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Abstract

Higher order femtoscopy measured to examine the heat exchanger characterization of the fluid
debris produced in the collisions and investigated a remarkable suppression in the bosons interfer-
ences measurement. The analogous suppression can be analyzed to explore the coherence of boson
thermal particle production sources at unprecedented energies. We illustrate the particles emissions
from radiated sources with statistical coherence which induce the thermal particles interferences
to probe the peculiarity of the heated sources as well as the distinctions about the heat exchangers
in the collisions at higher temperature. We perspicacious that the bosons seem to the pertinent
aspirant of heat exchanger, and the normalized three particles correlators evaluate the existence
of such hybrid phases significantly. The key point of this research is that we analyze the three
particles correlations with their normalized correlations by difference equations to determine the
characteristics of heat exchanger and its applications. With such distinctive and efficient approach,
we observe a significant difference in the correlation functions at higher temperature and momenta
regimes.
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I. INTRODUCTION

The intensity interferometry is extensively used to explore the characteristics of the par-
ticle emitted fluids produced in the collisions of heavy nuclei at unprecedent energies [1-5].
The enormously used chaotic parameter lambda can be extracted by pertaining the as-
sumption that the pions are ejected from the partially coherence heated sources in order
to analyze the two pion femptoscopy. The considered parameter is lying between zero and
one for the partially coherence particle production sources but possess unity for the ful-
ly thermal emissions [1, 2, 6]. Such parameter is correlated with the several other factors
like the misidentification of particles, laser emission and the resonance decays of long lived
[1-5, 7, 8.

Perpetually, two boson interferences are evaluated by experimentally to explore the heat
exchanger and coherence characterization, along with the peculiar information about the
thermal energy particles emission sources. It has been observed that if the coherence fraction
is quantified even more than fifty percent but the the chaotic thermal parameter suppression
stipulated only twenty five percent. That is why it compelled the researchers that it is
practically impossible to determine the coherence and chaotic properties of the particles
emitted sources by using simple two particles statistical interferences alone [9]. Specifically,
the higher order interferences possessed extra particulars which cannot be examine from the
simple lower order correlations. The experimental measurements of the pions correlations at
the famous world largest colliders performed and evaluated that the suppression of chaotic
pion emissions which increases substantially at higher orders correlations than that of the
lower order interferences [9-11].

In particular, the higher particle interferometry determines the source chaos-coherence
fraction and also having several advance experimental dominance with elimination the influ-
ence of fourier transform phase and the decays of resonances which are long lived. [6, 12-16].
Three particle intensity interferences measured practically in the thermal collisions and the
given results demonstrated that the normalized correlations of three particles revealed a
crucial suppression from the chaos limit [15]. This obvious suppression of chaos limit may
arise from the coherence fraction at low temperature and momenta regimes [16]. There are
also various sources of non chaotic emissions such as the coherence of pions and the pulse

radiation also provoke the coherence sources in the multiple form [17-19].
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In addition, such investigations proclaim that the pions production sources created in the
lead collisions at the extraordinary heat energies possess the partially coherence heat ex-
changer characteristics. Therefore the core point of this article is that we calculate the three
particles correlations, genuine three particles interferences and the normalized correlation
functions by consider the thermal particle emitted sources formed in the collision of heavy
nuclei with completely as well as partially chaotic features and investigate the relationship
between the particles number, temperature, heat energy, transverse momentum and the co-
herence fraction to explore the peculiar properties of the radiated sources less ambiguously
than the usually measured simple two pion interferences. Such relationship examines the
shape, size and the intrinsic properties of the particle ejecting sources which created during
the impact of lead nuclei at the unusual energy. These correlations and the normalized
correlations at various temperatures and transverse momenta cuts motivate to examine the
fluid nature of the chaotic and coherence matter which created during the smashing of heavy
nuclei at hadron colliders.

In this research, we explore the Bose Einstein coherence of indistinguishable bosons for
particles ejecting gas source which expands relativistically inside the mean field potential
of the harmonic oscillator ones that drops with time in hadronic phase temperature regime
in the collisions of heavy nuclei. We compute the full three particles interferences, gen-
uine correlations and the normalized interferences by using one and two particle density
matrices within the hadronic phase temperature region about 60-170 MeV. The coherence
influences of particle production source on the genuine correlations functions significantly in
the interferometry measurements at various temperatures and momenta which are explored
20, 21].

The results reveal that the sources of thousands bosons could appear to own consider-
able degree of coherence which decrease the three particle statistical interferences and sup-
press the genuine three pions correlations and normalized three particles significantly at low
transverse momenta but influence slightly on the genuine correlations at high temperature-
momenta regime. In the collisions of heavy nuclei at the hadron colliders, the copiously
emission of particles can attain several thousands of pions and in this manifestation the sub-
stantial effects of coherence on the correlations and the corresponding normalized correlators
in the multi particles interferences would be interesting.

This manuscript is organized into 5 sections. We investigate the source heat transfer
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fraction equations in Sec. II. In Sec. III, we calculate the correlations and normalized
correlator functions. We analyzed our model results in Sec. IV. Finally, in Sec. V, we

summarized our findings.

