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I. INTRODUCTION

Quantum gravity is a domain of theoretical physics for
exploring to describe gravity on the basis of principles of
quantum mechanics [1], when near compact astrophysical
objects, there are the strong effects of gravity.

The current gravitational theory is based on Einsteini-
an general relativity in classical physics, and the oth-
er three physical fundamental forces are represented in
quantum field theory, they are very different formalisms
for explaining different physical phenomena [2]. Quan-
tum gravity is necessary when people’s studies are from
classical physics to quantum physics [3–6].

Quantum gravity may reconcile general relativity with
quantum mechanics, there exist difficulties when quan-
tum field theory is used to gravitational theory by gravi-
ton bosons [7], and the deduced theory is not renormaliz-
able (e.g., the theory shows infinite values of observable
quantities, for instance, the masses of particles). There-
fore, theorists have done a lot of research works in order
to overcome the problems of quantum gravity. Super-
string theory unifying gravity with the other three funda-
mental forces and loop quantum gravity no such attempt
are the good candidates for overcoming the problems of
quantum gravity [8], and both superstring theory and
loop quantum gravity all quantize the gravitational field-
s.

Quantum gravity shows the quantum behavior of the
gravitational field, and superstring theory of unifying
grand unified theory and gravitational theory may be
viewed as a theory of everything. The investigations of

quantum gravity are domains having different approach-
es for the unification.

Up to now, no less, at least, than 16 major interesting
approaches for quantum gravity have been shown in the
literature [9] in alphabetical order as follows:

Affine quantum gravity [10]; Asymptotic quantization
[11, 12]; Canonical quantum gravity [13–16]; Condensed-
matter view [17]; Manifestly covariant quantization [18–
24]; Euclidean quantum gravity [25, 26]; Lattice formu-
lation [27, 28]; Loop space representation [29, 30]; Non-
commutative geometry [31]; Quantum topology [32], [33];
Renormalization group and asymptotic safety [34, 35]; R-
squared gravity [36]; String and brane theory [37–40]; Su-
pergravity [41, 42]; Triangulations [43–45] and null-strut
calculus [46]; Twistor theory [47, 48].

Quantum gravitational effects evidently show at scales
near the Planck scale and equivalently far larger energy,
which is far larger than that of current high energy parti-
cle accelerators. Consequently, there are not experimen-
tal data distinguishing the proposed competing theories,
but thought experimental methods are presented as the
testing methods of the competing theories [49–51].

The quantization of gravity, up to now, remains a
formidable problem for physicists. Although superstring
theory has made some progress in quantizing gravity,
many profound questions still remain unanswered [52].

Meshing all these theories at all energy scales is rele-
vant to the different assumptions how the universe work-
s. General relativity shows that ”spacetime tells matter
how to move; matter tells spacetime how to curve.”[53].
Quantum field theory is formulated according to special

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 18 November 2021                   doi:10.20944/preprints202107.0054.v3

©  2021 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202107.0054.v3
http://creativecommons.org/licenses/by/4.0/


2

relativity in the flat spacetime. When treating gravita-
tion as a simple quantum field, which will result in that
the theory is not renormalizable [7]. Quantizing gravity
becomes key challenges, and is no longer applicable in
flat spacetime [54].

Quantum gravitational theory is widely hoped to un-
derstand the origin of the universe and the behaviors of
black holes [55]. Some different quantum physics systems
are investigated [56], and Minimal area surfaces dual to
Wilson loops are studied [57].

The appearance of singularity of infinite large of space-
time curvature in general relativity (meaning its struc-
ture has a microscopic scale) requires the establishment
of a complete theory of quantum gravity. The quantum
gravitational theory needs to be able to describe the con-
ditions inside black holes and in the very early universe,
where gravity and the related spacetime geometry need
to be described in quantized formulism. Despite lots of
efforts by physicists and the developments of some po-
tential candidate theories, humans have yet to come up
with a complete and self-consistent theory of quantum
gravity. This paper wants to solve the problems in order
to give a complete and self-consistent general theory of
quantum gravity.

