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Abstract: The synergistic features of a three-component, photoinitiating system (A/B/C) based on 
the measured data and proposed mechanism of Liu et al. are analyzed. The co-initiators/additives 
B and C have dual-functions of : (i) regeneration of photoinitiator A, and (ii) generation of extra 
radicals for enhanced conversion efficacy (CE). The synergistic effects led to higher CE for both free 
radical polymerization (FRP) and cationic polymerization (CP). The CE of FRP has 3 terms due to 
the direct (tyep-I) coupling of the triplet state of A with the monomer (M) and the coupling of the 
two radicals, R and R', with M. The CE of CP has a transient state proportional to the effective ab-
sorption constant (b), the light intensity (I) and initiator concentration (A0), but a steady state is 
independent of the light intensity (I). For the CE of FRP, the contribution from radical R had two 
cases: (i) linear dependence on T=bIA0, or (ii) nonlinear square root dependence T0.5. The synergistic 
effects led to higher conversion of FRP and CP, consistent with the measured results. The theoreti-
cally predicted new features include: (i) co-initiator [C] which always enhances both FRP and CP 
conversions, and (ii) co-initiator [B] which leads to more efficient FRP, but it also reduces CP.  
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1. Introduction 
Compared to the conventional thermal-initiated polymerization, there are several ad-

vantages for photopolymerization, including fast and controllable reaction rates and spa-
tial and temporal control over the formation of the material, without the need for high 
temperatures or harsh conditions [1]. Photopolymerizations using various light with 
wavelengths in the UV, visible and near IR have been studied for both industrial and 
medical applications. A variety of photoresponsive materials, such as conjugated poly-
mers, have been reported for additive manufacturing (AM) and recently for 3D and 4 D 
bioprinting [3,4]. For 3D photo printings the key factors include polymerization depth, 
resolution precision and speed, in which the monomer conversion efficacy could be im-
proved by various strategies. The reported conversion enhancing methods include the use 
of novel materials as enhancers or co-initiators in both single and multiple components 
[5-8]. Experimental two stage polymerization under two wavelengths to eliminate the ox-
ygen inhibition effects has also been reported [9-11]. Sequential network formation has 
also been achieved with many different types of polymerization materials, such as thiol–
Michael/acrylate hybrid, epoxy/acrylate curable resins, thiol–acrylate/thiol–acetoacetate 
thermosets, and thiol–ene/epoxy-based polymers [12-14].  

UV light (at 365 nm) has been commonly used in most type-I photoinitiators (PI) for 
the photopolymerization of (meth)acrylate monomers [1-3]. However, the UV wavelength 
suffers the disadvantages of being unsafe to skin and eyes, small penetration depth and 
larger light scattering in tissues [1]. Camphorquinone (CQ), due to its good visible light 
absorption properties, is the most common type-II PI for the polymerization of 
(meth)acrylates under visible light [15,16].  
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Various strategies to reduce oxygen inhibition of photoinduced polymerization have 
been proposed, such as using co-initiators or addition of oxygen scavengers, and the thiol-
ene and thiol-acrylate-Michael systems which are insensitive to oxygen [8,9]. Dual-wave-
length (red and UV) photopolymerization has also been reported, in which pre-irradiation 
by the red light eliminated the oxygen inhibition effect and thus enhanced the conversion 
efficacy of the UV light [10].  

The classical diaryliodonium salts, such as diaryliodonium, suffer low solubility in 
monomers and when used as a photopolymerization initiator results in formation of side 
products due to the release of HF. To overcome this drawback, Kirschner et al. [15] re-
cently reported a new counter anion-free and fluoride-free aryliodonium ylides (AY) to 
avoid the formation of HF and to enhance their solubility. They reported (CQ)/amine/AY 
as a new and efficient PI system for the polymerization of methacrylates under air and 
blue light (477 nm) irradiation, resulting in additional reactions and initiating radicals for 
improved conversion efficacy. 