II. SOURCE HEAT TRANSFER FRACTION EQUATIONS

Bose Einstein condensation and thermalization are actually the macroscopic possession
of the single quantum state of one particle and such condition habitually referred to the off
diagonal prolonged range order. Bose Einstein condensation even though has been known
long time due to its existence in various system like superfluid helium which verified in
various laboratories [22]. We are curious in the analysis of boson gas of indistinguishable
pions inside the potential of harmonic oscillator ones that commences from the hadronic
medium mean field in the collision of heavy nuclei at higher energy [20, 21, 23]. The time
dependent oscillator potential prescribed by

Violr.t) = 5 La(1 (—) 1)
2 I(t)
where I.,(t) and [(¢) examine the strength Aw(t) and characteristics length of considered
harmonic oscillator, respectively. Here, we presume that the length [ is correlate to the
expanding sources parameterized radius Ry = (R;, + ve,t) which escalates with the evolution
of time and R;, represents the source initial radius, and the velocity parameter v, related
to expansion velocity of the considered source which will be examined by hydrodynamics
relativistically. With the assumption that the time of source evolution is longer than the
system relaxation time, we could approximately deal with such expanding gas like a unvaried
system in every evolution time and the extension of the pion particles gas be possible to treat
within the approximation under the process of adiabatic with quasi-static characteristics.
For such expansion of gas the temperature T" of considered system and volume V' obey the
intrinsic relation 7/V =7 equal to constant. The gamma quantify the ratio of specific heat
capacity at constant pressures and constant volume.
For the ideal gas of boson particles, the energy of the system can be expressed as summing
up of whole individual particles and the bosons energy levels for give potential strength
I..(t) = hw(t) are
en:n]exjtglw, n=0,1,2,... (2)
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The degeneracy of D,, is D,, = (n + 1)(n + 2)/2, and we are interested to built the mu-
tual relations between the system size of hadronic gas and the temperature by relativistic
hydrodynamics which deal with the collisions at higher order relativistic energies. The char-
acterization of the system analyzed from hydrodynamic difference equations of spherical
sources with initial radius R;, = 6 fm and the hadronized temperature 7;, = 170 MeV.
We explore that for the aforementioned considered source, the temperature of the system
gratified that in the following way

TR},

T=_—ttin
(Rin + Uext)6

(3)

where § = 1.88 and v, = 0.62 [21]. We will utilize this temperature formula within our
calculations which determined with relativistic hydrodynamics and the considered charac-
teristic length [. We have been able to use the parameterized temperature formula in our
computations of difference equations which developed through relativistic hydrodynamics

for source investigations and will considered the characteristics length [ as
[ = Ks(Rzn + Ueactt)a (4)

where K represents the proportional parameter which examine the root mean of the square
radius. It is more crucial to magnify that in our calculations the parameter K contained
the values of 0.40 and 0.35 for the larger and small sources, respectively. The strength of
the potential declines with time evolution which proceeds to decrease with the decreasing
of temperature. At given temperature only small bosons numbers inhabit at the ground
energy state and the others bosons distributed thermally in the higher energy states which
proceed to cloud radius larger than the oscillator length. An approximation can be acquired
by the considering 7' >> I., and the system density deals with the Boltzmann distribution
statistics. However, one can obtain temperature dependence coherence fraction at certain
temperature 7' < T, and the particles obey the Bose-Einstein distributions [22].

In Fig. 1 we plot the root mean square radius (rmsr) of the considered source with the
total number of pions Ny = 2000 and 600 when the source size parameter contained K, =
0.35 and 0.40. It is found that the rmsr results of the nuclear collisions at extraordinary
energies are precise sensitive in the Lead-Lead collisions at LHC which having the rmsr of
10 fm, and in such measurements the the source sized parameters K between the 0.35 and

0.40 represented reasonable the experimental results.
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FIG. 1: Root mean square radius of the expanded sources versus temperature at different particles

number Nt and source size K.

A. Effects of heat transfer with dependent coherence fraction

The capability of Bose Einstein coherence to induce the pattern of interference with high
visibility related closely with difference equations to examine the pion productions first order
coherence. Recently, several experiments have been explored with trapped boson coherence
gas and it is the aim of this article to investigate the coherence effect to the explanation of
trapped pions gas. Our main focus will be the effect of coherence due to second and third
order correlations with their corresponding normalized correlator. In the collisions of the
nuclei at relativistic energy, the temperature of the hadrons gas phase is in the regimes of
60 to 170 MeV and at these particular given temperatures the gesture of the motion of the
considered bosons is treated relativistically because the particle mass is in the order to the
considered temperatures. In such processes the particles system is treated as the static one
at every small moment for the expansion of adiabatic quasi static, and the equation of the
eigenvalue for the considered system can demonstrate as in Eq. (1) by following our previous
discussion [20]

[2]:; + Vho(r)}u(r) = MU(T) = eu(r). (5)

p 2m,,

Here the potential V},(r) of the oscillator is given by Eq. (1) at each time stage, for instance

at the small duration. The eigenenergy of the relativistic pion is elucidated by

By = \/m2 + 2my(n + 3/2) Lo, (6)
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where n=0,1,2.. and the ground state wave function for the lowest energy level can demon-

strated as

eolr) = (ﬁ)/w . (7)

For the considered crucial system of pions the I(¢) which illustrates time evolution function
characteristics length and we present F,, to measure the comparable energy levels from n = 0

state to the excited energy gaps,

_ 3
E,=FE, — \/mz% +2m,, X 51836. (8)

For the identical boson gas of pions with a fixed number of particles, Nr, and at a given
temperature T we can be write for such gas of indistinguishable boson particles at the
specified temperature T" with fixed particles number N in terms of coherence and chaotic
particles

Np = Neo + Nep, 9)

here, N,, represents the particles number in the coherence state where m = 0,
Z

Ny = ——. 10
T (10)
Similarly, V., illustrates the particles in the chaotic (excited) states where m > 0,
X\ D, Z e PEn
Nep = _ 11

where D,, expresses the degeneracy of the given m-th energy states and Z denotes the pa-
rameter that contains the consequences of lower energy ¢, but E,, measure the comparative
energy states from excited to ground (lowest) energy levels [20, 22]. The numerical values
of fugacity Z parameter lies between one and zero because the number of coherence parti-
cles N, > 0. With the help of aforementioned equations along with energy states of the
given oscillator [20, 21], we can examine the parameter of fugacity Z with fixed Ny and
afterwards can measure the coherence and chaotic fractions, respectively. Actually, Bose
Einstein coherence arises when the system temperature is truncated below the particular
temperature know as the critical temperature. In this matter, the number of coherence
particles manipulated as N, ~ Ny and Z ~ Np/Np + 1.