Especially, after having done almost all sorts of the
great efforts, e.g., see refs. [58–61], theoretical physi-
cists, all over the world, doing research on modern field
theory still don’t know and haven’t found the general
theory of quantum gravity. All these very hard prob-
lems can be called as quantum gravity puzzles. In order
to solve the puzzles of quantum gravity, so the experts
in quantum gravity try to study different kinds of gravi-
ty, specially, the gravity of black holes and their related
quantization, try to find out the most general character-
istics of quantum gravity, so as to establish the general
theory of quantum gravity.

In this paper, according to the general method of
canonical field theory in modern quantum field theory, we
not only find and establish the general canonical quan-
tum gravity theory, but also give their application to the
Universe and general black hole, i.e., we deduce the ge-
neal canonical quantum gravity theories of the Universe
and general black hole.

The arrangement of this paper is: Sect. 2 gives canon-
ical conjugate momentum opretors corresponding gravi-
tational field operators, Sect. 3 studies energy of gravita-
tional field of the standard gravtational Lagrangian, Sec-
t.4 shows further investigations of quantization of quan-
tum gravitational fields, Sect.5 investigates commutation
relation for gravitational fields and the first style of mo-
menta, Sect. 6 shows commutation relation for grav-
itational fields and the second style of momenta, Sec-
t. 7 studies commutation relation for graviational fields
and the third style of momenta, Sect.8 shows the general
canonical quantum gravity of the Universe, and Sect. 9
gives the general canonical quantum gravity of general

black hole, Sect. 10 is summary and conclusion.

II. CANONICAL CONJUGATE MOMENTUM
OPRETORS CORRESPONDING

GRAVITATIONAL FIELD OPERATORS

We generally consider granvitational field operators

ĝµν(x) = ĝνµ(x), µ, ν = 0, 1, 2, 3, (2.1)

thus there are ten independent components.
We need to specially stress that our investigations in

this paper are very general for the standard gravitational
field Lagrangian that has gotten the huge successes in
classical physics, and are not dependent on any concrete
metric model through the whole paper. Thus, the studies
of this paper is of the general theory of quantum gravity.

When we generalize coordinate operators and canoni-
cal momentum operators of finite degrees of freedom to
gravity field operators and its canonical conjugate mo-
menta of infinite degrees of freedom, physics consistence
requires us to generalize commutation relation of coor-
dinate operators and momentum operators in the first
quantization to commutation relation of gravity field op-
erators and its canonical conjugate momenta

[ĝµν(x, t), π̂αβ(x′, t′)]t=t′ = i∆αβ
µν δ(x− x′), (2.2)

where ∆αβ
µν is a general operator function decided by sat-

isfying some conditions of this system, the corresponding
canonical momentum is

πµν(x, t) =
∂L

∂∂tgµν(x, t)
→ π̂µν(x, t) =

∂L̂
∂∂tĝµν(x, t)

,

(2.3)

L = κR = κgαβRαβ , (2.4)

where L, R and κ are the standard Lagrangian density of
general relativity [62], the scalar curvature and the cou-
pling constant of the general gravity system, respectively.

Generally taking the standard Lagrangian density (2.4)
of this system and using eq.(2.3), we get

πµν(x, t) =
∂L

∂∂tgµν(x, t)
= κgαβ

∂Rαβ
∂∂tgµν(x, t)

. (2.5)

Putting

Rαβ = Γσασ,β − Γσαβ,σ + ΓσρβΓρασ − ΓσρσΓραβ (2.6)

into eq.(2.5), it follows that
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πµν(x, t) = κgαβ
∂(Γσασ,β − Γσαβ,σ + ΓσρβΓρασ − ΓσρσΓραβ)

∂∂tgµν(x, t)
.

(2.7)
Using connection

Γσρβ =
1

2
gσγ(gγβ,ρ + gργ,β − gρβ,γ), (2.8)

eq.(2.7) can be rewritten as

πtµν(x, t) = κgαβ
∂

∂∂tgµν(x, t)
[

1

2
gσγ,β (gγσ,α + gαγ,σ − gασ,γ)− 1

2
gσγ,σ (gγβ,α + gαγ,β − gαβ,γ)

+
1

2
gσγ(gγβ,ρ + gργ,β − gρβ,γ)

1

2
gργ(gγσ,α + gαγ,σ − gασ,γ)

−1

2
gσγ(gγσ,ρ+ gργ,σ− gρσ,γ)

1

2
gργ(gγβ,α+ gαγ,β− gαβ,γ)].