Various strategies for enhanced conversion have been reported, including the use of 
multiple light wavelength [9-11, 20-21], and co-initiators systems [12-14, 23] An example 
of a dual-wavelength (UV 365 nm and blue 470 nm) system for enhanced conversion by 
reducing the oxygen inhibition was reported by de Beer et al. [8,9] for the photopolymer-
ization of methacrylate formulated with camphorquinone (CQ) and ethyl 4-(dimethyla-
mino)benzoate (EDAB), where the CQ was the blue-light active initiator (A), butyl nitrite 
(BN) was the UV-activated initiator (B), and EDAB was a co-initiator (or donor D). The 
photochemical decomposition of BN results in the formation of nitric oxide (N), an effi-
cient inhibitor of radical-mediated polymerizations, and alkoxide radicals (X) for extra 
polymerization initiation, besides the initiation radicals (R) generated by the blue-light   

An example of a 2-wavelength (red and UV) system (without the blue-light) for 3D 
printing was reported by Childress et al. [10], in which a monomer of di(ethylene glycol) 
ethyl ether acrylate (DEGEEA) mixed with zinc 2,9,16,23-tetra-tert-butyl-29H,31H-phthal-
ocyanine (ZnTTP) as an initiator under a UV-light, for which the ZnTTP/DEGEEA has 
distinct absorption peaks at UV-365 nm and red-635 nm, respectively, and thus it can be 
independently excited by a UV and a red light, respectively. Our group [19] reported the 
theoretical modeling for a 2-wavelength system reported by Childress et al. [10]. The novel 
strategy, using 3–wavelengths of uv, blue and red lights was recently proposed by our 
group [21] theoretically for future experimental studies. 

Various enhancing strategies for photopolymerization have been reported by us and 
others,  including one component (or monomer) and one-wavelength [15-18,22], two-com-
ponents and one wavelength 12,14], two wavelengths [9-11,19,20), three-wavelengths [21] 
and three-components, one-wavelength systems [13,23]. We note that all these systems 
have been theoretically and experimentally studied, except the 3–wavelength systems 
which we recently proposed theoretically [21]. The synergistic effects leading to higher 
monomer conversion can be achieved by co-initiators, additional radicals and multiple 
wavelengths for reduced oxygen-inhibition. Greater details of synergistic effects may be 
found in a Review article by us [24]. 

This article will present, for the first time, the kinetics of the synergistic features of 
the 3-initiator, [A], [B] and [C], system based on the measured data and proposed mecha-
nism of Liu et al. [22], The co-initiator [B] and [C] have dual functions of: (i) regeneration 
of initiator [A]; and (ii) generation of extra radicals. The synergistic effects led to higher 
conversion for FRP and CP. The key factors and rate constants influencing the conversion 
efficacy were explored by analytic formulas of the conversion rate functions, derived from 
a kinetic model for a 3-initiator and 2-monomer system. While certain features predicted 
in this article are consistent with the measured data of Liu et al. [22], some new, theoreti-
cally predicted findings are explored for future experimental studies. 

2. Methods and Modeling Systems 
2.1. Photochemical Kinetics  
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    Figure 1 shows a 3-initiator system (A/B/C), in which the ground state of initiator-[A] was excited to its first-excited 
state PI*, and a triplet excited state T. The triplet state T interacts with initiators [A] and [B] to produce radicals R, R' 
and R"; and interacts with co-initiator [C] to produce radical S’and S; in which the coupling of the radicals R" with [C] 
and S’ with [B] lead to the regeneration of [A]. Radicals R and S lead to the free radical polymerization (FRP), and rad-
ical S' leads to cationic polymerization (CP), via monomers M and M’, respectively. For a system with [A] alone, T, R’ 
and R could be responsible for FRP. In general, the terminations of our proposed scheme include the couplings of R+R 
(bimolecule), R+R’, R+S', and S+S, in the two monomers system (M + M'), in which (T,R,S) + M is for FRP and S’+M’ is 
for CP. We will show later that Fig. 1 is more general than the proposed Scheme of Liu et al. [22].   

                

Figure 1. Schematics of a 3-initiator system, (A/B/C), where [A] is the ground state initiator, having 
a first excited state PI*, and a triplet state T, which interacts with initiator [A] and [B] to produce 
radical R; and interacts with initiator [C] to produce radical S, in which the coupling of the radical 
R" with [C] and S’with [B] both lead to the regeneration of [A]. 

