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Abstract: Cooperation is widely recognized to be challenging for the well-balanced development1

of human societies. The emergence of cooperation in populations has been largely studied in the2

context of the Prisoner’s Dilemma game, where temptation to defect and fear to be betrayed by3

others often activate defective strategies. In this paper we analyze the decision making mechanisms4

fostering cooperation in the two-strategy Stag-Hunt and Chicken games, which include the mixed5

strategy Nash equilibrium, describing partially cooperative behavior. We find the conditions for6

which cooperation is asymptotically stable in both full and partial cases, and we show that the7

partially cooperative steady state is also globally stable in the simplex. Furthermore, we show that8

the last can be more rewarding than the first, thus making the mixed strategy effective, although9

people cooperate at a lower level with respect to the maximum allowed, as it is reasonably expected10

in real situations. Our findings highlight the importance of Stag-Hunt and Chicken games in11

understanding the emergence of cooperation in social networks.12

Keywords: Evolutionary Games; Cooperation; Consensus; Dynamics on Networks; Stag-Hunt13

Game; Chicken Game; Mixed Nash Equilibrium; Self-regulation; Stable Equilibrium; Complex14

Systems15

1. Introduction16

Cooperation in a population is a key emerging phenomenon, which have fascinated17

many scientists in several fields, ranging from biology to social and economics science18

[1–7], and recently also considered in technological applications [8,9]. Although cooper-19

ation has been sometimes seen to contrast the Darwinian concept of natural selection,20

it emerges in many complex systems providing substantial benefits for all members21

of groups and organizations [10–17]. Generally, this topic is tackled using the tools of22

evolutionary game theory, which constitute the mathematical foundations for modeling23

the decisions of a population of players taking part in a replicator/selection competition24

[18]. These mechanisms are described by means of the well known replicator equation25

[3,19]. Moreover, the structure of the society plays an important role; studies aimed to26

embed networks into games have been developed for infinite lattices [20], when the27

players are assumed to be able to choose between two strategies. Further developments28

have been proposed in [21–23] where the graph topology is general, and players are29

allowed to choose a strategy in the continuous set ∆ = [0, 1]. It has been shown that the30

presence of a network of connections acts as a catalyst for the emergence of cooperation31

[14,24–28]. In [29] it has been shown that cooperation can emerge if the average connec-32

tivity level k, accounted by the average degree of the underlying graph, is smaller than33

the benefits/costs ratio of altruistic behavior. Moreover, to solve the problem of coopera-34

tion, almost all works present in the literature add and/or change the rule of the played35

games [30]. For example, as part of a society, individuals often use punishment mecha-36

nisms which limit the detrimental behavior of free riders or they can be awarded if they37
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prefer cooperative behaviors [10,17,31–34]. Furthermore, mechanisms based on discount38

and synergies among players have been also proposed [13]. In summary, all these ef-39

forts are aimed to point out the role of exogenous factors in the emergence of cooperation.40

41

Recently the fact that every human player is characterized by endogenous factors,42

like the awareness of conflicts, which can act as a motivation for cooperation has been43

emphasised. In other words, the rules of the game are important, but also other elements44

that distinguish human and animals, must have a crucial effect. In particular, in [35] the45

Self-Regulated Evolutionary Game on Network equation (SR-EGN) has been introduced,46

by extending the EGN equation studied in [22,23]. The SR-EGN equation is a set of47

ordinary differential equations able to model the social pressure on each individual48

(exogenous factors) and their innate tendency to cooperate with one another even when49

it goes against their rational self-interest (endogenous factors).50

51

Consensus solutions, where all players agree to converge to a common level of52

cooperation, have been also found significant for the sustainable development of inter-53

acting real societies. Consensus is a puzzling topic since it is often achieved without54

centralized control [36–38]. Remarkably, when cooperation spreads all over a population,55

also consensus of all individuals to the same strategy is reached, thus allowing social56

individuals to wipe out the cost of indecision [39]. In the context of cooperation, consen-57

sus is usually studied in the full sense, where all players have the ability to make fully58

cooperative decisions (pure NE equilibrium). For the purpose of being more realistic,59

we notice that real players can be partially cooperative, i.e. people can be cooperative60

with some one and defective with others, moreover their decision may change over time.61