(2.9)
Using formulae

gσµgµβ,ρ = −gσµ,ρ gµβ , gσµgµβ,ρgβα = −gσµ,ρ gµβgβα = −gσα,ρ ,
(2.10)

eq.(2.9) can be reexpressed as

πtµν(x, t) = κgαβ [
−1

2
gστδtβδ

µ
τ δ
ν
ε g
εγ(gγσ,α+gαγ,σ−gασ,γ)

−1

2
gστgτε,βg

εγ(δtαδ
µ
γ δ
ν
σ + δtσδ

µ
αδ
ν
γ − δtγδµαδνσ)

+
1

2
gστδtσδ

µ
τ δ
ν
ε g
εγ(gγβ,α + gαγ,β − gαβ,γ)

+
1

2
gστgτε,σg

εγ(δtαδ
µ
γ δ
ν
β + δtβδ

µ
αδ
ν
γ − δtγδµαδνβ) +

1

4
gσγ(δtρδ

µ
γ δ
ν
β

+δtβδ
µ
ρ δ
ν
γ − δtγδµρ δνβ)gργ

′
(gγ′σ,α + gαγ′,σ − gασ,γ′) +

1

4
gσγ(

gγβ,ρ + gργ,β − gρβ,γ)gργ
′
(δtαδ

µ
γ′δ

ν
σ + δtσδ

µ
αδ
ν
γ′ − δtγ′δµαδ

ν
σ)−

1

4
gσγ(δtρδ

µ
γ δ
ν
σ+δtσδ

µ
ρ δ
ν
γ−δtγδµρ δνσ)gργ

′
(gγ′β,α+gαγ′,β−gαβ,γ′)

−1

4
gσγ(gγσ,ρ+gργ,σ−gρσ,γ)gργ

′
(δtαδ

µ
γ′δ

ν
β+δtβδ

µ
αδ
ν
γ′−δtγ′δµαδ

ν
β)].

(2.11)
For convenience and simplicity and no losing generali-

ty, we transform eq.(2.11) as coveriant 3-order tensor

πλθχ(x, t) = gτλgµθgνχπ
τµν(x, t) =

κ[
−1

2
gτλgµθgνχg

αβgστ
′
δτβδ

µ
τ ′δ

ν
ε g
εγ(gγσ,α + gαγ,σ − gασ,γ)

−1

2
gτλgµθgνχg

αβgστ
′
gτ ′ε,βg

εγ(δταδ
µ
γ δ
ν
σ + δτσδ

µ
αδ
ν
γ − δτγδµαδνσ)

+
1

2
gτλgµθgνχg

αβgστ
′
δτσδ

µ
τ ′δ

ν
ε g
εγ(gγβ,α + gαγ,β − gαβ,γ)

+
1

2
gτλgµθgνχg

αβgστ
′
gτ ′ε,σg

εγ(δταδ
µ
γ δ
ν
β + δτβδ

µ
αδ
ν
γ − δτγδµαδνβ)

+
1

4
gτλgµθgνχg

αβgσγgργ
′
(δτρδ

µ
γ δ
ν
β + δτβδ

µ
ρ δ
ν
γ − δτγδµρ δνβ)(

gγ′σ,α + gαγ′,σ − gασ,γ′) +
1

4
(gγβ,ρ + gργ,β − gρβ,γ

)gτλgµθgνχg
αβgσγgργ

′
(δταδ

µ
γ′δ

ν
σ + δτσδ

µ
αδ
ν
γ′ − δτγ′δµαδ

ν
σ)

−1

4
gτλgµθgνχg

αβgσγgργ
′
(δτρδ

µ
γ δ
ν
σ + δτσδ

µ
ρ δ
ν
γ − δτγδµρ δνσ

)(gγ′β,α + gαγ′,β − gαβ,γ′)− 1

4
(gγσ,ρ + gργ,σ − gρσ,γ

)gτλgµθgνχg
αβgσγgργ

′
(δταδ

µ
γ′δ

ν
β + δτβδ

µ
αδ
ν
γ′ − δτγ′δµαδ

ν
β)].
(2.12)