A specific system reported by Liu et al. [22] corresponds to the mechanism of Fig. 1, 
where [A] is benzophenone (BP) photoinitiator, co-initiator [B] is ethyl 4-(dimethyla-
mino)benzoate (EDB), and [C] is (4-tert-butylphenyl)iodonium hexafluorophosphate 
(Iod). As shown in Scheme 1, under a UV (365 nm) LED irradiation, [A] transformed from 
its ground state (PI) to an excited triple state 1,3PI (shown by r1 of Scheme 1), which couples 
with PI to produce radicals PI-Ho (or R) and PI(-H)o (or R’) (shown by r2). In the presence 
of EDB, extra radical EDB(-H)o (or R) and PI-Ho (or R") were produced (shown by r3). T 
could couple with [C] to produce the aryl radical, Aro , and PIo+ (shown by r4), where 
radicals Aro (or S) and EDB(-H)o (or R) lead to FRP and PIo+ (or S') leads to CP. Further-
more, PI-Ho (or R") could couple with Iod (or C) to produce extra radical Aro for FRP 
(shown by r5) and also regenerate PI (or [A]). Radical PIo+ (or S') could couple with EDB 
to regenerate PI (or [A]), shown by r6. Associated with the photolysis of BPC1/Iod and 
BPC1/EDB/Iod, the photoredox catalytic cycle was proposed in the three-component 
PI/EDB/Iod system (shown by r5 and r6). The regeneration of PI sped up the photopoly-
merization and slowed down the consumption of PI in the photolysis experiments. Tri-
methylolpropane triacrylate (TMPTA) and (3,4- epoxycyclohexane)methyl 3,4-epoxycy-
clohexylcarboxylate (EPOX) were used in our prior work as benchmark monomers for 
FRP and CP, respectively.  
    However, we note that our Fig. 1 here is more general than the Scheme proposed by Liu 
et al. [22] which ignored the termination scheme due to the couplings of R+R (bimolecu-
lar), R+S, and R+S'. Furthermore, the measured data of Liu et al. [22] for the case of CP 
was limited to the two initiators, of [A] and [C], although 3-initiator systems of [A]/[B]/[C] 
were studied in FRP. Our modeled system of Fig. 1 and the associated kinetic equations 
to be shown later include 3-initiator for both FRP and CP. The mechanism of a 3–initiator 
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and 2-monomer, A/B/C/M/M’system proposed by Liu et al. [22] is shown in the following 
schematic equations of (r1) to (r6). 

 

 
 

Scheme 1. The proposed chemical reactions of a PI/EDB/Amine 3-component system for 
a hybrid FRP and CP system with two monomers, TMPTA and EPOX (not shown in 
Scheme 1, see text) [22]. 
Based on Scheme 1, the initiator concentration, [A], [B] and [C], and the monomers 
convertion kinetics of M (for FRP) and M’(for CP) are given by: (detailed derivations are 
shown in the Apendix). We note that dM/dt presents the time derivative of M in time (t). 
T, S, R and S' are the short hand notations for the concentrations of the triplet state, radical 
S, R, and S', respectively; and k, K, k', and K' are the associate coupling constants (referred 
to Fig. 1 and Apendix for more details). 
 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 = −(𝑘𝑘𝑘𝑘 + 𝐾𝐾𝐾𝐾 + 𝑘𝑘′𝑅𝑅)𝑀𝑀                               (1) 
 𝑑𝑑𝑑𝑑′
𝑑𝑑𝑑𝑑

 = −𝐾𝐾′𝑆𝑆′𝑀𝑀′                                                                           (2) 

Eq. (1) shows that FRP was due to 3 contributions: from the direct (type-I) coupling kTM 
term and the radical S and radical R, whereas CP had only one contribution from the 
catonic radical S', shown in Eq. (2). Numerical simulation is, in general, required for the 
solution of M and M', due to the inter-couplings of the radicals (R,S, S') and additives, 
[A], [B] and [[C]. We will focus on the synergistic effects based on the analytic formulas, 
derived in the Appendix.  
The steady state concentration of radical R, as given by the Appendix, Eq. (A11), is given 
by the solution of Eq. (3) 
𝑘𝑘′𝑅𝑅2  + 𝐺𝐺𝐺𝐺 −  𝑃𝑃 = 0                                                                  (3) 
where G=k"S+k'M, and P= (k1[A]+k2[B]). 
Solving for R, we obtain 
𝑅𝑅 = 0.5(−𝐺𝐺 + √𝐺𝐺2  + 4𝑘𝑘′𝐻𝐻  )/k'                                                       (4) 
Analytic formulas of R were obtained for two special cases as follows. 
Case (i), for unimolecular termination dominant, or G>>k'P, we obtained R= P/G, which 
is a linear increasing function of (k1[A]+k2[B])T/(k"S+k'M).  
Case (ii), for bimolecular termination dominant, with P>> GR, we obtained R=[P/k']0.5. a 
nonlinear function of a square root function, [(k1[A]+k2[B])T/k']0.5. 
3.. Results and discussion  
3.1 Formulas for conversion efficacy (CE) 
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    The CE of CP, defined by CE'=1-M'/M0', which is the time integral of Eq. (2), we obtain 
, from Eq. (A13) of the Appendix,  
     CE'=[1- k7B0/(K'M0')]K'D(bIC0A0)H(t),                                    (5) 
with H(t)=[ 1- exp(-d't)]/d', with a revised d'=k3T'/(kM0)+X', for a non-constant [A]= A0 