Thus, a revision of the concept of consensus towards cooperation in a more general sense62

is required.63

64

The SR-EGN is suitable for this scope, since the modeled individuals are naturally65

able to exhibit both full and partial level of cooperation, as well as full defection. Indeed,66

it embeds three different consensus steady states: x∗AC, where all players are fully coop-67

erative, x∗AM where all players are partially cooperative, and x∗AD, where all players are68

fully defective. While x∗AD should be avoided, x∗AC and x∗AM are both desirable. In this69

paper we study and compare the stability conditions and the effectiveness of the last70

two states in the Stag-Hunt (SH) [13,40–42] and Chicken (CH) [12,13,26,40] games. In71

[35], the conditions for the onset of the fully cooperative consensus steady state have72

been found for the Prisoner’s Dilemma game (PD). Anyway, for this specific game, the73

convergence towards a partially cooperative consensus is not allowed.74

75

The main finding of this paper is that in both SH and CH games, while consen-76

sus over the full cooperative state is asymptotically stable for feasible values of the77

self-regulating parameter, the consensus over partial cooperative state is globally asymp-78

totically stable. As a consequence, the stronger cooperative consensus is reached only79

from a suitable set of initial conditions. On the other hand, the weaker cooperative80

consensus is reached from any initial condition. Additionally, we show that x∗AM can81

produce an higher than x∗AC. This results highlight the importance of studying SH and82

CH games, which can lead to an deeper understanding of the mechanisms leading83

towards cooperation in real world situations.84

85

The paper is structured as follows: Section 2 illustrates previous results that will86

be used along the study. In Section 3 the definition of the main concepts is introduced.87

Section 4 presents the results on asymptotic stability of x∗AC and x∗AD, and on asymptotic88

and global stability of x∗AM . In Section 5 several numerical experiments are developed89

and the discussion on the main findings is reported. Finally, some conclusions and90

further developments are presented in Section 6.91
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2. Preliminaries92

The study developed in this paper is grounded on a recently introduced equa-93

tion, namely the SR-EGN model [35], which represents a framework for understanding94

the evolution of cooperation under the effect of self regulation in a structured population.95

96

Following [35], we consider a population of N players, labeled by v = {1, . . . , N},
arranged on an undirected graph described by the adjacency matrix A = {av,w} (av,w =
aw,v = 1 when v plays against w, 0 otherwise). Individuals play two-person games
with their neighbors, will we assume av,v = 0 ∀v ∈ V . The degree of player v is the
number of its connection and it is denoted by kv = ∑N

w=1 av,w. The vector k collects all
the degrees kvs. We denote with xv ∈ ∆ = [0, 1] the level of cooperation of player v,
and with 1− xv its level of defection. Specifically, a player with xv ∈ int(∆) = (0, 1) is
exhibiting a partial level of cooperation, while full cooperator has xv = 1 and a free rider
is characterized by xv = 0. The cooperation level of each individual is collected in the
vector x = [x1, . . . , xN ]

> ∈ ∆N . When any two connected players, let’s say v and w, take
part in a game, the outcome of v is defined by the payoff function φ : ∆× ∆→ R. In the
considered interconnected context, the total payoff function φv : ∆N → R of a generic
player v corresponds to the sum of all payoffs gained with neighbors, and it is defined
as follows:

φv(x) =
N

∑
w=1

av,wφ(xv, xw). (1)

The player v is able to appraise if a change of his own strategy xv leads to an im-97

provement of the payoff φv. That is, if the derivative of φv with respect to xv is positive98

(negative), the player will increase (decrease) his strategy over time. Of course, when this99

derivative is null, then the player has reached a steady state. In this sense, ∂φv
∂xv

represents100

the external feedback perceived by player v from the environment which influences his101

own strategy dynamics [35].102

103

It is important to notice that the payoff φ assumes the following form:

φ(xv, xw) =

[
xv

1− xv

]>
B
[

xw
1− xw

]
. (2)

In the previous formula, B represents the payoff matrix which entries are the income
obtained by player v when playing against w, and it is defined as follows:

B =

[
1 S
T 0

]
, (3)

where 1 represents the reward collected when both players cooperate, T is the temptation104

to defect when opponent cooperates, S is the sucker’s payoff earned by a cooperative105

player when the opponent is a free rider, and 0 is the punishment for mutual defection.106

107

Using (3), equation (2) can be rewritten as follows:

φ(xv, xw) = xv(1 · xw + S(1− xw)) + (1− xv)(Txw + 0 · (1− xw)). (4)

Accordingly, the derivative of (4) with respect to xv is:

∂φ(xv, xw)

∂xv
= (1− T − S)xw + S. (5)

For the ease of notation, we introduce the function:108

f (z) = (1− T − S)z + S. (6)
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Hence, ∂φ(xv ,xw)
∂xv