In particular, we can write the coherence and chaos fractions in terms of the particles

number and fugacity parameter,

(12)
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FIG. 2: Coherence fraction versus temperature 7" for particle ejecting sources with distinct particles

number Nrp.

Fig. 2 presents the coherence fraction f. versus temperature T for the sources contained
the various total number of particles Ny from 400 to 2400. The coherence fraction increased
consistently with lowering the temperature and in the presence of large quantity of considered
particles. However, the coherence fraction suppressed with increasing the temperature and
reducing the particle quantity significantly. The plausible consequence is that the coherence
fraction has peculiar relation with temperature f., = 1 — [T'/T}]"°. It is also meaningful to
illustrate that the parameter K play a vital role to describe the specification of the sources
with particular parameterized values of 0.35 and 0.40 which illustrated in the left side and
right side corresponding figures, respectively. The considered coherence is higher for small
K relative to large K due to crucial consequences for the particles ejecting system possessed
small scale of characterized length [ contained significant coherence effect at fixed Ny and
T. It is pretty obvious to indicate that the coherence fraction escalates with increasing Ny
but slumps from the specific tracks with rising the temperature.

New  Np—Z(Np+1)

Jn =7, = Nr(1—2)

(13)

In the present research the coherence state refers to the system particular state with
the properties of interferences which are absolutely close to possible to those specifically
defined by classical field. In the most technical terms the successive orders of the coherence
properties can be illustrated by the conditions of factorization which manipulate upon the

succession of correlations functions field.
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III. CORRELATION AND NORMALIZED CORRELATOR FUNCTIONS

The preferred mechanism to investigate the properties of coherence are the higher order
correlations. The coherence of first order depends on the specific properties of the single
particle reduced density matrix which can be written in terms of the first order correlations
functions and in the similar manner the coherence of second order relies by principle on the
density correlations. It is more crucial to mention that the repulsion of short range among the
various pions are not considered and the density correlations which are most supreme object
of this study which plays a vital role for the the search of coherence properties. According
to quantum statistics the one particle density matrix for pions for the given temperature

and particle is

D,, Z e BEmn
kl,k'Q ZU kl Um kg) — Ze—,BEm s (14)

where wu,,(k) represents the eigenfunctions of momentum space having exchange symmetry
for oscillator potential and in the presence of large quantity of particles Np(Np—1) ~ NZ(>
Nen, Neo, the two particle density matrices can be illustrated as [20, 22]

GO (ky, ks b Kz) = GOk, k1) GD (ki Ky) + GO (k) 2
_N2 |U60(k1>| |u60(k2)|2- (15)

Therefore the two particle correlations can be represented as

G(2) (klu k27 kl; k2>
G(l) (kl, k’l) G(l) (k’Q, k'Q) )

C(ky, ko) = (16)

From Eq. (15), we have

+ |G(1)(k1, k2)|* — Noo o (k) [? [ueo (K2) |

O(kla kQ) = Gl(kjb kl) G(l)(k)% k2)

(17)

where N, and u,., present the number of particles and the wave function of lowest state,
respectively. This is the general expression for the coherence, partially coherence and the
chaotic characteristics of the particle ejection sources. Specifically, in the case of perfect
coherence source when all particles exist in the coherence state (ground state, N, — Nr,
then the both terms of numerator cancelled out and the correlations becomes unity due to

the absence of quantum interferences effect.

|G (ki ko) P . N o (k) uco(K2) [”
G k1, k) GO (kg ko) GYky, ky) GO (kg ko)

Clki, ko) = 1+ (18)

9
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The emission of the particles with identical momenta obeys the correlation function as given
below

Nco'“co(k)P) ) (19)

Ok, k) =2 — ( GO

The above function is adamant by the fraction of local coherence density to total density
should be reduce to the unity at everywhere to narrate the completely coherence of second
order. In general, near the trap center it can be close to unity only where the density of the
condensate is large but the properties of the coherence in the thermal cloud which contains
outside to condensate having the local density zero which is not different from the from the
uncondensed gas. However, for the perfect chaotic source which having almost all particles
in the higher energy state in order to having the particles number, N.,, << Nr and the
second fraction can be eradicate, and then the above expression manipulated as

(GO (ky, ko)

Cy(ky, ko) =1 '
2(K1, k) =1+ GO (ky, k1) GO (kg, ky)

(20)

This is the expression for the fully chaotic source and the correlations possess the numerical
value two at the intercept (k; = ko) which is also known as chaotic limit for two particle
correlations. However, it is worth mentioning here that for partially coherence sources
the correlation fluctuates between two and unity which are the limits of the chaotic and
coherence sources, respectively. The coherence fraction, particles numbers and two particle
interferences are the basic ingredients of the correlations at higher order. Now we can
describe the correlation of two particles interferences with their corresponding correlators

for aforementioned case and the above equation manipulated as
CQ(kl’kQ) = 1 +A2(k17]€2). (21)

In particular, the mentioned two particles correlators Ag(ky, ko) represents the interferences
for single particle pair. Mathematically, the general correlators for two pions can be ex-

pressed as
|G (R, Bi) |* — N tteo (K)o (K )

GO (ks k) GO (K k) ’

where u, v = 1, 2 for two particles correlations. In above equations the two particle correlator

Ao (y, ky) = (22)

related to coherence wave function u.,(k), density matrix G (k,, k,), and the coherence
particle number N., which illustrated as, for the fully chaotic source N.,, << Np and all

particles are in the excited states and the correlator touch its chaotic limit. On the contrary,