exp(-X't).      It shows that, in the presence of [B], the CP is reduced by a reduction factor 
of F'= [1- k7B0/(K'M0')]. The CE' has a transient state proportional to bIt(C0A0), but a steady 
state given by TE'=K'D(bIC0A0)/d'= K'D(C0A0)[k3/(kM0)], which is independent of the light 
intensity (I).  
    The CE of FRP defined by TE=1-M/M0, the solution of Eq. (1), is much more complex 
than CE of CP. From Eq. (A14) of the Appendix, including the revised factor for T', we 
obtain 
    CE= (T"/M0)t+KD'H(t)+ KD"H'(t) + P'H"(t) ,                               (6)   
where a revised T' is T"=(bIA0)[1- exp(-X't)]/X'. The above CE has 3 terms: (i) from the 
direct coupling of T and M; (ii) coupling of radical S and M, and (iii) coupling of radical 
R and M, the terms of KD'H', KD""H" and P'H"'. For case (i) linear case, we obtain H"(t)= 
Pt+P'H"'(t), with H"'=[1- exp(d"t)]/d", with P= k1(A02/M0)T', , P'=k2(B0/M0)T', and d"= [ 
k2T'/(kM0)+ 0.5k7k3T't[C0/(kM0K'M'0) ]t. For case (ii) nonlinear square root case, k'R=[ 
k'(k1[A]+k2[B])T]0.5, we obtain H"(t)= Vt+V'H"'(t), with V= (k1 (A0M0)T')0.5, , V'=(k2 

(B0M0)T')0.5. Therefore Eq. (6) shows that CE is proportional to T and T0.5, for case (i) and 
(ii), respectively.  
3.2 Synergistic effects 
As shown by Fig. 1, and Eqs. (1) to (6), the following synergistic features of the 3-initiator 
system A/B/C can be summarized as follows.  
(a) Co-initiator [B] has multiple functions of : (i) regeneration of initiator [A] leading to 
higher FRP conversion; (ii) producing of extra radical R and radical R"; and (iii) coupling 
of R" with [C] leads to radical S, in which both R and S lead to FRP.  
(b) Similarly, co-initiator [C] has functions of : (i) regeneration of initiator [A] via the 
coupling of S' and [B], leading to higher FRP conversion; (ii) generation of cationic radical 
S’ for CP conversion; and (iii) enhancing FRP by producing radical S (as shown by Figure 
1).  
(c) As shown by Eq. (5) and (6) the CE of FRP has 3 contributions, kTM, KSM and k'R. 
Therefore it is always higher than that of CP having only one contribution, K'S'M', which 
is comparable to KSM.  
(d) The presence of [C] always leads to higher FRP via the extra radical S and the 
regeneration of [A]. However, the presence of [B] consumes radical S', and hence reduces 
the FRP. Therefore the net enhanced effects of [C] on FRP is governed by the relative 
strength of regeneration of [A] and the reduction effect, as shown by our formula in Eq. 
(5) with a reduction factor F'= [1- k7B0/(K'M0')]. These non-common features were not 
explored by Liu et al. [22], and they could not be easily predicted without the detailed 
mathematical efforts derived here.  
(e) From Eq. (5), the CE of CP has a transient state proportional to bIt(C0A0), but a steady 
state given independent of the light intensity (I). 
(f) From Eq. (6) for the CE of FRP, the contribution from radical R could have two cases: 
(i) linear dependence proportional to T=bIA0, or (ii) nonlinear square root dependence 
proportional to T0.5. However, the contribution from radical S has a linear dependence of 
T'=bIA0, The nonlinear feature is due to the bimolecular termination included in the 
coupling term of k'R2 in Eq. (A5). 
(g) For a very weak type-I coupling (or k1[A]<< 1/g, or type-II dominant, we obtain 
d[A]/dt=0, which defines a perfect regeneration with [A]=A0, a constant. In non-perfect 
regeneration, [A]= A0 exp(-X't), and the depletion of [A] leads to a lower conversion and 
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a time-dependent light intensity deviating from the conventional Beer-Lambert law, 
given by I(z,t)=I0 exp(-b'[A]z). Greater details can be found by our previous work [25]. 
The above theoretically predicted new findings for synergistic effects were not explored 
in the measured work of Liu et al. [22]. Greater details may be found in our Review article 
[24]. 
     Figure 2 shows the results based on Eq. (5) for CP conversion re-expressed as CE'=Q[1-
exp(-d't)], with Q=[1- k7B0/(K'M0')]K'D(bIC0A0), for various values of Q and the initiator 
depletion rate d'. We note that larger Q results in a higher steady-state profile, as shown 
by Fig. 2(A). Furthermore, the profile rising rates are given by d (proportional to bIA0). 
Higher light intensity (I), larger initiator concentration, or stronger absorption (b) leads to 
a faster depeltion of [A] and hence faster rising of the conversion profile, shown by Figure 
2(B). We note that for the same Q value, the CP conversion profiles having different d'-
values (or bIg) reach the same steady state. However, we have previously reported 
different features of FRP [24] that larger d' value reaches a lower steady state conversion 
(not shown in this article), which is fundamentally different for FRP and CP profiles. The 
above theoretically predicted new findings are not explored in the measured work of Liu 
et al. [22]. 
 

