S on M is said to
be a 0*-weak contraction if there exist k € (0,1) and 6 € © such that

d(Sz, Sw) > 0 = 0(d(Sz, Sw)) < [B(m(z,w))], (2.1)
where m(z, w) = max{d(z,w),d(z, Sz),d(w, Sw)}.
Now, we state and prove our main results as follows:

Theorem 2.1. Let (M, d) be a complete metric space and S : M — M a 0*-weak
contraction. If 0 is continuous, then

(a) S has a unique fized point (say z* € M ),
(b) lim,, o, Sz = 2*, Vz € M.

Moreover, S is continuous at z* if and only if lim,_.- m(z, 2*) = 0.
) Z—Z 9
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Proof. Let zy € M be an arbitrary point. Define a Picard sequence {z,} C M
based at zg, i.e., 2,01 = Szn, Vn € Ny. If there exists some ny € Ny such that
Zne = SZn,, then we are done. Assume that 2,1 # z,, Vn € Ny. On using ,
we have (Vn € Np)

0(d(zn11, 20)) < [0(m(zn, 20-1)))",
where
m(zn, 2n—1) = max{d(zn, 2n-1),d(2n, 2n+1),d(2n, 2n—1) }.
Now, m(2n, 2n—1) # d(2n, Znt1), otherwise 0(d(2,, 2ny1)) < [0(d(2n; 2n11))]F a con-
tradiction. Hence, m(z,, 2,—1) = d(2n, 2n—1). Thus, we have
0(d(2n+1, 20)) < [0(d(2n, 20-1))]" < [0(d(zn1, 202))F < oo < [0(d(21, 20))]*"

On letting n — oo, we obtain

n

1< lim 0(d(2py1, 20)) < lim [0(d(21, 20))]"" = 1,
n—00 n—0oo

ie., lim, o 0(d(zy41, 2,)) = 1 which by ©2' yields that
lim d(zn41,2,) = 0. (2.2)

n—oQ

Now, we show that {z,} is a Cauchy sequence employing a contradiction. Suppose
on contrary that it is not so, then (in view of Lemma [1.1]) there exist €5 > 0 and
two subsequences {2} and {2z, } of {z,} such that

kE<m(k) <n(k), d(zn)-1,2mm) < €0 < d(Znw): Zmw))s YAk € No.
We observe that
€0 < d(2n(k)s Zmk)) < A(Znk)s Zn(k)—1) + A(Zngk)-15 Zmk)) < d(Znk)s Znk)—1) + €0

so that
kh_{go d(Zn(k), Zm(k)) = ]}Lflgo d(Zn(k)—1, Zm(k)) = €0 (2.3)
Also, we have
€0 < d(Zngk)s Zmi))
< d(Zngkys Zmk)—1) F A Zme)—15 Zm(k))
< d(Zngkys Zntk)—1) T d(Znk)—15 Zmk)—1) + A Zm@) =15 Zm))
< d(Zn(k), Zn(k)—l) + d(zn(k)—lu Zm(k)) + Qd(zm(k;)—lu Zm(k))
so that
Jim d(Zn(k), Zm(k)-1) = Jim d(Zn(k)-1, Zm(k)-1) = €0 (2.4)

Thus, there exists N € Ny such that d(z,p)-1, Zm@)-1) > 0, Yk > N so that on
applying (2.1) with z = z,()—1 and w = Zy)—1, we have
O(d(zn(k), 2m(k))) < [O(m(Zn)—1, Zme)-1))]", (2.5)
where
M Zn (k) -1, Zm(k)—1) = Max {d(Zn(k)-1, Zm(k)-1), A(Zn)=1, Zn(k) ) A Zme) 1, Zm)) }-
Letting £ — oo and using (2.2)) and ([2.4)), we obtain

li _ _1) = €. 2.
kggom(zn(m 15 Zm(k)—1) = €0 (2.6)
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As 0 is continuous, so on letting & — oo in ([2.5) and using and ([2.6),
we obtain 0(ey) < [0(e)]*, which is a contradiction. Hence, {2,} is a Cauchy
sequence in (M, d). The completeness of M implies the existence of z* € M such
that {z,} — 2*.

