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Abstract: The purpose of this paper is to find the time optimal control to a target set for semilinear
stochastic functional differential equations involving time delays or memories under general conditions
on a target set and nonlinear terms even though the equations contain unbounded principal operators.
Our research approach is construct a fundamental solution for corresponding linear systems and establish
variations of constant formula of solutions for given stochastic equations. The existence result of time
optimal controls for one point target set governed by the given semilinear stochastic equation is also
established.
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1. Introduction

This paper deals with the existence of optimal control to reach the target set governed by semilinear
stochastic differential equations:
X' (t) = Ax(t) + f_oh a1(s)A1x(t +s)ds + f(t, x¢)dw + Bu(t), t>0, )
x(0) = ¢° € L2(Q, H), x(s) =¢'(s), se&[—h0].

Here, A is an elliptic differential operator of the second order induced by the sesquilinear form, A; is a
closed linear operator with domain D(A;) containing the D(A), h > 0, and the function a(-) is real valued
and Holder continuous. Moreover, w(t) represents K-valued Brownian motion or Wiener process with a
finite trace nuclear covariance operator Q, and f is a nonlinear mapping satisfying some assumptions. Let
U be a Banach space as a control space and the controller B be linear bounded from U to H.

The purpose of this paper is to find the time optimal control governed by (1) to a bounded target set
in the shortest time. This kind of stochastic differential equations arises in many practical mathematical
models, such as, option pricing, population dynamics, physical, engineering and biological problems,
etc. (see [1-4]). Many many literature works have been studied for the theory of stochastic differential
equations in a variety of ways in [5,6] and reference therein. The approximate controllability of stochastic
equations have been studied by authors [7-10]. Similar considerations of semilinear stochastic systems
have been dealt with in many references [11,12].

Some standard optimal control results for general linear systems with delays in reflexive Banach
spaces were studied in [13]. Recently, a survey of results on optimal control problems governed by delay
differential inclusions is referred in Mordukhovich et al. [14,15], and in [16,17]. Micu et al. [18] discussed
the time optimal boundary controls for the heat equation, and for parabolic equations with the Neumann
condition was considered by Krakowiak [19]. If the principal operator is unbounded, Jeong and Son [20]
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investigated the time optimal control results to a target set for semilinear control equations involving time
delay.

In the case (1), since the mild solution has discontinuities at delay times, we have difficulty inducing
the basic properties of solutions of semilinear stochastic control systems. But by interpreting the
fundamental solutions for linear functional equations with time delay as is seen in [21], we can overcome
the difficulty and obtain some essential results of solutions of stochastic differential equations with delays
in Hilbert spaces. Moreover, motivated by the above mentioned works [13,20], we deal with the time
optimal control problem to a bounded target set for semilinear stochastic control equations involving time
delays or memories even though the equations contain unbounded principal operators and nonlinear
terms by using an easy consequence of real interpolation spaces.

We enumerate the contents of this paper. Section 2 introduces some basic results on the general
retarded linear equations by constructing the fundamental solution, and deal with a variation of constant
formula of L2-primitive process and properties of the strict solutions of (1). In Section 3, we deals with
the existence of optimal control to reach the target set governed by semilinear stochastic differential
equations. As the time optimal control theory for the standard results, we refer to the linear case as in
[13]( or semilinear equation [20]) and extend the results in our semilinear stochastic functional differential
equations with delays. Finally, the existence of the optimal control to a singleton target is also derived
from the convergence of optimal controls to decreasing target sets containing the singleton.

2. PRELIMINARIES AND LEMMAS

2.1. RETARDED LINEAR EQUATIONS

Let H be a Hilbert space densely and V be continuously embedded in H. The norms of V, H and the
dual space V* with V are denoted by || - ||, | - | and || - ||+, respectively. It can generally be considered

ulle < Jul < [[ull, uweV.
If b(-,-) is a continuous sesquilinear form in V x V satisfying Garding’s inequality:
Re b(u,u) > col|ul|* —c1|ul>, co >0, ¢ >0. 2)

We define A as follows:
<(cg—Au,v>=—-b(u,v), u, vev,

where < -, - > denotes also the duality pairing between V and V*. By (2), we have
Re < Au,u >>co|lul|?>, ueV.