10
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in the situation when all particles are in the ground (coherence) state and then the considered
source characterized as the coherence source, and the interferences consequences will be
negligible. The contributions of correlatiors becomes zero and correlations become unity.
Furthermore, we know that the higher symmetrized correlations contain the most extra
particulars than the simple two particle interferences which motivate us to investigate the
consequences of the chaotic and coherence fractions about the particle emission sources along
with the information about the several size scales. We examine the three particle intensity
interferences versus relative momenta which provide the strong clue for the occurrence about

the chaotic and coherence matter phase transition and its evolution as given below
C3(k1, ko, ks) = 14 Ao(kr, ko) + Ao(ky, k3) + No(ka, k) + As(ki, ko, ks3), (23)

where the second, third and forth terms represent the two particle correlators due to the
exchange of two particles but the last expression indicates the quantum interference in which
all the three particles participate. The chaotic limit for the three particle correlation Cj is
six and any deviation from the given limit shows the occurrence of the coherence component.

In addition, the cumulant (genuine) three particle correlations can also be obtained by
removing all the contributions of two particles interferences to examine pure triplet corre-
lation. The above equation can be transformed into genuine correlation function which is

illustrated as
C3(Q3) =1 + A3(k17 k?a k3)7 (24)

In particular, the mentioned three particles correlators As(k,, k., ky) represents the interfer-
ences for triplet interferences. Mathematically, the correlator for three particle interferences

with coherence, chaotic and partially coherence characteristics can be manipulated as [24—29]

G(l)(kuv k,,) p(l)(kw k¢) G (k¢> ku)
G! (kuv ku)G(l)(km k'V)G(l)(kqb’ kqﬁ)
Ncgoluw(ku)|2|UCO(kV)|2|UCO(k¢)|2
Gk, k) GO (ks by )G (g, k)
G (ky, ki ttco (k) teo (i) Neotico (k) |
Gl(k k )G 1)(16,,, k,,)G(l)(k¢, kg)
GU (kl/a kqﬁ)uw( )U60<k¢)|Ncou60(k )|2
G (ks k) p O (Ko, ) )GD (g, Ko )
G\ (kuak(b)uw(ku)uw(k(b)’Ncou00<k1/)‘2}
G* ( ) GWw k‘,,,k ) (k¢>k¢) ’

As (ks ks ko) = 2|

+2

(25)

11
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where p,v, ¢ = 1, 2, 3 for the three particles correlations functions. In above equations
the two and three particles correlators related to coherence wave function wu.,(k), density
matrix GV (ku, k), and the coherence particle number N, which illustrated as, for the fully
chaotic source N, << N and all particles are in the excited states and the correlations touch
their chaotic limit. But in the situation when all particles are in the ground state and the
considered source characterized as the coherence source, and the interferences consequences
will be negligible. The contributions of correlatiors becomes zero. Hence the two and three
particles interferences become one in the complete non chaotic source [21]. We can examine
the density matrices with the evolving particle emission source at the step of every evolution
for the given particles number Np, and the temperature 7' with the unique technique of
20, 21], and in this way we investigated the three particles intensity interferences for probe
the nature of the particle ejected sources.

Moreover, the several other factors affect the momentum correlations which suggested
that the mixed phase comprised of partially chaotic characteristics. It is more crucial to
mention that if the pions are re dispersed after their ejection then the information will be
lost in their evolution and to overcome such kind of re dispersing the investigation must be
performed with long mean path in the considered matter. Therefore the evaluation about
considered correlations would be intricate if the particles creation mechanism raised through
the resonances of long lived. But these factors can be secluded by normalized three particles

interferences to appropriate two particle interferences [16].

A. Normalized three particle correlator

The correlations of two particles are untrammelled about FT phase but it persists in the
three particles correlations considerably. However, such kind of considered phase potentially
isolate by weight up the cumulant interferences of three particles cumulant to two particle
correlations. It is prevailed by the division of three particle correlator with under root of
computed two particles correlators. Now we have been able to express the normalized three
particle correlator r3 for aforementioned source by using the expressions of two as well as
three-pion correlators,

c3(Q3) — 1

73(Q3) = \/AQ(k’l, ko) Ao (ky, k3) Ao (Ko, k‘3).

(26)

12
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Here, the mentioned correlators Ag(k,, k) and As(ky, ko, ks) represent the interferences for
single particle pair and pure triplet, respectively [24-27].

We parameterized the chaotic strength and its stability in the form of normalized three
particle correlator r3 which touch to chaotic limit (two) for completely chaotic and undevi-
ating system. The normalized correlator r3 isolated the phase and the effect of resonance
decay and it is precisely correlated with the chaotic and coherence fractions for the static
sources [25, 30-33]. In our model calculations the chaotic intercept As(ky, ko) for the cor-
relations of two particles when their corresponding relative momentum approaches to zero
can represented as

N2 Jueo (k)

Ao(k) =1— W =1— [foon(K)]?, (27)

where f., = N./Nr and f;, =1 — f., are the chaotic and coherence fractions,respectively.

Particularly, the factor fy can magnified as [21]
I (k) = Nrlueo(k) /o™ (k. k). (28)

Now by substituting the values of Eqs. 22 and 25 into Eq. 26 at the vanishing relative

momenta, and the normalized three particles correlator r3 can be written as

1 —S[fcofN(k:)]Q + Q[fcofN(k)]3 )
[1— [fuFn ()12]*2

From above equations, it is quite clear that fy(k) gives the relative probability of particle

ra(k, kb, k) = 2 (29)

pairs from the coherence state with momentum £ to the given momentum density. Therefore
for the source which possessed the finite coherence fraction, fy (k) at the high momentum will
decrease as the momentum k increases because |u.,(k)|* suppressed more quickly than p(k)
as k rises and acquires its minimum value fy(k) = 0 at higher momentum. Therefore the
behavior of the source at high momentum appears chaotic and r3 = 2. The characteristics
of the fluid ingredients details are comprised in [34-36]. These characteristics analyzed with
the support of the Legendre polynomials with using the orthogonal properties and it has
been observed that such polynomials directly related with the Hermite, Euler, Bernoulli
and the Bernstein polynomials [37-39]. It is also perceive that the the coherence emissions
influences on the correlations for the investigation of initial shape and size of the particles
emitted fluids at the lower momentum [40, 41]. On the other hand, the source behaves as

a partially coherence at the lowest momentum and we can express the above expression in

13
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terms of chaotic fraction fo,Fn(k) = 1 — fen(k). In addition, the intercept of the normalized

three particles correlator can be express in terms of the coherence fraction,

1+ 2fe(k)
(14 feolk))3/?