Now, we prove that z* is a fixed point of S. Let P = {n € Ny : z, = Sz*}.
Then, two cases arise depending on P. Firstly, if P is infinite set, then there
exists a subsequence {z,)} € {2,} which converges to Sz*. The uniqueness of
the limit gives rise Sz* = z*. Secondly, if P is finite set, then d(z,, Sz*) > 0 for
infinitely many n € Ny. Hence, there exists a subsequence {z,u)} C {2z,} such

that d(z,x), S2*) > 0, Yk € Ny. Using (2.1), we have (Vk € Ny)
O(d(znty, 52°)) < [B(m(2ngy 1, 2] 2.7

where
M(Zn(ky-1, 2°) = max {d(zn(k)_l, 2"), d(Zn(k)—15 Znk)), d(27, Sz*)}.

If d(Sz*,2*) > 0, then limy_ oo m(2nw)-1,2*) = d(52%,2*). On letting & — oo
in ([2.7), we obtain 0(d(z*,Sz*)) < [0(d(z*,Sz*))]*, a contradiction. Therefore,
it must be d(Sz*,z*) = 0. Thus, in all we have Sz* = z*. For the uniqueness
part, let z** be another fixed point of S. Then, (2.1) gives rise 6(d(z*, z**)) <
[0(d(z*, 2**))]*, a contradiction. Hence, the fixed point of S is unique.

To establish the last part of the theorem, let us assume that S is continuous
at its fixed point z* and {y,} — z*. Then, we have {Sy,} — Sz* = z* and
lim,, o0 d(Yn, Syn) = 0. Hence, lim,,_,o m(y,, z*) = 0.

To prove the other implication, let {y,,} — z*. If we assume that lim,, o, m(yn, 2*) =
0, then lim,, oo (Y, Syn) = 0. This implies that lim,, o, Sy, = lim, o0 yp, = 2* =
Sz* so that S is continuous at z*. This concludes the proof. U

Combining Theorem [2.1] with Examples [2.112.4] we deduce the following results

which remain new contractions:

Corollary 2.1. Let (M,d) be a complete metric space and S a self-mapping on
M. If there exists k € (0,1) such that (Vz,w € M)

d(SZ,S’w) >0= erin(d(Sz,Sw))—i—d(Sz,Sw) S ek(QSin(m(z,w))—&-m(z,w))

Y

then S has a unique fized point (say z* € M) and lim,_,, S"z = z*, Vz € M.
Moreover, S is continuous at z* if and only if lim,_, - m(z, z*) = 0.

Corollary 2.2. Let (M,d) be a complete metric space and S a self-mapping on
M. If there exists k € (0,1) such that (Vz,w € M)

(cos(m(z,w))—m)

bl

cos(d(Sz,Sw))—m

d(Sz,Sw) >0 = ¢° < eke

then S has a unique fized point (say z* € M) and lim,_,, S"z = z*, Vz € M.
Moreover, S is continuous at z* if and only if lim,_, .- m(z, z*) = 0.

Corollary 2.3. Let (M,d) be a complete metric space and S a self-mapping on
M. If there exists k € (0,1) such that (Vz,w € M)

d(Sz,Sw) >0 = ecos(d(Sz,Sw))—d(Sz,Sw) < 6k(COS(m(z,w))—m(z,w)—l—l-%)

9
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then S has a unique fized point (say z* € M) and lim,_,, S"z = z*, Vz € M.
Moreover, S is continuous at z if and only if lim,_,,« m(z, z*) = 0.

Corollary 2.4. Let (M,d) be a complete metric space and S a self-mapping on
M. If there exists k € (0,1) such that (Vz,w € M)

d(SZ,S’LU) >0= earctan(d(Sz,Sw))—sin(d(Sz,Sw)) < ek(arctan(m(Sz,Sw))—sin(m(Sz,Sw)))

Y

then S has a unique fized point (say z* € M) and lim,_,, S"z = z*, Vz € M.