According to the Lax-Milgram theorem, we know that A is a bounded linear operator from V to V*.
Moreover, as seen in Theorem 3.6.1 of [22], A generates an analytic semigroup S(t) = ¢! in both H and
V*. The the restriction of A to domain

D(A)={u € V;Au € H}

with the graph norm is also denoted by A. By identifying the dual of H with H, we may consider the
following relation
D(A)cVCHCV*CD(A)". ©)]
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Let (D(A), H)1 2,2 be the real intermediate space between D(A) and H in the sense of Section 1.3.3 of [23].
In relation to (3), it is well known that

(V.V)1y20=H, (D(A),H)ip00="V.

If X and Y are two Banach space, £(X,Y) is the collection of all bounded linear operators from X into
Y, and £(X, X) is simply written as £(X). For simplicity, we assume that S(t) is uniformly bounded, that
is, there exists a constant Cy > 0 such that

1S ey < Co-

Lemma 1. Let S(t) be an analytic semigroup by generated by A. Then we have

C C
1SOlleen < Cor ASW)llean < 7 and [[A%S(0)] |y < 7
foreacht > 0(e.g. [22]), and for 0 < s < tand 0 < a <1
Co X, —
15() = S(s)ll < =2 (t—s)"s o)
Proof. For0 <s < ¢t , ,
1)) = S(s)|| = [ AS(r)dT < Colog(). 5)

Noting that for 0 < a <1

t 1+5° q +5 1,t—s
)= Zdy < <= @
log(3) /1 ydy_/l yl_ady_ L S

combining this and (5), we get (4) for0 <s < tand0 <a <1. O

Now, consider the following retarded linear functional differential equation:

{ x'(8) = Ax(t) + [°, a(s)Ayx(t +s)ds +k(t), >0, ©

x(>_¢0, x(s)=¢l(s) —h<s<0,

where A; is a closed linear unbounded operator with D(A) C D(A;), for instance, A is an elliptic
differential operator of second order induced by sesquilinear form. As seen in Harakiri [24,25], we
introduce the fundamental solution W(-) of the retarded linear equation (6) defined by

W(t) = S(t +f0 {f T)A W (s + T)dt}ds, t > 0.
W) =1, W(s) =0, —h g s<0,

where a(+) is a real valued Holder continuous function:
la(s)| < Ho, la(s) —a(7)| < Ho(s —7)f, —h<1,5<0 )

for a constant Hy.
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By the property of S(-) as in lemma 1, W(#) is strongly continuous in both H and V*. For each t > 0,
if we define the operator U;(-) by

Uy (s) = /_Sh W(t—s+0)a(0)Ado:V >V, se[-h].

Then (4) is represented
x(t) = W(t)¢ +/ Ui (s)g' (s ds+/ (t —s)k(s)ds.
By Lemma 1, we obtain basic properties of W (t)(see Proposition 4.1 of [26] or Theorem 1 of [21]).

Lemma 2. The fundamental solution W (t) exists uniquely and there exists a constant Co > 0 such that

W)z

W) = WOl < 2 =%, 60, ®

0) < Co, [[W(H)[[z(v+)(t =0) < Co,

(=

(
||W(f) Wbl gevey < Colt —1),
W () = W) vevy < Colt — ) (t—h)"

forh <t < t,and x < p, where p is the Holder constant in (7)

2.2. SEMILINEAR STOCHASTIC DIFFERENTIAL EQUATIONS

Let (H,|-|) and (K, |- |k) be real separable Hilbert spaces. Consider the following retarded semilinear
stochastic control system in Hilbert space H:
X' (t) = Ax(t) + f_oh a1(s)A1x(t +s)ds + f(t, x¢)dw + Bu(t), t>0, ©)
(0) =¢" € L2(O, H), x(s) = ¢'(s), s€[-h0].

Let (Q), F, P) be a complete probability space with complete family of right continuous increasing
sub o-algebras {F,t € I} satisfying F; C F.