From this expression it is obvious that if the the source is completely chaotic i.e f., = 0,

r3(k) = 2v/1 = feo(K) (30)

then the the corresponding intercept of the r3 attains its (chaotic limit) maximum value 2.
However, for a complete coherence source the coherence fraction f., = 1 and the intercept of
r3 acquired minimum value (0) which is also know as coherent limit. r3 fluctuates between
zero and two for partially coherence particle ejected sources. Particularly, it is the pret-
ty sensitive function of coherence fractions, particles momentum,temperature and particle

numbers Np.

IV. RESULTS AND DISCUSSION

The main object of this research is to explore the nature of the peculiar radiated parti-
cle production sources which originated by the smashing of heavy nuclei at extraordinary
energy and it can be feasible by using the three particles statistical correlations and their
corresponding normalized correlator consistently in order to measure the nature of the heat
exchanger. Here, we elucidate our model results about the partially coherence temperature
dependent sources created in the collisions at higher energies and we presume that the pro-
duced sources consist on the debris of fluids which behave as temperature dependent sources.
Fig. 3 presents the three particles correlations C5 versus )3 for the considered expanding
source with distinct temperatures at different size of the particle production sources with
K, = 0.35,0.40 which contained Ny = 600 — 1200. The chaotic limit of the C is six at
the intercept. The correlations increase with the reduction of number of particles Ny and
increasing the temperature 7" for the small source size K, = 0.35 as shown left panels (a—c).
It is obvious that the correlations for the large source size Ky = 0.40 influence small due
the increasing the numbers of particles and decreasing the temperature because the large
source size The results illustrate the peculiar properties at various temperatures from 80 to
120. The source behaves like a fully chaotic at higher temperatures and the correlations
possess almost maximum values when the temperatures are in the range of 120 MeV at

small number of particles. The correlations C5 decrease gradually with lowering the tem-
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FIG. 3: Three particles correlations C3 versus (3 with various temperatures and different particles

number Nrp.

perature because there exist coherence components at lower temperatures which effect the
correlations significantly. The causes are pretty obvious that the sources contain lower co-
herence fractions at higher temperatures than that of the lower order temperatures because
the source at higher temperatures creates energetic particles from the excited states which
boost the correlations incoherently. The result of C5 for the source with temperature 120
MeV approach to 1.4 due to the domination of coherence at lower temperatures whereas
at higher temperatures the correlations touch to maximum chaotic limit. The correlations
increase gradually with rising the temperatures and decreasing the numbers of particles. In

addition, the particles ejected from the excited states possess the average momentum higher
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FIG. 4: Three particles correlations C3 versus (03 for the small sources Ky = 0.35 at three cuts of

transverse momenta and number of particles Np.

than those which emitted from the lower energy state (coherence emission) in the model
of pion gas. Therefore the correlations functions for such sources with the possible finite
coherence fraction are the momentum dependent.

We plot Fig. 4 for the three particles correlations functions versus )3 of the particle
emission sources with Ks = 0.35 possessed the number of particles Ny = 400, 600, 800,
1000 and 1200. The three cuts of transverse momenta have been applied during the calcu-
lations of our model results which are 0 < pr < 0.16 GeV/¢, 0.16 < pr < 0.3 GeV /¢, and
pr > 0.3 GeV/c, respectively. The results are shown in Figs. 4(a)—(e), Figs. 4(a’)—(e’), and
Figs. 4(a”)—(e”), respectively. Figs. 4(a)—(e) illustrate the correlations at lower transverse
momentum 0 < pr < 0.16 GeV/c and the results express the significant decline at lower
temperature and higher multiplicity. The results increase with the temperature T of the
particle ejected source and decrease gradually by increasing the particle numbers Np. The
reasons are quite obvious that the emission sources at higher temperature possess the lower
condensation fraction. The effect of condensation rises abruptly with decreasing the tem-
perature and increasing the number of particles. The correlations for the considered source
with higher temperature and small number of particles at the intercept touch the chaotic
limit six but decrease with increasing the number of particles ( 400 to 1200) and lowering
temperature from 120 MeV to 80 MeV. Such behavior represents the indication of chaotic

source at higher temperature and the results at 7' = 80 MeV indicate the considerable con-
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FIG. 5: Three particles correlations C3 versus Q3 for the sources Ky = 0.40 at three cuts of

transverse momenta with different particles number Np.

densation of the coherent emission. However, Fig. 4(e) specify that the considered sources
with the three different temperatures possess high coherent fractions when Ny = 1200.

On the other hand, at the highest transverse momenta interval pr > 0.3 GeV/c as illus-

trated in [Figs. 4(a”)—(e”)], the correlations at the intercept shows that almost all particles
ejected chaotically with the higher momenta even the considered sources which having the
high coherence fraction due to high particles multiplicity N7 and lower temperature T'. It is
notable that the widths of the correlations functions at low transverse momenta represent
wider behavior than those of the correlations functions measured at highest transverse mo-
menta because the pions ejected sources have wide spatial distributions for the pions ejected
from the excited state.
The correlations for considered sources at higher temperature are slightly lower than those
of T' = 80 MeV due to fact that the spatial distributions are narrower at the lower tem-
peratures for the chaos emission ejected from the excited states. In particular, the effect
of the coherence fraction on the correlations is considerably little as shown in the middle
momentum interval 0.16 < pr < 0.3 GeV/c then those at lower transverse momenta because
the ejection of pions from excited states are numerically larger that those at the lowest mo-
mentum. The impact of spatial distributions also play a vital role on the correlations at
various temperatures as shown in the momentum dependent middle panels.