Moreover, S is continuous at z* if and only if im,_, .- m(z, z*)

0.
The following example demonstrates Theorem 2.1.

Example 2.5. Let M = [0, 1] endowed with the usual metric. Define S : M — M

by
Sz:{

Now, d(Sz,Sw) > 0 implies that z € [0,1) and w = 1 (or vice versa) so that

, forze€[0,1),
, for z=1.

= W=

d(Sz,51) = d(3,3) = ¢ and m(z,1) > d(1,51) = 2. Consider 0 as given in
Example and k = 3, then one can show that (2.1) holds for such 6 and k so

that S is #*-weak contraction. Hence, Theorem 2.1 (Corollary shows that S
has a unique fixed point (namely z* = %). Observe that lim,_, 1 m(z,3) = 0 and
S is continuous at its fixed point though it is discontinuous on its domain.

Now, we deduce an integral-type result via Theorem 2.1.

Theorem 2.2. Let (M,d) be a complete metric space and S : M — M a self
mapping satisfying the following: Yz, w € M, there exists k € (0, %) and 0 € ©
such that

d(Sz,Sw) d(Sz,5w) m(zw) &
/0 S(t)dt >0 = 9( /0 ¢(t)dt) < [9( /0 gb(t)dtﬂ ,

where ¢ : [0,00) — [0,00) is a Lebesgue integrable mapping satisfying foe o(t)dt >
0, Ve > 0. Then S has a unique fized point.

In next lines, we prove a result analogous to Theorem 2.1 avoiding the continuity
of 4.

Theorem 2.3. Let (M,d) be a complete metric space and S : M — M a 0*-weak
contraction. Assume that S? is continuous and there exists zy € M such that

{S"z} is bounded, then
(a) S has a unique fized point (say z* € M ),
(b) lim,,_,o, Sz = 2*, Vz € M, provided S is bounded.

oreover 15 continuous at z* if and only if lim._, .- m(z, z*) = 0.
M .S t tz* d onl lim,_,, , 2" 0

Proof. Let zg € M be such that {S"zy} is bounded. Following the proof of Theo-
rem 2.1, we have (Vn € Ny)

0(d(zn11, 2)) < [0(d(2n, Zn—l))]kv
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so that, Vn,l > 1, we have

2

9<d(zn+l7zn)) < [Q(d(zn—i-l—l,zn—l))]k < [Q(d(zn—i-l—% Zn—2>)]k <..
< [0(d(z, 20)]"" < [0(C)*" — 1, as n — oo,

where C' = sup;>; d(zo, S'zy). Now, making use of ©2', we obtain

lim d(z,4, 2,) = 0.

n—oo
Hence, {z,} is a Cauchy sequence. The completeness of M implies that there exists
z* € M such that {z,} converges to z*. As S? is continuous, so {5%z, = 2,2}
converges to S?z*. Owing to the uniqueness of the limit, we have S?z* = 2*. Now,
we claim that Sz* = 2*. Let us assume on contrary that Sz* # z*. Then, we have
m(z*,Sz*) = d(z*,Sz*) and hence, we get

0(d(z*,Sz*)) = 0(d(S*2*, Sz%)) < [O(m(z*, Sz*)]F = [0(d(z*, Sz*))]F,

*

a contradiction. Therefore, it must be the case Sz* = z*. Observe that if S
is bounded, then the point zg chosen in the beginning of the proof can be any
arbitrary point of M and hence, (b) is established. Rest of the proof can be
completed on the lines of the proof of Theorem 2.1. O

In the following example, we furnish a mapping which is discontinuous at its
fixed point exhibiting the utility of Theorem

Example 2.6. Let M = [0, 1] endowed with the usual metric. Define S : M — M
by

Sy 5, forzel0,1],
0, forze (5,1

Observe that S is bounded and S? is continuous. Next, define 6 : (0, 00) — (1, 00)
by

e2 T for o € (3, 00).