Using eq.(2.12), we finally achieve

πλθχ(x, t) = gτλgµθgνχπ
τµν(x, t) = κ[

−3

2
gχθ,λ+gλθ,χ+

1

2
gλχg

,α
αθ+

3gλθg
,α
αχ

2
−gθχg,αλα−

gλχg
αβgαβ,θ
4

−3gλθg
αβgαβ,χ
4

+
gθχg

αβgαβ,λ
2

].

(2.13)
where the detail calculations see appendix A in supplied
net material.

III. ENERGY OF GRAVITATIONAL FIELD OF
THE STANDARD GRAVITATIONAL

LAGRANGIAN

Using action (2.4) of gravitational field of the standard
gravtational Lagrangian

A =

∫
L
√
−gdx4 =

∫
κR
√
−gdx4, (3.1)

we get the energy of gravitational field of the standard
gravtational Lagrangian

H =

∫
(πµν(x, t)gµν,t(x, t)− L)

√
−gdx4 =
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4∫
κ(

gαβ∂Rαβ
∂∂tgµν(x, t)

gµν,t(x, t)−R)
√
−gdx4. (3.2)

Eq.(3.2) means that if taking

πµν(x, t)] =
∂L

∂∂tgµν(x, t)
= κ
√
−g ∂R

∂∂tgµν(x, t)
, (3.3)

then the canonical momentum needs not to differenti-
ate
√
−g in eq.(3.3), consequently, taking eq.(2.5) as the

canonical momentum is consistent and the most econom-
ic, or all momenta will be with

√
−g througth the whole

paper.

Using eq.(2.13), we deduce three order contravariant
tensor

πγα
′β′

(x, t) = gγλgα
′θgβ

′χπλθχ(x, t) = gγλgα
′θgβ

′χgτλgµθ·

gνχπ
τµν(x, t) = πγα

′β′
(x, t) = κ[

−3

2
gγλgα

′θgβ
′χgχθ,λ+

gγλgα
′θgβ

′χgλθ,χ+
1

2
gγλgα

′θgβ
′χgλχg

,α
αθ+

3

2
gγλgα

′θgβ
′χgλθg

,α
αχ

−gγλgα
′θgβ

′χgθχg
,α
λα −

1

4
gγλgα

′θgβ
′χgλχg

αβgαβ,θ

−3

4
gγλgα

′θgβ
′χgλθg

αβgαβ,χ+
1

2
gγλgα

′θgβ
′χgθχg

αβgαβ,λ] = κ[−

3

2
gβ

′α′,γ+gγα
′,β′

+
1

2
gα

′θgγβ
′
g,ααθ+

3

2
gβ

′χgγα
′

λθ g
,α
αχ−gγλgα

′β′
g,αλα

−1

4
gγβ

′
gαβg,α

′

αβ −
3

4
gγα

′
gαβg,β

′

αβ +
1

2
gα

′β′
gαβg,γαβ ]. (3.4)

Because the index γ is relevant to the time derivative,
we take γ as t in eq.(3.4), then we get the two order
contravariant tensor

πµν(x, t) ≡ πtµν(x, t) = κ(
−3

2
gµν,t + gtµ,ν

+
1

2
gµθgtνg,ααθ +

3

2
gνχgtµg,ααχ − gtλgµνg

,α
λα−

1

4
gtνgαβg,µαβ −

3

4
gtµgαβg,ναβ +

1

2
gµνgαβg,tαβ). (3.5)

Substituting eq.(3.5) into eq.(3.2), we deduce

H =

∫
(πµν(x, t)gµν,t(x, t)− L)

√
−gdx4 =

H =

∫
κ[(
−3

2
gµν,t + gtµ,ν +

1

2
gµθgtνg,ααθ+

3

2
gνχgtµg,ααχ − gtλgµνg

,α
λα −

1

4
gtνgαβg,µαβ −

3

4
gtµgαβg,ναβ

+
1

2
gµνgαβg,tαβ))gµν,t(x, t)− gαβRαβ ]

√
−gdx4. (3.6)

It is very easy to calculate the standard gravitational
system energy eq.(3.6) when substituting concrete metric
models into eq.(3.6).