The collection of random variables S = { F —measurablefunction x(t,w) : Q — H : t € [0,T], w €
)} is a stochastic process. Generally, we just write x(t) instead of x(¢,w) and x(t) : [0, T] — H in the space
of §

Let {e,};” ; be a complete orthonormal basis of K, and let Q € L(K) be an operator defined by
Qen = Ayey w1th finite Tr(Q) = Y51 VAn = A < oo (Tr denotes the trace of the operator), where
Ay >0(n=1,2,---). Here, L(K, H) denotes the space of all bounded linear operators from K into H, we
denote simply £(K) if H = K.

{w(t) : t > 0} be a cylindrical K-valued Wiener process with a finite trace nuclear covariance operator
Q over (Q), F, P), which satisfies that

=Y VAuwi(t)e,, t>0,
n=1
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where {w;(t)}?°, be mutually independent one dimensional standard Wiener processes over (), F, P).
Then the above K-valued stochastic process w(t) is called a Q-Wiener process.

We assume that F; = o{w(s) : 0 < s < t} is the o-algebra generated by w and Fr = F. Let
¢ € L(K, H) and define

9[G = Tr(ypQy™) = ; [V Anpen]?.

If |1,L7|2Q < oo, then ¢ is called a Q-Hilbert-Schmidt operator. L (K, H) stands for the space of all
Q-Hilbert-Schmidt operators. The completion L (K, H) of L(K, H) with respect to the topology induced
by the norm ||, where |3 = (¢, ¢) is a Hilbert space with the above norm topology.

Assume that V is s dense space of H as seen in Section 2.1. For T > 0 we define

M2(=h, T;V) = {x: [-h,T] = V: E(/h||x( s)||?ds) < oo}.

The spaces M?(—h,0; V), M?(0,T; V), and M?(0, T; V*) are also defined as the same way and the basic
theory of M-spaces can be founded in [2].
For h > 0, we assume that ¢' : [—/,0) — V is a given initial value satisfying

B[ 119(5)|Pds) < oo

that is, ¢! € M?(—h,0; V). In this note, a random variable x(t) : QO — H will be called an L?-primitive
process if x € Mz(—h, T; V).
For every s € [0, T], we define x; : [—h,0] — H as

xs(r) =x(s+r), —h<r<o.

For brevity, we will set
IT = M?*(—h,0; V).

Definition 1. A stochastic process x : [—h, T| x Q) — H is called a solution of (9) if

(i) x(t) is measurable and Fy-adapted for each t > 0.
(i) x(t) € H has cddldg paths on t € (0, T) such that

xuy:wumm+[im@ d&+/ (t— $){f (s, xs)dew + Bu(s) }ds,

where s
m@):/hWU—s+®M®AMa

(iii) x € M?(0,T;V)ie., E( fo ||x(s)||?ds) < coand x € C([0, T); H).

To get our results, we need the following assumptions on (9).
Assumption (F). Let f: R x IT — L(K, H) be a nonlinear mapping satisfying the following:

(i) For each x € IT, the mapping f(-, x) is strongly measurable.
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(ii) There is a function L ¢+ Ry — Rsuch that

E|f(tx) = f(t,y)I> < Le(r)llx —yllf, ¢ €[0,T]
E|f(t,x)* < Le(r)(l|x|lm +1)?

for ||x||r7 < rand ||yl <.
Let the solution spaces Z(T) and Zy(T) be defined by

Z(T) := M?(0,T; V) nC([0, T); H),
Zo(T) := M*(0, T; D(A)) N C([0, T]; V).

We can briefly summarize about the solvability of the system (9) from [27].

Proposition 1. 1) Let Assumption (F) be satisfied. Suppose that (¢°,¢') € L?(Q, H) x ITand k € M?(0,T; V*)
for T > 0. Then, there is a solution x of the system (9) such that

x € Z(T).
Moreover, there is a positive constant Cy independent of the initial data (¢°, p') and the forcing term k such that
6]l z(r) < CL+E(I9°1) + 119111 + [l | (0,1v+))-

2) Let Assumption (F) be satisfied. Suppose that the initial data (¢°, ') € L*>(Q), H) x I1 and the forcing
term k € M?(0, T; V*). Then the solution x of the equation (9) belongs to x € M?(0, T; V) and the mapping

L2(Q, H) x IT x M?(0, T; V*) 3 (¢°, ¢, k) — x € M?(0,T; V)

1s continuous.