 

 
 

Figure 2. The calculated CP conversion profiles for various Q and d' values: (A) for fixed d'=0.01, 
and Q= (0.2, 0.4,0.6, 0.8), for Curves 1, 2, 3 and 4; and (B) for fixed Q=0.6, and d'= bIg=(0.01, 0.02, 0.03, 
0.04) for Curves 1, 2, 3 and 4, respectively.  

3.2. Analysis of measured results   
      Besides the synergistic effects described in last section, our formulas shown by Eqs. 
(18) to (23), may be used to analyze the measured results of Liu et al. [22] as follows:  
      Figure 3 in Ref. [22] for the cationic polymerization of EPOX showed that the BPC1/Iod 
system had the highest conversion (44%) due to its highest light absorption. The role of 
light absorption was shown by Eq. (A9) and (A10), in which the conversion rate is an 
increasing function of b, defined by b=83.6a’wq, where a’ is the molar extinction 
coefficient, w is the UV light wavelength and q is the triplet state quantum yield. BPC1-
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BPC4 have higher molar extinction coefficients than that of C5-C8; therefore the CP 
conversion rates of EPOX for the BPC1-BPC4/Iod systems are faster than C5-C8/Iod 
systems for the same initial concentration of PI and Iod. Fig. 3 of Liu et al. [22] may be 
compared with our Fig.2(A)here, where a higher Q value leads to larger steady-state 
conversion, as also shown by Eqs. (5) and (6). 
      Figure 4b in Ref. [22] showed that a higher FRP conversion of TMPTA in the presence 
of PI/EDB systems compared to that of the PI alone, shown by Fig. 4a. This enhanced 
polymerization is due to the increase of the conversion rate as shown by the additional 
term k2[B] of Eq. (20). EDB (or co initiator [B]), as a H donor, has an effective interaction 
with PI to generate radicals which promote the free radical polymerization, so the PI/EDB 
systems have better polymerization performance than the PI alone systems. Figure 4d of 
Ref. [22] showed that the FRP conversion of TMPTA initiated by PI/EDB/Iod (or A/B/C) 
systems was better than that by the PI/EDB (or A/B) and PI/Iod (or A/C) systems. This can 
be easily realized by our Eq. (1), that the conversion rate is an increasing function of 
kT+KS+k'R. That is, a 3-initiator system is more efficient than that of two (with [B] or [C]=0) 
and one initiator (with [B]=[C]=0) systems. In the PI/EDB/Iod system, the triple state (T) 
reacts with PI, EDB and Iod at the same time. There is a photoredox catalytic cycle in the 
3-initiator system and the regeneration of PI speeds up the polymerization, in additional 
to the free radicals (R, S and S’). Therefore, the PI/EDB/Iod systems have better 
polymerization performances than the PI/EDB and PI/Iod systems. 
    Figure 5 of Ref. [22] showed that the consumption rate of BPC1 in the BPC1/TEOA/Iod 
system was slower than in the BPC1/Iod system. The photoredox catalytic cycle in the 
three-component system could regenerate BPC1, as shown by Eq. (1) and (8). Figure 6 and 
S1 of Ref. [22] showed that the consumption rates of BPC1-BPC4 were faster than C5 and 
C7 due to the presence of the benzophenone moieties in the BPC1-BPC4 structures which 
promoted the reaction between PI and amine. The photolysis demonstrated the 
benzophenone-carbazole PIs had high reactivity. Higher reactivity of co-initiator 
benzophenone led to higher conversion, as shown by our Eq. (5) and (6) here. 
    Figure 7 of Ref. [22] showed the fluorescent properties as evidence of the interaction 
capacity of the PIs with the additives in the excited singlet state. The role of triple-state 
quantum yield (q) was also shown by the b factor of Eqs. (20) and (21). The fluorescence 
experiments demonstrated that the benzophenone-carbazole PIs could be quenched easily 
by additives. The high electron transfer quantum yields showed that electron transfer 
occurred effectively between the benzophenone-carbazole PIs and EDB/Iod and therefore, 
led to high polymerization conversions. These features are also predicted by our Eq. (5) 
and (6) here.  