Clearly, § € ©'. Now, d(Sz, Sw) > 0 implies that z € [0, 1] and w € (3, 1] (or vice

versa) so that d(Sz, Sw) = 3 and m(z,w) > 3. By a routine calculation, one can

show that (2.1) holds for § and k = 2. Thus, all the hypotheses of Theorem 2.3

are satisfied and hence, S has a unique fixed point (namely z* = %) Observe that
1

lim_ _, 1 m(z, 3) does not exist and S is discontinuous at the fixed point z* = 1.

Remark 2.1. Observe that neither 6 nor S is continuous in Example so that
Theorem 1.1 as well as Theorem 2.1 of is not applicable in the context of such
example.

Remark 2.2. 6*-weak contraction offers an affirmative answer to the Open Question
1.1.
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Next, we consider ©”, the class of mappings 6 : (0,00) — (1,00) satisfying
02" and ©3. We recall the following notion before presenting our next result.
Property P: A self-mapping S has property P if

Fix(S™) = Fiz(95), for every n € N.
Theorem 2.4. Let (M, d) be a complete metric space and S : M — M a contin-
uous mapping. If there exist k € (0,1) and 6 € ©" such that
d(Sz,8%) >0 = 0(d(Sz,5%2)) < [(m(z,S2))], (2.8)
Vz € M, then S has the property P.
Proof. Let zy € M be an arbitrary point. Define a Picard sequence {z,} C M
based at zg, i.e., 2,11 = Szn, Vn € Ny. If there exists some nyg € Ny such that

Zng = Zng+1, then we are done. Henceforth, assume that z, # z,+1, Vn € Ny, i.e.,
d(Szp_1,5%2,-1) > 0, Vn € N. Thus (2.8)) implies that

0(d(Szp_1,5%2,-1)) < [0(m(2n-1, Szn_1))]"
or
0(d(2n, 2n41)) < [0(m (201, 20))]", (2.9)
where
m(zn_1, 2n) = max{d(z,_1, 2n), d(2n_1, S2n_1), d(zn, Szn) }
= max{d(zn_1, 2n), d(2n, 2n11) }-
Ifm(zn—1, 2n) = d(2n, 2n+1), then yields that 0(d(z,, 2ni1)) < [0(d(2n, 2n11))]F,

k € (0,1), which is a contradiction. Therefore, m(z,_1, z,) = d(zn—1, 2,). Now, in
view of (2.9), we have

0(d(2n, Zns1)) < [0(d(2n-1,20))]*, ¥n € N and k € (0, 1).

Hence, we get

2 n

1 < 0(d(zn, 2n41)) < [e(d(zn—lazn))]k < [e(d(zn—%zn—l>)]k <= [Q(d(zo,zl))]k .
(2.10)
Taking limit n — oo in , we obtain

lim 6(d(zn, 2ny1)) = 1,

which by ©2' gives

nll_)IIOlo d(zn, 2ns1) = 0.

Now, ©3 implies that there exist r € (0,1) and [ € (0, co| such that

O(d(zn, 2ny1)) — 1 _

™ i )
Firstly, assume that [ < co. Let C' = % Then, by the definition of the limit, there
exists V7 € N such that
0(d(zn, 2nt1)) — 1
[d(zn; 2041)]"

—1 SC, Vnle
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implying that
0(d<zn; ZnJrl)) —1
[d(zn, zn1)]"

So, we have

1
n[d(zn, 2nt1)]” < nD[0(d(zn, 2n11)) — 1], Vn > Ny and D = rok

Secondly, suppose that [ = co. Let C' > 0 be a given real number. Then from the
definition of the limit, there exists Ny € N such that