Fig. 5 illustrate the correlations of three particles C3 versus relative momenta ()3 which
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is invariant for the evolving sources contained pion gas with the parameter K, = 0.40 and
particles numbers Np = 800, 1200, 1400,1600. The cuts of the transverse momenta are
imposed as pr < 0.16 GeV/c, 0.16 < pr < 0.3 GeV/c and pr > 0.3 GeV/c respectively.
The top horizontal panels shows the variations of correlations with different particles which
increased from left to right gradually. It is obvious that at the lower transverse momenta
the correlations decrease with increase the numbers of particles at fixed temperature as
shown in the Figs. 5(a)—(e). The correlations increase with rising the temperature by fix the
particles numbers and decrease with lowering the temperature, but the effect of coherence
appears significantly at lower T = 80 MeV when the number of particles are 1600 due to the
Bose Einstein condensation. One can observe that the behavior of the correlations is almost
same as those of the small sources when K = 0.35. However, the correlations at the higher
transverse momenta appear the temperature and number of particles independent because
the the particles with highest momentum ejected chaotically from the higher energy states
which compelled the bosons to correlate chaotically and touch to the chaotically as shown
the last and second last horizontal panels of Fig. 5.

Fig. 6 presents the cumulant (genuine) three particles correlation ¢z versus Q3 for the
considered expanding sources with distinct temperatures T and particle numbers Np. The
three pions genuine correlations for the given sources contained the numbers of particles
(Nr = 600, 800 and 1000 for the sources of small size K, = 0.35 as illustrate in the
Figs. 6(a)—(c). The correlations of the three particles decrease by increasing the numbers of
particles when we fixed the temperature because large numbers of particles have maximum
probability to reside coherently at the lower temperatures. The lowering the temperature at
fixed number of particles cause to decrease the thermal energy of the particles continuously
K.E x T and bosons condense at the lower energy state, and form the Bose-Einstein
condensations which effect the bosons correlations significantly.

It is more worthy to mention that for the small sources (K = 0.35) the effect of the intensity
interference appear to zero when the number of particles are 1000 as shown in the Fig. 6(c).
Figs. 6(a’)—(c) illustrate the genuine correlations of three considered bosons when the given
source has pretty large size (K's = 0.40) which possess the particles numbers Ny = 800, 1000,
and 1200. The correlations decrease by increasing Ny because the considered source with
large number of particles possesses the significant coherence effect. The correlations increase

with rising the temperature for fix the number of particles N; because at higher temperatures
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FIG. 6: Three particles cumulant correlations cg versus (3 at various transverse momenta with

different particles number Np.

the coherence is lower significantly and correlations approach to the chaotic limit three at
the intercepts. In particular, the genuine three particles correlations are pretty lower at
higher temperatures for the fixed number of particles Np for both sources. It is quite clear
that the correlations of three particles for the considered sources with K, = 0.40 have an
enhancement than for the sources with the parameter K, = 0.35 by fix the number of
particles N; and temperature 1. This cause happen due to fact that the source with large
parameter K has the large characteristics lengths and lower coherence fraction.

Fig. 7 shows the genuine three particles correlations functions versus ()3 of the parti-

cle emission sources with Ks = 0.35 having the number of particles Ny = 400, 600, 800,
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FIG. 7: Three particles cumulant correlations c3 versos Q3 for the small sources Ky = 0.35 at

various transverse momenta with different particles number Np.

1000 and 1200. The three cuts of transverse momenta have been applied during the cal-
culations of our model results which are 0 < pr < 0.16 GeV/¢, 0.16 < pr < 0.3 GeV/c,
and pr > 0.3 GeV/c, respectively. The results are shown in Figs. 7(a)—(e), Figs. 7(a’)—(e’),
and Figs. 7(a”)—(e”), respectively. Figs. 7(a)—(e) denote the correlations at lower transverse
momentum 0 < pr < 0.16 GeV/c and the results express the significant decline at lower
temperature and higher multiplicity. The results of genuine correlations increase with the
rising temperature T and touche to the chaotic limit three of the particle ejected source and
decrease gradually by increasing the particle numbers Np. The reasons are quite obvious
that the emission sources at higher temperature possess the lower condensation fraction.

The effect of condensation boost up abruptly with decreasing the temperature and in-
creasing the number of particles. The correlations for the considered source with higher
temperature and small number of particles at the intercept touch the chaotic limit three
but decrease with increasing the number of particles ( 400 to 1200), and lowering temper-
ature from 120 MeV to 80 MeV. Such behavior represents the indication of chaotic source
at higher temperature. In particular, the results at 7" = 80 MeV indicate the considerable
condensation of the coherent emission for the considered small source. However, Fig. 4(e)
describe that the considered sources with the three different temperatures possess high co-
herent fractions when the numbers of particles are pretty high Ny = 1200.

In addition, at the highest transverse momenta interval pr > 0.3 GeV/c as illustrated in
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FIG. 8: Three particles cumulant correlations cs versus (3 for the large sources K, = 0.40 at

various transverse momenta with different particles number Np.