3. TIME OPTIMAL CONTROL PROBLEMS

Let U be a Banach space as a control space and the controller B € L£(U, H). The solution x(f) =
x(t; ¢, F,u) of the system (9) is the following form:

{ x(t; ¢, f,u) = W(t)p° + f?h Ui (s)¢ (s)ds + fot W(t —s){f(s,xs)dw + Bu(s)ds}, 10)

u e Uy,

where .
Us(s) = /hW(t—s+(7)a((7)A1dJ,

A is the operators mentioned in Section 2, and U, is a class od admissible controls. For x; € Il and
(t,s) € [0,00) x [—h,0], we set

fle) = [ glhsmo)in

We need the following assumptions on the nonlinear operator f:


https://doi.org/10.20944/preprints202107.0374.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 July 2021 d0i:10.20944/preprints202107.0374.v1

7 of 13

Let A and B be the Lebesgue o-field on [0, o[ and the Borel o-field on [, 0], respectively. Let y be a
Borel measure on [, 0].

Assumption (G). Let ¢ be a nonlinear mapping from [0, oo[x[—h,0] x V to L(K, H) satisfying the
following:

(i) Forany x € V the mapping g(-, -, x) is strongly A x B-measurable and x — g(-, -, x) is compact;
(i) g(t,s,x) is Lipschitz continuous in x, uniformly in f and s, i.e., there exist a positive constant L;
such that

Elg(t,s, x)* < Li(1+ [[x]])?,
Elg(t,s,x) = g(t,s,2)]> < LiE[|x — 2|2,

for all (¢,s) € [0,00[x[—h,0] and x, % € V.

Remark 1. The nonlinear operator § mentioned above is related with the semilinear case of the nonlinear part of
quasilinear equations introduced by Yong and Pan [28].

Now, we will establish the time optimal control problem governed by (10) in H. Throughout this
section, let the admissible set U,; be a weakly compact subset in 12 (0, T; U). We sometimes represent the
solution x(t) in (10) by x,(t) to express the dependence on u € U,,;. The function x, is called the trajectory
corresponding to a control u. Let the target set W be bounded in H. Define

Up = {u € Uy : xu(t) € W for some t € [0,T]}

and assume that Uy # @. Then, a control u € Uj is equivalent that there is a u € U,; such that for some
weW
E|lw — x,(t)| = 0.

The optimal time is defined by low limit ¢ of
{t:x,(t) € W for some u € Up}.

For every u € Uy, we are able to define the shortest time (1) such that x,,(f) € W. Our purpose is to seek
a1 € Uy satisfying
Fi) < Hu) forall u € Uy

constrained to the system (10). Since x, € C([0, T]; H), the transition time f(u) is well defined for each
u € U,y. Finally, the existence of the optimal control to a singleton target is also derived from the
convergence of optimal controls to decreasing target sets containing the singleton.

We define the linear operators K; from M?(0, T; V) to H and K; from £(K, H) to H by

Kyi(t)p = /OtW(t—s)p(s)ds, F<T, (11)
Ko (t)g = /Ot W(t—s)g(s)dw, t<T, (12)

respectively.
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Lemma 3. Let x € M?(0,T; V). Then for0 < t < T, x; € [T and f(-,x;) € M?(0,T; H) and

1fCox) e o,mmy) < u([—h,0D{LoVT + Lal|x || v o,;v) + Lallx[lmz}

Moreover, if xl, x? e Mz(O, T;V), then

FCoxh) = £ oy < #(I=h 0D La{llx1 = x2llpeo m) + 1161 = %2l vz nom }-

Proof. Noting that

0 t
xelffr=E( [ Nx(t+0)|Pde) <E[ [ [lx(0)|Pdt] <||x[3p_ppvy t >0
n A (~h V)

from (ii) of Assumption (G), we have

(- xh) _f('rx-z)HMz(O,T;H) < u([—h, 0Ly ||x} — xF[|rr
< pu([~h,0])Lq|[x" — x2||M2(—h,T;V)'

The first paragraph is similar. [

By virtue of Lemma 3, from Proposition 2.1 it follows that a solution x of (10) exists in Z(T'). Now,
we find a time optimal control which transfers from the initial data to the target set to the trajectory of the
constraint system (10) in the first time as follows.