0(d(zn, 2n41)) —

1
> C. ¥Yn > N.
[Aem zmi)) ==

implying that

1
nl[d(zn, 2nt1)]” < nD[O(d(zn, 2ns1)) — 1], ¥n > Ny and D = o

Thus, in all, there exist D > 0 and N = max{N;, Na} such that
n[d(zn, 2nt1)]" < nD[O(d(2n, 2n41)) — 1], Vo > N.
From (2.10), we have

n[d(zn, 2nn)]” < nD[[0(d(z0, )] — 1], ¥n > Ny and D = é

Taking limit n — oo, we obtain
nld(zn, zn1)]” = 0. (2.11)
Now, ensures the existence of N’ such that
nld(zn, 2ni1)]” < 1, Vn > N/,

which implies that

1
d(zn, 2n11) < —, Yn > N'.
nr
Now, for m > n > N’, we have
m—1 m—1 1
d(zn, 2m) < Zd(zi,ziﬂ) < .
. . ir
=n =N

AsO0<r<1,so { Sy L } converges and hence,

| — 1
1=n ir

lim d(zp,2m) =0,

m,n—00

i.e., {z,} is a Cauchy sequence. Now, by the completeness of M, we get the
ensurance of the existence of z* € M such that z, — 2*, as n — oc.
By the continuity of S, we have

Zni1 = Sz, — SZ¥, as n — oo.

By the uniqueness of the limit, we have z* = Sz*, i.e., S has a fixed point.
Now, we will show that

Fix(S™) = Fiz(S), Vn € N.
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Suppose on contrary that there exists some 2’ € Fiz(S™) such that 2/ ¢ Fiz(S).
Then, we have

d(z',Sz") > 0.
Now, we have
1< 6(d(#,S2")) =0(d(S(S"'2'), S*(S"12)) < [A(m(S™ 12!, 5"2)))*
=[o(d(s™', 8" < [(d(s™ 2, s
<. < [0(d(, SZ)N)F".

Taking limit n — oo, we get 0(d(2/,Sz")) =1, i.e., d(2/,52") =0, a contradiction.
This completes the proof. O

3. APPLICATION TO NONLINEAR MATRIX EQUATIONS

Throughout this section, we use the following notations:

M (n)=the set of all n x n complex matrices

H(n)=the set of all Hermitian matrices in M (n)

P(n)= the set of all positive definite matrices in M(n)

H*(n)=the set of all positive semidefinite matrices in M(n)

For Z € P(n) (resp. Z € H*(n)), we write Z > 0 (resp. Z = 0). The symbol ||.||
symbolizes the spectral norm of a matrix A defined by ||A|| = \/AT(A*A), where
AT(A*A) is the largest eigenvalue of A*A, where A* is the conjugate transpose of
A. Also, ||Aller = > sk(A) = tr((A*A)2), where s,(A) (1 < k < n) are the
singular values of A € M(n). In case if A is a Hermition matrix, this definition
reduces to: ||Alls = tr(A). Here, (H(n), ||.|l+) is complete metric space (for more
details see [11-13]).

In this section, we apply our result (viz. Theorem 2.1) to prove the existence
and uniqueness of a solution of the nonlinear matrix equation

Z="P+ f: ALF(2) A, (3.1)

k=1

where P is a Hermitian positive definite matrix and F is a continuous mapping
from #H(n) into P(n) such that Q(0) = 0, A, are arbitrary n X n matrices and Aj
their conjugates.

In the sequel, we need the following lemmas:

Lemma 3.1. [11] If A = 0 and B = 0 are n X n matrices, then 0 < tr(AB) <
| Al[tr(B).

Lemma 3.2. If A€ H(n) such that A < I,,, then ||A|| < 1.

Theorem 3.1. Consider the matrixz equation . Assume that there exist two
positive real numbers R and M > 1 such that:

(1) S, ApA; = RI, and
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(ii) for every Z,W € H(n) with > ;_ A3 F(Z)Ax # > p i AtF(W)Ay, we
have
M

AF(Z), FW)) < om(Z,W),
where M > 1 and m(Z, W) is as defined in Definition .