[Figs. 7(a”)—(€”)]. The correlations at the intercept show that almost all particles ejected
chaotically with the higher momenta of transverse even the considered sources which having
the high coherence fraction due to high particles multiplicity N and lower temperature 7.
It is quite obvious that the widths of the genuine correlations functions at low transverse mo-
menta represent wider behavior than those of the correlations functions measured at highest
transverse momenta especially because the pions ejected sources have wide spatial distribu-
tions for the pions ejected from the excited state. The cumulant (genuine) correlations for
our considered sources at higher temperature are slightly lower than those of 7" = 80 MeV
due to fact that the spatial distributions are narrower at the lower temperatures for the
chaos emission ejected from the excited states.

In particular, the effect of the coherence fraction on the genuine correlations appeared
little as shown in the middle momentum interval 0.16 < pr < 0.3 GeV/c than those at lower
transverse momenta because the ejection of pions from excited states are numerically larger
that those at the lowest momentum. The impact of spatial distributions also play a vital
role on the cumulant correlations in a particular way at various temperatures as shown in
the momentum dependent middle panels.

Fig. 8 illustrate the genuine correlations functions of three particles c3 versus relative
momenta ()3 which is invariant for the evolving sources contained pion gas with the pa-

rameter Ky = 0.40 and contained the particles numbers Ny = 800, 1200, 1400,1600. The
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cuts of the transverse momenta are imposed in our model calculations as pr < 0.16 GeV/c,
0.16 < pr < 0.3 GeV/c and pr > 0.3 GeV/c respectively. The top horizontal panels shows
the variations of the genuine cumulant correlations of three particles when all the correlations
of two particles removed. The multiplicity of such bosons with different particles increased
from left to right gradually to examine the characteristics of the coherence on the genuine
correlations. It is obvious that at the lower transverse momenta the genuine correlations
decrease significantly with increasing the numbers of particles at fixed temperature as shown
in the Figs. 8(a)—(e). The genuine or pure correlations of three particles increase with rising
the temperature at constant the particles numbers and decrease with lowering the tempera-
ture evidently, but the effect of coherence appears significantly at lower temperature T" = 80
MeV when the number of particles are 1600 due to the fact that if any two bosons ejected
from the coherence state the the corresponding genuine interference of bosons appear null
which cause by the Bose Einstein condensation.

One can note that the behavior of the genuine correlations is significantly different from
the simple correlations of three particles because genuine correlations determine the delicate
effect of coherence effectively that those of the correlations. However, the genuine correla-
tions at the higher transverse momenta are independent on the temperature and number
of particles because the particles with highest momentum come chaotically from the higher
energy states which push the considered bosons to correlate quantum mechanically and ap-
pear to be the chaotic behavior and touch to the chaotically limit three as shown the last
two horizontal panels of Fig. 8.

Fig. 9 shows the normalized three particles correlator r3 versus relative momenta ()5 for
the sources with distinct temperatures T and particle numbers Np. The r3 for the given
sources contained the numbers of particles (N = 600, 800 and 1000 for the sources of small
size parameter K, = 0.35 as given in the Figs. 9(a)—(c). The the considered correlator of
the three particles decrease significantly by increasing the numbers of particles when we
fixed the temperature because large numbers of particles possess the probability to reside
the numbers of bosons coherently at the lower temperatures. The phenomenon of lowering
the temperature at fixed number of particles N cause to decrease the kinetic energy of the
pions particles continuously K.E o T and pions start to condense at the lower energy level,
and produce the Bose-Einstein condensations frequently which effect the bosons normalized

correlator significantly. It is more interesting to discuss that for the small sources with pa-
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FIG. 9: Three particles correlator rs versus Q3 at various temperatures with different particles

number Nrp.

rameter K, = 0.35 the effect of the intensity interference appear to zero when the number
of particles are in the range of 1000 as shown in the Fig. 9(c). Similarly, Figs. 9(a’)—(¢)
describe the variation of the normalized correlations of three considered bosons when the
given source possess the pretty large size with the parameter K, = 0.40) which contains
the particles numbers Ny = 800, 1000, and 1200. The normalized correlators decrease by
increasing Np because the considered source with large number of particles acquired the
significant coherence effect. Such normalize correlator increase with rising the temperature
for fix the number of particles Ny because at higher temperatures the effect of coherence
appears small significantly and the normalized correlator function approach to the chaotic

limit two at the intercepts.
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FIG. 10: Three particles correlator r3 for the small sources Ky = 0.35 versus Q3 at various

transverse momenta with different particles number Np.

In particular, the results of r3 are pretty suppressed at lower temperatures for the fixed
number of particles Ny for both sources. It is quite clear that the normalized corrrelators of
three particles for the considered sources with Ky = 0.40 have an obvious enhancement than
for the small sources with the parameter considered Ky = 0.35 by fix the number of particles
N7 and temperature 1. This cause happen due to fact that the source with large parameter
K, appear to be the large in size and their corresponding energy levels appear to be narrow
which invites to the maximum boson to transport from lower energy to the higher energy
states, and possessed the large characteristics lengths which tends to the lower coherence
fraction. Fig. 10 presents the normalized correlator function for three particles r3 versus
relative momenta at various temperatures T of the particle emission sources with particles
numbers Ny = 400, 600, 800, 1000 and 1200, with considered size parameter K, = 0.35.
The top panels at 0 < pr < 0.16 GeV/c show that the correlator r3 increase with rising
the temperature and proceed to two at the high temperature regions because the emissions
of particles from the chaos states. These levels of energy possess high momenta and tem-
peratures for the system with finite and lower coherence fraction. However, such correlator
decreases with increasing the quantity of particles number at the fixed transverse low mo-
menta because the higher number of particles compelled the system towards coherence state
where there is no probability of occurrence of intensity interferences. Such interesting infor-

mation about coherence shown in Figs. 10(d)—(e).
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FIG. 11: Three particles correlator r3 for large sources K; = 0.40 versus ()3 at various transverse

momenta with different particles number Nrp.