Theorem 1. Let Assumption (G) be satisfied and Uy # ©. Then there exists a time optimal control.

Proof. Lett, | tpasn — oo, u, € Uy, and suppose that x, € W. Since U,; is weakly compact, there is an
ug € Uyy, £ € W and a subsequences, which is denoted again by {u,} and {x,(t,)} such that u, — ug
weakly in L%(0,T;Y),ie., w — lim,_yeo tty = g and x,(t,) — £ weakly in W.

Let F and B be the Nijinsky operators corresponding to the maps f and B, which are defined by

(Fu)(-) = f(,xu), and Bu(-) = Bu(:),
respectively. Then
Xn(tn) = x(tn; $,0) + Ko (tn) Fuin + Ky (t) By, (13)
where

K(09,0) = Wit + [ U, ()6 (),

and Kj and Kj are the operator defined by (11) and (12), respectively. From the strong continuity of W(#) it
follows that
x(tn; ¢,0) — x(tp;¢,0) strongly in H. (14)
By the property of W(t), see [25? ,26], we have
th—s

W(ty, —s) = S(tn — to)W(tg —s) + S(ty —s—0) /j)h a(T) AW (s + 1)dtdo.

t(]fs
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Hence,
tn
E|Ko(ty) Fitn — Ka(to) Futo)| §E|/ Wty — 5)(Fty) (s)deo| (15)
t
0 tO
+E| / (W(ty —5) — W(to — 5)) (Fit) (s)deo|
+E| / (to — 5) (Fuun) () — (Fuug) (s))de|
=1+ 11+ III.
By Assumption (G), we get
1< /B = ECoLy () Tr(Q) ([ %l + 1), (16)
and by(8)
11 < Coa™ (1 —20) 72 (£, — 1)t 2 2 Tr(Q)u([—1, 0)) (Lo V't + La | [xul [y sv))- 17)

Hence, I,II — 0asn — coif &« < 1/2. Since F is compact, we have that Fu, — Fuyp tends to zero as
ty | to, so are 111 and (13) by (14)-(17).
Now we will show that K; is a completely continuous mapping. If so, then from the formula

E|Ky (0) By, — Ky (to) Bug| =E| /tt” W(ty — ) (Buy) (s)ds|

+E]/t0 (W(tn —s) — W(ty — 5)) (Buty) (s)ds|

+Ey/ (fo — 5) ((Bun)(s) — (Bug)(s))ds],

it holds
E|K1(tn)l3un - K1<t0)BMO| =0

as t; | tp in a similar way to (15). In order to proof of compactness of K1, we will show that
lim |KyBu, — KiBuy| =0, (18)
n—o00

which means that the completely continuity of K; since H is reflexive. Set

(hu)(s) = W(to — s)(Bu)(s).
Then by (6), we have
[1($)] < Col Bl v,y | [1n(s) — uol[y < oo
For a fixed s € [0, to], let x (u) = (hu)(s) for every u € L2(0,Ty;Y). Then x¥ € L?(0,tp; Y*) and we have

limy, o0 X2 (un) = xf (19) since w — limy, 00 Uy = up. Hence,

lim (u)(s) = (fuo)(s), s € [0,to].

n—o0

Therefore, by Lebesgue’s dominated convergence theorem, we obtain (18). From (14), (15) and (18), it
follows that x, (t,) — xo(tp) =2 € W O
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Now we deal with the time optimal control if the target set W is a singleton. Let W = wy such that
¢° # wo and ¢ (s) # wy for some s € [—h,0[. Then we can choose a decreasing target set { W), } of convex
and weakly compact sets with nonempty interior satisfying

wo € () Wa, and dist(wy, W) = sup E|x —wg| — 0(n — o). (19)
n=1 xeWy

Define
Uy = {u € Uy : x4 (t) € W, for some t € [0, T]}.

Then, we may consider that u, is the time optimal control with the optimal time ¢, to the target set W,
n=12,...

Theorem 2. Let Assumption (G) be satisfied. Suppose that {W,} be a sequence of closed convex and weakly
compact sets in H satisfying (19) and U # @. Then there is a time optimal control ug with the optimal time
to = sup,~q{tn} to the singleton {wy}, which is defined by the weak limit of some subsequence of {u,} in
L2(0, t; U).