IV. FURTHER INVESTIGATIONS OF
QUANTIZATION OF QUANTUM

GRAVITATIONAL FIELDS

Because commutation relations of different fields and
their canonical momenta play very key role in quantiza-
tion theory, we now study the commutation relations.

For convenience and no losing generality, using e-
q.(3.5), we can define

πµν(x, t) ≡ π(0)µν(x, t) + π′(1)µν(x, t) + π′(2)µν(x, t)

+π′(3)µν(x, t) = π(3)µν(x, t) = π′(3)µν(x, t)+

π(2)µν(x, t) = π′(3)µν(x, t) + π′(2)µν(x, t) + π(1)µν(x, t),
(4.1)

where

π(0)µν(x, t) = κ
−3

2
gµν,t, (4.2)

π′(1)µν(x, t) = κgtµ,ν , (4.3)

π′(2)µν(x, t) = κ(
1

2
gµθgtνg,ααθ +

3

2
gνχgtµg,ααχ− gtλgµνg

,α
λα),

(4.4)

π′(3)µν(x, t) = κ(
1

2
gµνgαβg,tαβ−

1

4
gtνgαβg,µαβ−

3

4
gtµgαβg,ναβ).

(4.5)
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For [ĝµν(x, t), π̂(0)αβ(x′, t′)]t=t′ , we may define

π̂(0)µν(x, t) = −i ∂

∂ĝµν(x, t)
, (4.6)

then the classical Poisson bracket for any operators needs
to be taken as

{X̂(x, t), Ŷ (x′, t′)}pb,t=t′ =

∫
(
∂X̂(x)

∂ĝµν(y)

∂Ŷ (x′)

∂π̂(0)µν(y)
− ∂X̂(x)

∂π̂(0)µν(y)

∂Ŷ (x′)

∂ĝµν(y)
)pb,t=t′dy,

(4.7)
so that we can obtain the consistent theory between oper-
ator commutation relations and classical Poisson brack-
ets.

Therefore, we naturally have commutation relation of
field operator and its canonical conjugate momentum in
the quantization for infinite degrees of freedom

1

i
[ĝµν(x, t), π̂(0)αβ(x′, t′)]t=t′ =

1

i
[ĝµν(x, t),−i ∂

∂ĝαβ(x′, t)
]t=t′

= δαµδ
β
ν δ(x− x′) = ∆(0)αβ

µν δ(x− x′) = −ĝµν(x, t)
∂

∂ĝαβ(x, t)

+ĝµν(x, t)
∂

∂ĝαβ(x, t)
+
∂ĝµν(x, t)

∂ĝαβ(x, t)
=

∫
(

∂ĝµν(x, t)

∂ĝρσ(y)

∂π̂(0)αβ(x′, t′)

∂π̂(0)ρσ(y)
− ∂ĝµν(x, t)

∂π̂(0)ρσ(y)

∂π̂(0)αβ(x′, t′)

∂ĝρσ(y)

)pb,t=t′=tydy = {ĝµν(x, t), π̂(0)αβ(x′, t′)}pb,t=t′ , (4.8)

where {ĝµν(x, t), π̂(0)αβ(x′, t′)}pb,t=t′ is classical Poisson
bracket for infinite degrees of freedom.