= f (xw), and the derivative of the total payoff (1) is:109

∂φv

∂xv
=

∂

∂xv

N

∑
w=1

av,wφ(xv, xw)

=
N

∑
w=1

av,w
∂φ(xv, xw)

∂xv

=
N

∑
w=1

av,w[(1− T − S)xw + S]

= kv[(1− T − S)xv + S]
= kv f (xv),

(7)

where xv = 1
kv

∑N
w=1 av,wxw represents the equivalent player perceived by player v,110

i.e. the average of the strategies of all his neighbors.111

112

The internal feedback is assumed to have the same form of (6) as a function of xv113

itself:114

f (xv) = (1− T − S)xv + S. (8)

In equation (8) an individual v has the role of one of his “opponent”, thus answering
questions like “What kind of reward can I earn if I apply this strategy to myself?”. SR-
EGN accounts for internal feedback induced by cultural traits, awareness, altruism,
learning and so on [1,11]. Indeed, when an individual judges cooperation as a greater
good, there must be some inertial mechanisms reducing the (rational) temptation to
defect, represented by the function f (xv), weighted by a parameter βv. Both external and
internal feedback represent the two main ingredients of the SR-EGN equation, which
reads as follows:

ẋv = xv(1− xv)

(
∂φv

∂xv
− βv f (xv)

)
. (9)

When βv = 0, the individual is somehow “member of the flock”, since his strategy115

changes only according to the outcomes of the game interaction with neighbors. This116

effect is particularly dramatic in the classical PD context, as cooperation completely117

disappears from the population. In this direction, βv can be also interpreted as a resis-118

tance of the player to external feedback [38]. In particular, βv > 0 represents a negative119

feedback, βv < 0 stands for a positive feedback, while βv = 0 refers to situations where120

the player v does not play a self game.121

122

Since parameter βv regulates the self game, we introduce the following modified123

adjacency matrix124

A′(β) = A− diag(β), (10)

where
β = [β1, . . . , βN ]

>.

The parameters βv on the diagonal of A′(β) are the weights of the self loops in the125

network, and thus model the presence of self games.126

127

3. Emergence of cooperation and consensus128

Social dilemmas involving the cooperation are described by three main game classes129

[13,25,26]: the PD game, characterized by T > 1 > 0 > S, the SH game with 1 > T >130

0 > S, and the CH game where T > 1 > S > 0. All these games are characterized by131

social tensions [25]: when T > 1 (CH and PD games) players prefer unilateral defection132

than mutual cooperation; when S < 0 (SH and PD games) players have a preference for133
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mutual defection in spite of unilateral cooperation. For completeness, the tension-free134

case where cooperation is always preferred is called Harmony game (HA), and it is135

characterized by 0 < T < 1 and 0 < S < 1. The game classification with respect to136

parameters T and S is briefly reported in Figure 1.137

0 1 2
T

−1

0

1

S

SH PD

CHHA

Preference for
unilateral defection over

mutual cooperation

Preference for
mutual defection over
unilateral cooperation

Figure 1. Different game types according to the values of parameters T and S.

Figure 2 shows five possible asymptotic configurations in a simple social network138

with N = 5 individuals. The color of each node of the graph denotes the level of coop-139

eration of the corresponding player - red for full defectors, yellow for full cooperators140

and orange shadings for intermediate levels. In the first graph of Figure 2, a generic141

configuration is shown, including defectors (players 1 and 5), one cooperator (player142

2), and mixed ones (players 3 and 4). The second graph in Figure 2 shows a population143

without full defectors (i.e. xv > 0 ∀v ∈ V). Moreover, the third graph shows consensus144

towards the partially cooperative steady state x∗v = m ∈ int(∆) ∀v ∈ V .145

In this study, we focus on the following consensus states that are also steady states146

of (9):147

• Full cooperation (pure strategy): x∗AC = [1, 1, . . . , 1]>.148

• Full defection (pure strategy): x∗AD = [0, 0, . . . , 0]>.149

• Partial cooperation (mixed strategy): x∗AM = [m, m, . . . , m]>, where m ∈ int(∆).150

Their stability will be deeply analyzed later in this paper. For this reason we will151

refer to them as consensus steady states.152

Following [25–27,29,43], full cooperation is reached when all the members of a153

social network turn their strategies to cooperation. This concept can be formally defined154

as follows:155

Definition 1. In SR-EGN equation (9) full cooperation emerges if

lim
t→+∞

xv(t) = 1 ∀v ∈ V ,

for any initial condition x(0) ∈ int(∆N).156

In the previous definition we used the adjective “full”, since the concept of coopera-157

tion can be weakened dealing with players which can be partial cooperators. Therefore,158

we introduce the following weaker definition of emergence of cooperation:159

Definition 2. In SR-EGN equation (9) consensus on partial cooperation emerges if:

lim
t→+∞

xv(t) = m ∀v ∈ V ,

with m ∈ int(∆) for any initial condition x(0) ∈ int(∆N).160
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1