Proof. Let w, = x,(t,) € W,. Because of the weak compactness of U,,, there are a uy € U, and
subsequences(which are denoted again by {u,, } and {wy, }) such that t,, 1 tp as n — oo, u, — ug weakly in
L%(0,to; U), and wy, = x,(t,) € Wy, — w strongly in H. Then by virtue of (19), we have

E|lw, —wp| — 0

strongly in H. Thus, in the similar argument as the proof of Theorem 2, we can easily prove that 1y and g
are the time optimal control and the optimal time to the target {wy }, respectively. [

Example 1.
Let
H=1%0,7), V=H}0,m), V' = H0,n),

and let U be a Banach space of control variables. Consider the following control system which is described
a retarded neutral stochastic differential system on H:

ax(ty) = [Mx(ty)+ [°, a(s)Ax(t +s,y)ds + Bu(t,y)ot

(
+f(t, x¢)dw(t), (t,y)€0,T]x|[0,m], (20)
x0,y) = ¢°(y) € L2(Q,H), x(s,y) =¢'(5,y), (s,y) € [-h,0) x[0,7],

where i > 0, a(-) is Holder continuous, and w(t) stands for a standard cylindrical Winner process in H
defined on a stochastic basis (Q), F, P). Define sesquilinear form b(-,-) on V x V by

b(u,0) = /0” db;(yy) dz;(yy) ay.

satisfying Garding’s inequality (2). Let

A=09%/3y*> with D(A) = {x € H*(0,7):x(0) = x(7) = 0}.
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Then the eigenvalue of A = Ais A, = —n? and its eigenfunction is given by z,(y) = (2/7)"/2sinny.
Since {z,, : n € N} is an orthogonal basis of H, the semigroup S(t) generated by A is represented as

S(t)x = Z e”zt(x,zn)zn, Vx e H, t>0,

n=1

and there is a positive constant M such that [|S(t)|[z(g) < Mo. For any x € IT), set

f(tx (£, Vxp)ds.
) ‘/23 )
We assume that there is a constant L > 0 such that

ji(t,&) — os(t, )| < LIg — ], (1)
where | - | is the norm of H = L?(Q). For simplicity, we assume that o;(t,0) = 0. Hence, we have
|oi(t, &) < L[]
Put

"9
txt Zaﬁ tht

Then g1 (t,x) € V*. For each w € H}(Q), we satisfy the following that

(g1(t, xt), Z(a, (t, Vi), aa w).

The nonlinear term is given by
ft,xt) = /Otgl(t,xt)ds
For any w € H}(Q), if u and 1 belong to H}(Q), by (21) we obtain
E|(g(t x¢(s)) — (£, %4(s))), w| < LTE[[x(s) — £ (s)[| | [w]].
Thus, it is easily seen that Assumption (G) has been satisfied. Define B € L(U, H) by
Bu(t) = y(y)u, 0<y <, ue L2(0,T;U), 7(y) € M([0, 7).

Let U be a real Banach space and let the admissible set U,z be a weakly compact subset in L?(0, T; U).
If Uy is nonempty, then by Theorem 2, there is a control i@ € Uy such that

F(n) < f(u) forall u e Uy
governed to the constraint (20).

4. Conclusions

The difficulty of finding optimal control to a the target set for stochastic functional differential
equations perturbing unbounded nonlinear terms with delays is due to the discontinuity of unbounded
principal operators and delay terms. Thanks to configuring and interpreting the fundamental solution
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for linear functional equations with time delays as seen in [21], we can overcome difficulties and achieve
some essential results of the solution of stochastic differential equations with delays in Hilbert spaces.
By the basic consequence of real interpolation spaces and establishing variations of constant formula of
solutions, we investigate the time optimal control problem to a bounded target set for semilinear stochastic
control equations involving time delays or memories although the equations contain unbounded principal
operators and nonlinear terms. The presence of time optimal controls only for a set of one-point targets
governed by the given semilinear stochastic equation is also established. Based on this approach, we intend
to study the approaches and applicable methods of various nonlinear stochastic equations in science.
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