For infinite degrees of freedom and similar to investi-
gations on Eq.(4.8), we have

1

i
[ĝµν(x, t), ĝαβ(x′, t)]t=t′ =

1

i
[ĝµν(x, t)ĝαβ(x′, t)−

ĝαβ(x′, t)ĝµν(x, t)]t=t′ = 0 =

∫
(
∂ĝµν(x, t)

∂ĝρσ(y)

∂ĝαβ(x′, t′)

∂π̂(0)ρσ(y)
−

∂ĝµν(x, t)

∂π̂(0)ρσ(y)

∂ĝαβ(x′, t′)

∂ĝρσ(y)
)pb,t=t′=tydy = {ĝµν(x, t), ĝαβ(x′, t′)}pb,t=t′

(4.9)

1

i
[π̂(0)µν(x, t), π̂(0)αβ(x′, t′)]t=t′ =

1

i
[π̂(0)µν(x, t)π̂(0)αβ(x′, t′)

−π̂(0)αβ(x′, t′)π̂(0)µν(x, t)]t=t′ = 0 =

∫
(

∂π̂(0)µν(x, t)

∂ĝρσ(y)

∂π̂(0)αβ(x′, t′)

∂π̂(0)ρσ(y)
−∂π̂

(0)µν(x, t)

∂π̂(0)ρσ(y)

∂π̂(0)αβ(x′, t′)

∂ĝρσ(y)

)pb,t=t′=tydy = {π̂(0)µν(x, t), π̂(0)αβ(x′, t′)}pb,t=t′ .
(4.10)

Using the investigations of this section, we can give
many important investigations. In terms of the detailed
argument in this section, we do find that, for the com-
mutative relations of operators, people can do exact cal-
culations directly with the classical Poisson’s bracket of
operators because they are completely equivalent by the
relations above.

V. COMMUTATION RELATION FOR
GRAVITATIONAL FIELDS AND THE FIRST

STYLE OF MOMENTA

We further consider the commutation relation for
gravitational fields and the first style of momenta
π̂(1)αβ(x′, t′)

1

i
[ĝµν(x, t), π̂(1)αβ(x′, t′)]t=t′ =

1

i
[ĝµν(x, t), π̂(0)αβ(x′, t′)]t=t′

+
1

i
[ĝµν(x, t), π̂′(1)αβ(x′, t′)]t=t′ =

1

i
[ĝµν(x, t), π̂(0)αβ(x′, t′)

]t=t′+
1

i
[ĝµν(x, t), κgtα,β ]t=t′ =

1

i
[ĝµν(x, t), π̂(0)αβ(x′, t′)]t=t′+

∫
(
∂ĝµν(x, t)

∂ĝρσ(y)

∂(κgtα,β)

∂(κ−32 g
ρσ,t)

− ∂ĝµν(x, t)

∂π̂(0)ρσ(y)

∂π̂′(1)αβ(x′, t′)

∂ĝρσ(y)

)pb,t=t′=tydy = {ĝµν(x, t), π̂(1)αβ(x′, t′)}pb,t=t′ . (5.1)

Thus we can further deduce

1

i
[ĝµν(x, t), π̂(1)αβ(x′, t′)]t=t′ = δαµδ

β
ν δ(x− x′)

−2

3

∫
(δρµδ

σ
ν δ(x− y)δtρδ

α
σ δ

β
t δ(x

′−y))pb,t=t′=tydy

= δαµδ
β
ν δ(x− x′)− 2

3
δtµδ

α
ν δ(x− x′)δβt

= (δαµδ
β
ν −

2

3
δβµδ

α
ν )δ(x− x′) = ∆(1)αβ

µν δ(x− x′), (5.2)

where the first term and the second term on right side
of eq.(5.2) are linear terms, which shows the only linear
property of the standard gravitational Lagrangian, the
nonlinear property will be shown in the following higher
order term studies.
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VI. COMMUTATION RELATION FOR
GRAVITATIONAL FIELDS AND THE SECOND

STYLE OF MOMENTA

We now consider the commutation relation for grav-
itational fields and the second style of momenta
π̂(2)αβ(x′, t′)

1

i
[ĝµ′ν′(x, t), π̂(2)µν(x′, t′)]t=t′ =

1

i
[ĝµ′ν′(x, t), π̂(1)µν(x′, t′)

]t=t′+
1

i
[ĝµ′ν′(x, t), π̂′(2)µν(x′, t′)]t=t′ =

1

i
[ĝµ′ν′(x, t), π̂(1)µν(

x′, t′)]t=t′ +
1

i
[ĝµ′ν′(x, t), κ(

1

2
gµθgtνg,ααθ +

3

2
gνχgtµg,ααχ−

gtλgµνg,αλα)]t=t′ =
[ĝµ′ν′(x, t), π̂(1)µν(x′, t′)]t=t′

i
+

∫
(
∂ĝµ′ν′(x, t)