2

3

4

5

1

2

3

4

5
x∗AM

1

2

3

4

5
x∗AC

1

2

3

4

5
x∗AD

0

1

xv

Defector (D)

Cooperator (C)Emergence of cooperation

Consensus

Some defectors All defectors

Figure 2. Emergence of cooperation and consensus. Five configurations of a social network of
5 players. The cooperation level of each player is represented by a color ranging from red (full
defection, xv = 0) to yellow (full cooperation, xv = 1), as reported on the shaded box on the
rightmost part of the figure. The first graph shows a generic configuration with cooperators,
defectors and mixed players. The second, third and forth graphs show situations where no full
defector is present. These three situations, highlighted by the blue dashed line box, are examples
of emergence of cooperation. In particular, the third graph corresponds to the steady state x∗AM,
while the forth represents the steady state x∗AC. The fifth graph shows a population composed of
full defectors only, thus SR-EGN converged to the steady state x∗AD. The third, forth and fifth
graphs represent consensus states, since all players reach the same level of cooperation (green
dashed line box).

In [35], sufficient conditions for full cooperation and full defection have been proven161

for the PD game case (see Main Results 2 and Main Results 3). In the next sections, we162

will develop results on the of cooperation and consensus when the game played in the163

population is SH or CH. Specifically, in order to study the stability of steady states x∗AC164

and x∗AM, we start by analyzing their linear stability. Alongside this analysis, we also165

investigate the stability of x∗AD. Finally, appropriate Lyapunov functions will be found166

to guarantee the emergence of cooperation in partial sense.167

4. Results on the emergence of cooperative consensus168

4.1. Steady states169

A steady state x∗ is a solution of equation (9) satisfying ẋv = 0 ∀v ∈ V . In order
to be feasible, the steady state components must lay in ∆. Formally, the set of feasible
steady states is:

Θ =

{
x∗ ∈ ∆N : x∗v(1− x∗v)

(
∂φv

∂xv
(x∗)− βv f (x∗v)

)
= 0 ∀v ∈ V

}
.

It is clear that all points such that for all v, x∗v = 0 or x∗v = 1 are in the set Θ. They are 2N
170

and we will refer to them as pure steady states. We denote with ΘP ⊆ Θ their set, which171

includes x∗AC and x∗AD among the others.172

173

Mixed steady states may exist when:174

∂φv

∂xv
(x∗)− βv f (x∗v) = 0 ∀v ∈ V , (11)

and x∗v ∈ int(∆). We denote the set of mixed steady states with ΘM ⊂ Θ. In [22], it175

has been shown that, if 1− T − S 6= 0, the solution of (11), is x∗AM = [m, . . . , m]>, where176

m =
S

S + T − 1
. (12)

x∗AM is feasible when m ∈ int(∆); this is allowed only in SH and CH games. Indeed:177
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• for SH games, S < 0 and 0 < T < 1. Then, S < S+ T− 1 < 0 and hence m ∈ int(∆);178

• for CH games, S > 0 and T > 1. Then, 0 < S < S + T− 1 implying that m ∈ int(∆).179

For the sake of completeness, we remark that SR-EGN may also have pure-mixed180

steady states, which belong to the set ΘPM = Θ \ (ΘP ∪ΘM). These are not considered181

in this work, since they do not represent consensus steady states.182

183

4.2. Linearization of SR-EGN model184

The Jacobian matrix of system (9), J(x) = {jv,w(x)}, is defined as follows:

jv,w(x) =
∂ẋv

∂xw
=



xv(1− xv)(1− T − S), if av,w = 1

−βvxv(1− xv)(1− T − S)
+(1− 2xv)(kv f (xv)− βv f (xv)), if w = v

0, otherwise

. (13)

Evaluating the Jacobian matrix on a generic steady state x∗ ∈ Θ, we have the following185

cases:186

• if x∗v ∈ {0, 1} (player v uses a pure strategy at steady state), then all in (13) non-
diagonal entries jv,w(x) with v 6= w are null, while

jv,v(x∗) =


kv f (x∗v)− βv f (x∗v), if x∗v = 0

−(kv f (x∗v)− βv f (x∗v)), if x∗v = 1

. (14)