5. Conclusions 
    This article presents, for the first time, the kinetics of the synergistic features of a 3-
initiator, [A], [B] and [C], system based on the measured data and proposed mechanism 
of Liu et al. [22]. The co-initiators [B] and [C] have dual functions of: (i) regeneration of 
initiator [A]; and (ii) generation of extra radicals. The synergistic effects led to higher 
conversions for FRP and CP. These features were also shown by the measured work of 
Liu et al. [22]. However, there are other theoretically predicted new features (findings) in 
this article, which were either not identified or explored by Liu et al. [22], including the 
following lists. 
(i) Co-initiator [C] always enhances both the FRP and CP conversions, whereas co-initiator 
[B] leads to a more efficient FRP, but it also consumes [C] and thus reduces CP conversion. 
(ii) The contribution of radical R for FRP could have two cases: (a) the linear case of R on 
T'=bIA0, or (b) the nonlinear square root dependence T0.5. However, the contribution from 
radical S has a linear dependence of T'=bIA0, The nonlinear feature is due to the 
bimolecular termination of radical R.  
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(iii) The steady state conversion profile of CP , as shown by Fig. 2 (B), reaches a constant 
and is independent of the light intensity, whereas higher light intensity caused a lower 
steady state value for the profile of FRP. 
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APPENDIX   
Derivation of kinetic equations  
The kinetic equations for our previous 2-initiator and 1-monomer system [24-26] 

were revised here for the 3-initiator and 2-monomer system, A/B/C/M/M', based on the 
schematic mechanisms of Eqs. (r1) to (r6) of Scheme 1 shown in the main text as follows. 
Also refer to the definitions shown in Fig. 1.  
𝜕𝜕[𝐴𝐴]
𝜕𝜕𝜕𝜕

 = − 𝑏𝑏𝑏𝑏(𝑧𝑧, 𝑡𝑡)[𝐴𝐴] + 𝑅𝑅𝑅𝑅𝑅𝑅                     (A1) 
𝜕𝜕[𝐵𝐵]
𝜕𝜕𝜕𝜕

= −(𝑘𝑘2𝑇𝑇 + 𝑘𝑘7𝑆𝑆′)[𝐵𝐵]                                  (A2) 
𝜕𝜕[𝐶𝐶]
𝜕𝜕𝜕𝜕

= −(𝑘𝑘3𝑇𝑇 + 𝑘𝑘6𝑅𝑅")[𝐶𝐶]                                  (A3) 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 = 𝑏𝑏𝑏𝑏(𝑧𝑧, 𝑡𝑡)[𝐴𝐴] − (𝑘𝑘5 + 𝑘𝑘1[𝐴𝐴]+𝑘𝑘2[𝐵𝐵]+𝑘𝑘3[𝐶𝐶] + 𝑘𝑘𝑘𝑘)𝑇𝑇    (A4) 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 = (𝑘𝑘1[𝐴𝐴]+𝑘𝑘2[𝐵𝐵])𝑇𝑇 − (𝑘𝑘𝑘𝑘 + 𝑘𝑘"𝑆𝑆 + 𝑘𝑘′𝑀𝑀)𝑅𝑅                 (A5) 
𝜕𝜕𝜕𝜕"
𝜕𝜕𝜕𝜕