The normalized correlator functions show a dramatic enhancement at high momentum re-
gions even the temperature is pretty lower. Figs. 10(a’)—(e’), and Figs. 10(a”)—(e”) illus-
trate the correlations at highest transverse momenta regimes 0.16 < pr < 0.3 GeV/¢, and
pr > 0.3 GeV/c, respectively in order to examine the the effect of coherence with tempera-
ture and numbers of particles. The corresponding results express the significant chaotic limit
at the intercept even in the presence of lower temperature and higher multiplicity. The values
of r3 insensitive with temperature 7" and attain the chaotic limit two of the particle ejected
source and decrease gradually at large (J5. The reasons are quite obvious that the emission
sources at higher momenta possess the lower condensation fraction. The correlators for the
considered source with lower temperature 80 MeV show an obvious pretty enhancement at
large (3. The reason is that the spatial distribution at large momentum appeared narrow.
Such behavior represents the indication of chaotic source at higher momentum regimes.
Fig. 11 shows the normalized correlator functions r3 of three particles versus relative
momenta ()3 for the evolving sources contained pion gas with the parameter K, = 0.40 and
contained the particles numbers Ny = 800, 1200, 1400 and 1600. The cuts of the transverse
momenta are used during model calculations as pr < 0.16 GeV/c, 0.16 < pr < 0.3 GeV/c
and pr > 0.3 GeV/c respectively. The top horizontal panels shows the variations of r3
with distinct temperatures, number of particles and momentum about three particles. The

multiplicity of such bosons with different particles increased from left to right gradually to
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analyze the characteristics of the particle ejected sources on the normalized correlator. It
is obvious that at the lower transverse momenta the normalized correlator correlations de-
crease significantly with increasing the numbers of particles at fixed temperature as shown
in the Figs. 11(a)—(e). The results increase with rising the temperature at constant particles
numbers N and decrease with lowering the temperature evidently. The effect of coherence
appears significantly at all temperature when the numbers of particles are 1600 due to the
Bose-Einstein coherence of bosons and r3 appear to zero.

One can note that the behavior of normalized correlators is significantly different at higher
transverse momenta regimes. Middle panels illustrate the results at 0.16 < pr < 0.3 GeV/c
and show that r3 at the higher transverse momenta are independent on the temperature and
number of particles because the particles with highest momentum come chaotically from the
higher energy states which push the considered bosons to correlate quantum mechanically
and appear to be the chaotic and touch to the chaotically limit two at small (Q3 regimes as
shown in Figs. 11(a’)—(e’).

In particular, the values of r3 are insensitive at the intercept with temperature 7" and multi-
plicity Nz in the presence of pr > 0.3 GeV/c and attain the chaotic limit two and suppress
gradually at large (3. The reasons are quite obvious that the emission sources at higher
momenta eject particles from the excited energetic states even the temperature decreas-
es. The model results of r3 at high transverse momenta regimes show an increase at lower
temperature 80 MeV and this enhancement increase with increasing the relative momenta
()3 at the large regimes of (3 relative to the model results with the higher temperature.
This factor of increasing associated to the escalation of chaos parameter with increasing the

particle momentums at the wide ranging variational momentum region.

V. SUMMARY AND CONCLUSION

Three particles quantum statistics correlations in collisions have been investigated by
difference equations and we perceive that the correlations change considerably with the
variation of temperature of the particle ejecting sources. The correlations at higher tem-
perature uniquely display the quantum interferences effect which examined with an efficient
approach of pions femptoscopy for fraction order. However, we have examined that the par-

ticle production multiplicity proceed to thousands at unprecedent thermal energies and such
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extraordinary multiplicity of pions optimistically emanated the coherence radiance which de-
crease the correlations significantly at lower temperature and heat energy, respectively. The
simple two and three particles particles interferences at the elementary level are analyzed in
exploring the existence of coherence in the particle production sources at higher energies.

The normalization of three particles cumulant to the two particles comulant is quantified
with r3. We find an obvious suppression below thermal limit in the measurement of r3 at
lower temperature and momentum, respectively. Such suppression of r3 appears to recom-
mend coherence components to particles production in the collisions of heavy nuclei. It is
crucial at lower temperature, momentum and such consideration is qualitatively compatible
with the origination of Bose Einstein condensation which is contemplated to emit coherently
at the lower energies.

In particular, the normalized three particles correlator r3 is applicable for examining the
thermal and coherence fractions of particle production sources created at unusual energies.
We evaluated the r3 for three pions particles at various temperatures and momentum regiom-
s, and explored the consequences of the particles number and source size on the considered
normalized correlator. We have observed that the normalized three particles correlator are
correlated to the chaotic limit of the two particle interferences and also delicate to the ther-
malization of the particle emissions sources. Such correlator dwindle with dwindling the
temperature 1" but increasing at higher temperature because the source chaotic fractions
increases with rising temperature 7" and decreasing at small momentum significantly.

Specifically, the possession of r3 on the temperature 7" and number of particles Ny become
insensitive in the high momentum regions, which contemplate the salient features of the pion
emissions sources that the high momenta particles are ejected thermally from the higher
energy levels even the sources accompanied a substantial coherence fraction. Although the
considered model explained the usual particle ejecting source which enlarge spherically and it
produced the characteristics of the heat exchangers and coherence fractions in the collisions
at the higher thermal energies. In this research work, we analyzed that the considered
model confers the normalized three particle correlator in basic agreement with the practical
applications of the heat exchanger with chaotic and coherence measurements in order to use
in the field of thermal engineering. We have explored the full three particles correlations,
cumulant correlations and three particles normalized correlator, respectively. We realized

that the three particles cumulant and the normalized correlator are suppressed crucially in
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the small temperature regimes at small transverse momenta. One plausible elucidation of
this consequence is that the particles emission from the radiated source which created in the

collision possessed the fraction of coherence which is non-thermal.
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