• if x∗v ∈ (0, 1) (player v uses a mixed strategy at steady state), then, according to
equations (11) and (13), the entries of the v-th row of J(x∗) are:

jv,w(x∗) =



x∗v(1− x∗v)(1− T − S), if av,w = 1

−βvx∗v(1− x∗v)(1− T − S), if w = v

0, otherwise

. (15)

4.3. Stability of pure consensus steady states x∗AC and x∗AD187

Recall that the spectrum of J(x∗) characterizes the linear stability of a steady state x∗188

of the SR-EGN equation (see [44]). Therefore, the role of the eigenvalues of the Jacobian189

matrix J(x∗) is fundamental to tackle the problem of the emergence of cooperation.190

191

According to equation (14), the Jacobian matrix evaluated in the consensus steady192

states x∗AC and x∗AD are both diagonal, and they read as:193

J(x∗AC) = −(1− T) · diag(k− β), (16)

and194

J(x∗AD) = S · diag(k− β). (17)

The following results hold.195

Theorem 1.196

197
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• SH game. If βv < kv ∀v ∈ V then x∗AC is asymptotically stable for equation (9);198

• CH game. If βv > kv ∀v ∈ V then x∗AC is asymptotically stable for equation (9).199

Proof. The diagonal elements of the Jacobian matrix evaluated in x∗AC (equation (16))
correspond to its eigenvalues and they are read as:

jv,v(x∗AC) = λv = −(1− T)(kv − βv).

In SH Game, T < 1 and βv < kv, hence, all eigenvalues are negative. In CH Game, T > 1200

and βv > kv, and again all eigenvalues are negative. Thus, x∗AC is asymptotically stable201

in both cases.202

Notice that Theorem 1 is an extension of the Main result 1 of [35] to SH and CH203

games. Additionally, Theorem 2 stated in [22] ensures that any asymptotically stable204

pure steady state is also a Nash equilibrium, and viceversa. Then, under the hypotheses205

of Theorem 1, x∗AC is a Nash equilibrium of the networked game.206

Theorem 2.207

208

• SH game. If βv < kv ∀v ∈ V then x∗AD is asymptotically stable for equation (9);209

• CH game. If βv > kv ∀v ∈ V then x∗AD is asymptotically stable for equation (9).210

Proof. The eigenvalues of the Jacobian matrix relative to the steady state x∗AD (equation
(17)) are:

jv,v(x∗AD) = λv = S(kv − βv).

In SH game, S < 0 and βv < kv, hence all eigenvalues are negative. In CH game, then211

S > 0 and βv > kv, hence all eigenvalues are negative. Thus, x∗AD is an asymptotically212

stable steady state in both cases.213

Also Theorem 2 represents an extension of Main Result 1 in [35] to SH and CH games.214

Moreover, the result of the previous Theorem, jointly with the Theorem 2 enunciated in215

[22], imply that x∗AD is not a Nash equilibrium of the underlying game.216

217

These results are synthesized in Figures 3.a and 3.b. In PD game, defection domi-218

nates over cooperation. Then, if the system does not present any feedback mechanisms219

(i.e. βv = 0 ∀v ∈ V), the whole social network will converge to x∗AD, where cooperation220

vanishes. Anyway, if βv > kv for all the members of the population, x∗AD is destabilized221

and x∗AC becomes attractive.222

A SH game naturally exhibits bistability, a common property of many social and223

biological systems [13,40–42]. Indeed, in the natural case where β = 0 we have a224

repulsive equilibrium x∗AM standing between two attractive equilibria x∗AC and x∗AD. In225

the SR-EGN, for βv < kv ∀v ∈ V , x∗AC and x∗AD are both attractive, while they are both226

unstable for βv > kv ∀v ∈ V .227

CH games represent an important class of social dilemmas [12,13,26,40], where228

cooperators and free riders coexist. In the standard replicator equation, total cooperation229

and total defection are now repulsive equilibria, while the mixed steady state is attractive.230

In the base case in the natural case where β = 0 of the SR-EGN model, the mixed stead231

state x∗AM is also present, but it is not attractive when no feedback is present, and it232

stands between the two repulsive steady states x∗AC and x∗AD. When self-regulation is233

active, and in particular βv > kv ∀v ∈ V , then both x∗AC and x∗AD become asymptotically234

stable.235

236

Following Theorems 1 and 2, if in both SH and CH games, x∗AC and x∗AD are unstable,237

we can investigate the presence of other asymptotically stable steady states in int(∆N).238

In the next Section 4.4, we find the conditions for which the state x∗AM is asymptotically239
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Figure 3. Graphical representation of Theorems 1 (subplot a), 2 (subplot b) and 3 (subplot c).