 = 𝑘𝑘2[𝐵𝐵]𝑇𝑇 −  𝑘𝑘6𝑅𝑅"[𝐶𝐶]                   (A6) 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 =  𝑘𝑘3𝑇𝑇[𝐶𝐶] + 𝑘𝑘6𝑅𝑅"[𝐶𝐶] − 𝐾𝐾𝐾𝐾𝐾𝐾 − 𝑘𝑘"𝑅𝑅𝑅𝑅                  (A7) 
𝜕𝜕𝜕𝜕′
𝜕𝜕𝜕𝜕

 = 𝑘𝑘3𝑇𝑇[𝐶𝐶]  − 𝑘𝑘7[𝐵𝐵]𝑆𝑆′ − 𝐾𝐾′𝑆𝑆′𝑀𝑀′                         (A8) 

where RGE = k5T+k6R"[C]+k7S’[B]+kM, is the regeneration term of of [A]. b=83.6a’wq, 
where w is the UV light wavelength (in cm) and q is the triplet state, T, quantum yield; a’ 
is the mole absorption coefficient, in (1/mM/%) and I (z, t) is the light intensity, in mW/cm2. 
Greater details of the rate constants were defined previously in Ref. [26] and they are 
related by the coupling terms. For examples, kj (with j=1,2,3) are for the couplings of T and 
[A], [B], and [C], respectively; k6 and k7 are for the couplings of R and [C], and S’ and [B], 
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respectively; and kT is the bimolecular termination rate of S. The couplings among T, R, S, 
and S and M (M’) for polymerization are given by k8, k89, K and K’, respectively. 
     The monomers conversions for FRP and CP, given by M and M', resepctively, may be 
obtained by the following equations [23] 
 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 = −(𝑘𝑘𝑘𝑘 + 𝐾𝐾𝐾𝐾 + 𝑘𝑘′𝑅𝑅)𝑀𝑀                               (A9) 
 𝑑𝑑𝑑𝑑′
𝑑𝑑𝑑𝑑

 = −𝐾𝐾′𝑆𝑆′𝑀𝑀′                                    (A10)  

which are governed by the interaction of (T,R,S) and M; and S’ and M’, respectively. 
     We note that Eq. (A1) to (A10) are constructed for the specific system of Liu et al. [22], 
in which the following couplings (or effects) were ignored: oxygen inhibition, couplings 
of S and S’, R and S, R and [B], R and [A], S’ and [A] and the direct coupling of initiators, 
[A], [B], [C] and the monomers, M and M’ (type-I processes). For [A] alone, we assumed 
the FRP is mainly due to T and R, and the coupling of R’ and M was ignored here. We also 
limited here the FRP is dominated by the bimolecular termination of S, whereas CP is 
dominated by the unimolecular termination of S’. We have also reported results for more 
complex systems, including the above couplings and the oxygen inhibition effects [26].    
     For comprehensive modeling we will use the so-called quasi-steady state assumption 
[15, 18]. The life time of the singlet and triplet states of photosensitizer, and the radicals 
(R, S and S’) are very short, since they either decay or react with cellular matrix 
immediately after they are created. Thus, one may set dT/dt=dR/dt=dS’/dt=dR"/dt=0, 
which give the quasi-steady-state solutions: T=bIg[A], S’= k3[C]Tg' and S= 
(k3[C]+k2[B])Tg"; with g=1/(k5+k1[A]+k2[B]+k3[C]+kM), g’=1/(k7[B]+K'M') and g"=1 
/(k"R+KM). Under these quasi-steady-state conditions, RGE =T/g- k1[A]T= bI[A]- k1[A]T, 
and d[A]/dt = - (Ib[A]-RGE)= - k1[A]T. The approximated solution is given by [A]=A0 
exp[-X(t)], where X(t) is the time integral of k1T(t). Therefore, when k1=0, or there is a 
very weak type-I coupling with type-II dominant, d[A]/dt=0, which defines a perfect 
regeneration, or [A]=A0 is a constant. 
The steady state solution of Eq. (A7) is more complex, and is given by the solution of  
𝑘𝑘′𝑅𝑅2  + 𝐺𝐺𝐺𝐺 −  𝑃𝑃 = 0                                                    (A11) 
where G=k"S+k'M, and P= (k1[A]+k2[B])T. Solving for R, we obtain 