Then the matriz equation (3.1) has a unique solution. Moreover, the iteration
Z, = P+ > | AAF(Z,1)A, converges in the sense of trace norm ||.||s to
the solution of the matriz equation (3.1), where Zy € H(n) such that Z, =<
2 ket AF (Z0) Ay

Proof. Define a mapping S : H(n) — H(n) by:

S(Z)=P+Y A F(Z)Ay, VZeH(n). (3.2)
k=1
Observe that S is well defined and X is a fixed point of S if and only if it is a
solution of the matrix equation (3.1). To accomplish this, we need to show that
S is 0*-weak contraction wherein the mapping 0 : (0,00) — (1,00) is given by:
() = eV, Ya € (0, 00), which is continuous and belongs to ©'.
Let Z, W € H(n) be such that S(Z) # S(W). Consider

1S(2) = SW)ller = tr(S(Z) = S(W))

_ itr(A,j(}"(Z)—]:(W))Ak)

_ itr(A};Ak(}"(Z)—f(W)))

_ tr<( kzm;A,’;Ak) (F(2) - f(W)))
< | kzm;A;AkHHF(Z) — FW)la
S

so that
d(SZ,SW) < e Mm(Z, W),
which implies that

6\/d(SZ,SW) < 6\/e*Mm(Z,W)’ M > 1.
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This yields that
oV A(SZ,SW) < [6,/m(Z,W)]k’

where £k = Ve, The supposition that M > 1 implies that £ € (0,1) which
shows that S is a #*-weak contraction. Thus, all the hypotheses of Theorem 2.1
are satisfied. Hence, there exists a unique Z € H(n) such that SZ = Z, i.e., the
matrix equation (3.1) has a unique solution in H(n). This completes the proof. O

4. APPLICATION TO INTEGRAL EQUATIONS

In this section, we investigate the existence and uniqueness of a solution of a
Volterra type integral equation with the help of Theorem 2.1. Suppose the integral
equation is given as follows:

2(t) = /OtK(t,s,z(s))ds + h(t), tel0,T], (4.1)

where "> 0, K : [0,7] x [0,T] x R =R, h:[0,T] — R.
Consider the space C([0,T],R) of all continuous functions z : [0, 7] — R equipped
with the Bielecki’s norm

2] = sup e *|z(t)], a>1.
te[0,7)

Then, the space (C([0,T],R),d) is a complete metric space with

d(z,w) = ||z —wl|, Vz,we C(0,T],R).

Now, by utilizing Theorem 2.1, we state and prove the following result.

Theorem 4.1. Assume that there exists o > 1 such that

|K(t,s,2) — K(t,s,w)|] < ae”*“m*(z,w),
Vt,s € [0,T] and z,w € C([0,T],R), where

m*(z,w) = max{|z — w|,|z — Sz|,|w — Sw|}.

Then the integral equation has a unique solution in C([0,T],R).

Proof. Define the mapping S : C([0,T],R) — C([0,T],R) by:
Sz(t) = /tK(t, s,z(s))ds + h(t), z¢€ C([0,T],R).

Observe that S is well defined and z is a fixed point of S if and only if it is
a solution of the integral equation (3.1). Now, define 6 : (0,00) — (1,00) by
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f(a) = e*, a € (0,00). Then 6 is continuous and belongs to ©'. Now, consider
1S2(t) — Sw(b)| _’ / (t,5,2(s)) — K (t, 5,w(s)))ds

/ (Kt 5, 2(5)) — K (t,5,w(s)))|ds
_/0 ae”*“m*(z,w)ds

—aeo‘/o e**max{|z(s) —w(s)|e”**, |z(s) — Sz(s)|e *,
lw(s) — Sw(s)le™**}ds
Sae_a/O e**max{d(z,w),d(z,Sz),d(w, Sw)}ds

=ae “m(z,w) /t e*“ds

<m(z, w)e_a(l_t()).
This implies that

1S2(t) — Sw(t)le”* < e *m(z,w).
Taking supremum over ¢ of both sides, we get
d(Sz,Sw) < e *m(z,w),
which implies that
edl52:50) < gemtmizw) — [emzwlk gy e 0([0, T, R),

where k = e~®. Since a > 1, so k € (0,1). Therefore, S is #*-weak contraction.
By Theorem 2.1, S has a unique solution of integral equation (4.1). This ends the
proof.
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