stable, and prove that it is also globally asymptotically stable. This means that no other240

attractive states exists in int(∆N).241

4.4. Results on asymptotical and global stability of mixed consensus steady states x∗AM242

According to equations (12) and (15) the Jacobian matrix for the mixed steady state243

x∗AM is:244

J(x∗AM) = m(1−m)(1− T − S)(A− diag(β)) =
S(T − 1)
1− T − S

A′(β). (18)

The following result holds.245

Theorem 3.246

247

• SH game. If βv > kv ∀v ∈ V then x∗AM is asymptotically stable for equation (9);248

• CH game. If βv < −kv ∀v ∈ V then x∗AM is asymptotically stable for equation (9).249

Proof. If |βv| > kv ∀v ∈ V , then A′(β) is a strictly diagonally dominant matrix. Indeed,250

kv corresponds to the sum of all non-diagonal entries of the v-th row of A′(β), while251

−βv are the diagonal entries of A′(β).252

253

In the SH game, since βv > kv ∀v ∈ V and A has null diagonal, then diagonal254

entries of A′(β) are negative. Therefore, from the strict diagonal dominance of A′(β) it255

follows that all the eigenvalues of A′(β) are negative. Moreover, since T < 1 and S < 0,256

then 1− T − S > 0 and S(T − 1) > 0. Thus, according to equation (18), the eigenvalues257

of J(x∗AM) are all negative.258

259

In the CH game, for the same reasons as above, since βv < −kv ∀v ∈ V , then all the260

eigenvalues of A′(β) are positive. Moreover, since T > 1 and S > 0, then 1− T − S < 0261

and S(T − 1) > 0. Thus, according to equation (18), the eigenvalues of J(x∗AM) are all262

negative.263

264

In both cases, x∗AM is an asymptotically stable steady state for equation (9).265

This result is graphically shown in Figure 3.c.266

267

The consensus on full cooperation can emerge under the condition of Theorem 1.268

Anyway, the basin of attraction of x∗AC does not correspond to the whole set int(∆N),269

since x∗AD is asymptotically stable for the same parameters. Hence, we cannot expect to270

reach global consensus towards full cooperation. Moreover, we showed in Theorem 3271

that x∗AM is asymptotically stable for suitable conditions. Then, we further check if there272
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are conditions for which it is also globally asymptotically stable.273

274

Hereafter we introduce a function V(x) that will be proved to be a Lyapunov
function, allowing us to prove that x∗AM is globally asymptotically stable:

V(x) =
N

∑
v=1

(
m log

(
m
xv

)
+ (1−m) log

(
1−m
1− xv

))
, (19)

for x ∈ int(∆N). First of all, notice that V(x∗AM) = 0. Moreover, the gradient of V(x) is
null for x∗AM. Indeed, the partial derivatives of V(x) with respect to x are:

∂V(x)
∂xv

= − m
xv

+
1−m
1− xv

=
xv −m

xv(1− xv)
.

It is straightforward to see that the Hessian matrix H(x) = {hv,w(x)} of V(x) is
diagonal:

hv,v(x) =
∂2V(x)

∂x2
v

=
x2

v − 2mxv + m
x2

v(1− xv)2 . (20)

From (20) it follows that V(x) ∈ C2 for all x and it is definite positive ∀x ∈ int(∆N).
Indeed the denominator of hv,v(x) is always positive as its numerator:

x2
v − 2mxv + m = x2

v − 2mxv + m2 + m−m2 = (xv −m)2 + m(1−m) > 0.

This proves that V(x) is a strictly convex function in the set int(∆N). So, x∗AM is a global275

minimum of V(x) in the set int(∆N).276

277

The time derivative of V(x) is:278

V̇(x) =
∂V(x)

∂t
=

N

∑
v=1

∂V(x)
∂xv

ẋv

=
N

∑
v=1

xv −m
xv(1− xv)

xv(1− xv)[kv f (xv)− βv f (xv)]

=
N

∑
v=1

(xv −m)[kv f (xv)− βv f (xv)]. (21)

By substituting (12) in equation (8), we get that:279

f (z) = (1− T − S)z + S = (1− T − S)
(

z +
S

1− T − S

)
= (1− T − S)(z−m),

and equation (21) becomes:280

V̇(x) = (1− T − S)
N

∑
v=1

(xv −m)[kv(xv −m)− βv(xv −m)].