𝑅𝑅 = � 1
2𝑘𝑘′
� (−𝐺𝐺 + √𝐺𝐺2  + 4𝑘𝑘′𝐻𝐻 )                                         (A12) 

Analytic formulas of R can be obtained for two special cases.  
Case (i) for dominant unimolecular termination, or G>>k'P, we obtain R= P/G, which is a 
linear increasing function of (k1[A]+k2[B])T/(k"S+k'M).  
Case (ii) for dominant bimolecular termination, with P>> GR, we obtain, R=[P/k']0.5, a 
nonlinear function of [(k1[A]+k2[B])T/k']0.5, a square root function. 
   For analytic formulas we will consider a perfect catalytic cycle of the initiator, i.e., when 
G"=0, d[A]/dt=0, or [A]=A0, is a constant. Also, for the case that g=1/(kM), g'=1/(K'M') and 
g"=1/(KM), for [B]<<K'M', or [B]=0), such that S'= k3[C]T'/(kK'MM') and S= 
(k3[C]+k2[B])T'/(kKM2), with T'=bIA0. Using the first order solutions of M=M0, and M'=M'0 
and [C]=C0 exp(-dt), with d= k3T'/(kM0), we obtain the first-order solution [B]=B0 exp(-d't), 
with d'= k2T'/(kM0)+ k7k3T'[C0/(kM0K'M'0)]H(t), with H(t)=[ 1- exp(-dt)]/d, which allows us 
to find R, and solve for the efficacy of FRP and CP from Eq. (A9) and (A10) as follows. 
    The time integral of K'S' in Eq. (A10) leads to the solution fo CP, M'(t)= M0' - 
K'D(bIC0A0)H(t), with H(t)=[ 1- exp(-dt)]/d, and D= k7k3[C0/(kM0K'M'0). Therefore, the CE 
of CP is given by CE'=1-M/M0 , or  
CE'=K'D(bIC0A0)H(t),                                                   (A13) 
which has a transient state proportional to bIt, but a steady state given by 
CE'=K'D(bIC0A0)/d= K'D(C0A0)[k3/(kM0)], which is independent of the light intensity (I). 
(A13) is for the case that g’=1/(k7[B]+K'M')=1/(K'M'), when [B]=0. The second-order 
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solution of S' , in the presence of [B], leads to a revised formula CE"= [1- k7B0/(K'M0')] CE', 
with a reduction factor F'=1- k7B0/(K'M0'). This fomula is based on a perfect regeneration 
case. If we include the second-oder solution [A]=A0 exp[-X't], where X' is the time average 
of X(t), Eq. (A13) needs a revised H(t)=[ 1- exp(-d't)]/d', with a revised d'=d+X'. 
    Similarly, the time integral of K'S' in Eq. (A9) leads to the solution for FRP given by  
CE= (T'/M0)t+KD'H(t)+ KD"H'(t) + P'H"(t) ,                               (A14)   
 with H'(t)=[ 1- exp(-d't)]/d' ; D'= k3(C0/Q)T', D"= k2(B0/Q), with Q=(kK'M'0). And H"(t) 
depends on the solutions of R given by Eq. (A12) as follows. For case (i) R= [ 
(k1[A]+k2[B])T/(k'M)[ 1- k"S/(k'M0)], we obtain H"(t)= Pt+P'H"'(t), with H"'=[1- 
exp(d"t)]/d", with P= k1(A02/M0)T', , P'=k2(B0/M0)T', and d"= [ k2T'/(kM0)+ 
0.5k7k3T't[C0/(kM0K'M'0) ]t. For case (ii) k'R=[ k'(k1[A]+k2[B])T]0.5, we obtain H"(t)= 
Vt+V'H"'(t), with V= (k1 (A0M0)T')0.5, , V'=(k2 (B0M0)T')0.5. We note that all all the 4 terms in 
Eq. (A14) have transient state proportional to T't (or bItA0). In comparison, the steady 
state of H(t)=1/d', H"'(t)=1/d", which are independent to the light intensity (I). Similar to 
the CP case, we may include the second-oder solution [A]=A0 exp[-X't], with X' is the 
time average of X(t), then Eq. (A16) needs a revision factor such that T' is revised to 
T"=T'[ 1- exp(-X't)]/X', which has a steady state solution independent of the light 
intensity (I). 
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