Notice that:281
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kv(xv −m) = kvxv − kvm

= kv

(
1
kv

N

∑
w=1

av,wxw

)
−
(

N

∑
w=1

av,w

)
m

=
N

∑
w=1

av,wxw −
N

∑
w=1

av,wm

=
N

∑
w=1

av,w(xw −m).

This yields to:282

V̇(x) = (1− T − S)
N

∑
v=1

(xv −m)

[
N

∑
w=1

av,w(xw −m)− βv(xv −m)

]
.

= (1− T − S)
N

∑
v=1

(
N

∑
w=1

av,w(xw −m)(xv −m)− βv(xv −m)2

)

= (1− T − S)

(
N

∑
v=1

N

∑
w=1

av,w(xw −m)(xv −m)−
N

∑
v=1

βv(xv −m)2

)
= (1− T − S)(x− x∗AM)>(A− diag(β))(x− x∗AM)

= (x− x∗AM)>
(
(1− T − S)A′(β)

)
(x− x∗AM)

= (x− x∗AM)>M(x− x∗AM),

where M = (1− T − S)A′(β) is a symmetric matrix. Notice that V̇(x) is a quadratic283

form and V̇(x∗AM) = 0.284

285

We now prove the main result which states that x∗AM is globally asymptotically286

stable for SH and CH games.287

Theorem 4.288

289

• SH game. If βv > kv ∀v ∈ V then x∗AM is globally asymptotically stable for equation (9);290

• CH game. If βv < −kv ∀v ∈ V then x∗AM is globally asymptotically stable for equation291

(9).292

Proof. According to equation (18), the matrix M is related to the the Jacobian matrix293

evaluated in the internal steady state x∗AM as follows:294

M =
1

m(1−m)
J(x∗AM). (22)

Since m(1−m) > 0, then using the same arguments of Theorem (3), we have that295

all the eigenvalues of M are negative.296

297

Therefore, the quadratic form V̇(x) is negative definite in the set int(∆N), and then298

V(x) (equation (19)) is a Lyapunov function in the set int(∆N). Thus, x∗AM is a global299

attractor in the set int(∆N).300

301

Theorem 4 states that the system (9) shows consensus towards partial cooperation.302

Notice that under the assumptions of Theorem 4, both Theorems 1 and 2 are not satisfied,303

and hence both x∗AC and x∗AD are unstable.304
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5. Discussion and numerical results305

The theoretical results presented in the previous Sections have been numerically306

tested by means of several simulation experiments.307

In the first experiment we show, for each game, the numerical solutions of equation308

(9) over time for a graph of 20 nodes arranged over scale-free topology and different309

types of initial conditions (see Figure 4). Subplots 4.a and 4.d have been realized using310

βv = −2kv ∀v ∈ V ; in subplots 4.b and 4.e we fixed βv = 0 ∀v ∈ V ; finally, for subplots311

4.c and 4.f, we have set βv = 2kv ∀v ∈ V . In all cases, the first and third slices show the312

dynamics obtained for i.c.s of all players close to defection and cooperation, respectively.313

The central slice is obtained by using random i.c.s. The bistable dynamics of the two314

games is visible: i.c.s near 0 lead to defective asymptotic states and i.c.s near 1 drive315

towards cooperation (subplots 4.a, 4.b and 4.f). In these three cases, both Theorems316

1 and 2 are satisfied. Regarding subplot 4.e, we observe that, using random initial317

conditions, the solutions convergence pure-mixed steady states (βv = 0 ∀v ∈ V). Finally,318

the subplots 4.c and 4.d are realized using the parameters of the hypotheses of Theorems319

3 and 4, and hence consensus towards a partial cooperation is reached.

Figure 4. First row: simulations of the SR-EGN equation (9) for the SH game (T = 0.5 and
S = −0.5) with βv = −2kv < −kv ∀v ∈ V (subplot a), βv = 0 ∀v ∈ V (subplot b) and βv = 2kv >

kv ∀v ∈ V (subplot c). The first slice refers to simulations with random initial conditions close
to full defection, the middle one refers to simulations with random initial conditions in int(∆N),
while the last one refers to simulations with random initial conditions close to full cooperation.
Second row: the same simulations are carried out for CH game (T = 1.5 and S = 0.5).

320

In order to evaluate the performance of players decisions, in Figure 5 (first row) we321

draw the payoffs obtained by each individual in a two-players game, when the stable322

steady state is x∗AM, as a function of parameters T and S, while the second row shows323

the value of such steady state in the same conditions. The white line in all subplots324

indicates the combinations of T and S for which the payoff is equal to 1, which corre-325

sponds to the hypothetical value earned if a full cooperative state is considered. It is326

worth noticing that in the green regions the payoff (subplots 5.a and 5.b) earned by the327

partially cooperative state x∗AM (subplots 5.c and 5.d) is larger then the one obtained by328

full cooperation, although x∗AM is lower than x∗AC. This fact is particularly relevant since329

this kind of consensus is more reasonable in any real situation, thus highlighting the330

importance of studying SH and CH games with respect to the over-exploited PD game.331

332

Further experiments consider a population of N = 100 individuals arranged on
different types of networks, such as Erdös-Rényi (ER) and Scale-Free (SF), with average
degree equal 10. We set the same value of βv for all members of the population. For each
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Figure 5. Payoff φ(xv, xw) (equation (4)) and mixed equilibrium x∗AM (equation (12)). SH game
(subplots a and c): T ∈ [0, 1] and S ∈ [−1, 0]. CH game (subplots b and d): T ∈ [1, 2] and S ∈ [0, 1].
The white lines indicate the locus of values S and T for which the players choose full cooperation
(subplots a and b) and the corresponding values of x∗AM (subplots c and d) .

network type, we simulate 500 instances of the problem starting with initial conditions
randomly chosen in the set int(∆). ER and SF graphs are also randomly generated
for each instance. The same experiment has been repeated for the SH and CH game
configurations using the values of T and S used in Figure 6. For each player and for each
simulation, the value of an indicator which measures the difference between the level of
cooperation xv of player v and the average cooperation level x of his neighbors at steady
state, is calculated (Figure 6). This indicator, hereafter called cv, is defined as follows:

cv = xv(∞)− xv(∞).

If cv > 0, then player v is an altruist since it cooperates more than the average of his333

neighbors, while cv < 0 indicates a more selfish behavior. In each subplot, we also depict334

the degree distributions of the underlying connection networks with superposed gray335

lines. The subdivision into two subgroups (non-central players and hubs) is observed336

for all the considered games. In the SH case (subplots 6.a and 6.c), this subdivision337

is coherent with the players connectivity: low connections present negative cv (selfish338

behavior), while high connectivity drives players to adopt an altruistic strategy as339

indicated by positive cv. For the CH case (subplots 6.b and 6.d), the relationship between340

the degree kv and cv vanishes: indeed, there are both altruistic and selfish players341

independently on their connectivity. This phenomenon is more evident in the SF case.342

6. Conclusions343

In this paper, the emergence of cooperative consensus for SH and CH games have344

been tackled in the framework of the SR-EGN equation, which describes the behavior345

of a population of randomly interconnected individuals, driven by game theoretic346

mechanisms jointly with internal self-regulating factors.347

We proved that in both SH and CH games, consensus over the fully cooperative348

state is asymptotically stable for feasible values of the self-regulating parameter. Unfor-349

tunately, the same conditions also ensure the asymptotic stability of the fully defective350

consensus. Starting from this point, the possibility to observe a global converge of the SR-351
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Figure 6. Altruistic and selfish behavior at steady state. The indicator cv is evaluated for SH and
Ch games in both ER and SF networks as a function of the average degree k. βv has been set
equal for all players: values of kv lower and larger than βv are reported in blue and pink colors,
respectively. In the simulation, the parameters used for the SH game are: T = −1, S = −1 and
βv = 10 ∀v ∈ V , while the ones of the CH game are: T = 2, S = 2 and β = −5 ∀v ∈ V .

EGN towards different consensus steady states has also been investigated. In particular,352

we found a Lyapunov function to show that the unique partially cooperative consensus353

is globally asymptotically stable. An important consequence of our findings is that, the354

full cooperative consensus is reached only from a suitable set of initial conditions, while355

for the weaker one the basin of attraction corresponds to the whole feasible set.356

According to the evolutionary game theory, partial cooperation means that people357

can behave cooperatively with some opponent, and defectively against others, which is358

effective in many real situations. Moreover, we showed that the reward obtained by the359

population when the partially cooperative consensus is reached, is larger than the case360

where full cooperation is present.361

The global asymptotic stability of the partially cooperative steady state and, on362

the other hand, the simultaneous stability of full cooperation and full defection, which363

induce bistable behavior, can be fruitfully exploited for planning good policies taking364

into account the actual state of the population described by the initial state of the SR-EGN365

equation. Indeed, in the first case, the cooperation is independent on the initial state,366

while, in the second case, a more aware population is required in order to observe a367

full cooperation. All the above results highlight the importance of studying SH and CH368

games, which can lead to a deeper understanding of the mechanisms leading towards369

cooperation in social networks.370
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