∂ĝρσ(y)

·
∂κ( 1

2g
µθgtνgαγgαθ,γ + 3

2g
νχgtµgαγgαχ,γ − gtλgµνgαγgλα,γ)

∂(κ−32 g
ρσ,t)

)pb,t=t′=tydy = {ĝµ′ν′(x, t), π̂(2)µν(x′, t′)}pb,t=t′ =
1

i
[

ĝµ′ν′(x, t), π̂(1)µν(x′, t′)]t=t′+

∫
dy(

∂ĝµ′ν′(x, t)

∂ĝρσ(y)

∂

∂(κ−32 g
ρσ,t)

κ(
gµθgtνgαγgαθ,γ

2
+

3

2
gνχgtµgαγgαχ,γ−gtλgµνgαγgλα,γ))t=t′=ty .

(6.1)
Using

gσµgµβ,ρ = −gσµ,ρ gµβ , gασgσµgµβ,ρ = −gασgσµ,ρ gµβ = gαβ,ρ,
(6.2)

we can have

π̂′(2)µν(x′, t′) = κ(
1

2
gµθgtνgαγgαθ,γ +

3

2
gνχgtµgαγgαχ,γ−

gtλgµνgαγgλα,γ) = κ(−
gµθgtνgαγgασg

σµ′

,γ gµ′θ

2
−3gνχgtµgαγ(

2

gασg
σµ′

,γ gµ′χ)−gtλgµνgαγ(−gλµ′gµ
′σ
,γ gσα)) = κ(

1

2
gµθgtν(−

gασg
σµ′,αgµ′θ) +

3

2
gνχgtµ(−gασgσµ

′,αgµ′χ)− gtλgµν(−

gλµ′gµ
′σ,αgσα)) = κ(

1

2
gtν(−gασgσµ,α)+

3

2
gtµ(−gασgσν,α)−gµν(−gtσ,αgσα)).

(6.3)
Putting eq.(6.3) into eq.(6.1), we have

1

i
[ĝµ′ν′(x, t), π̂(2)µν(x′, t′)]t=t′ =

1

i
[ĝµ′ν′(x, t), π̂(1)µν(x′, t′)]t=t′

+κ

∫
dy(

∂ĝµ′ν′(x, t)

∂ĝρσ′(y)

∂

∂(κ−32 g
ρσ′,t)

(
1

2
gtν(−gασgσµ,α)

+
3

2
gtµ(−gασgσν,α)− gµν(−gtσ,αgσα))pb,t=t′=ty

=
1

i
[ĝµ′ν′(x, t), π̂(1)µν(x′, t′)]t=t′+

∫
dy(δρµ′δ

σ′

ν′ δ(x− y)(−

gtνgασδ
σ
ρ δ

µ
σ′δαt

2
+

3gtµ(−gασδσρ δνσ′δαt )

2
+

gµνδtρδ
σ
σ′δαt gσα)δ(y − x′) =

1

i
[ĝµ′ν′(x, t), π̂(1)µν(x′, t′)]t=t′+

(δρµ′δ
σ′

ν′ κ(
1

2
gtν(−gασδσρ δ

µ
σ′δ

α
t ) +

3

2
gtµ(−gασδσρ δνσ′δαt )−

gµν(−δtρδσσ′δαt gσα))δ(x− x′) =
1

i
[

ĝµ′ν′(x, t), π̂(1)µν(x′, t′)]t=t′+((
1

2
gtν(−gtµ′δµν′)+

3

2
gtµ(−gtµ′δνν′)

−gµν(−δtµ′gν′t))δ(x− x′) =
1

i
[ĝµ′ν′(x, t), π̂(1)µν(x′, t′)]t=t′

+((−1

2
δνµ′δ

µ
ν′)−

3

2
δµµ′δ

ν
ν′ − gµνgν′µ′)δ(x− x′). (6.4)

Putting eq.(5.2) into eq.(6.4), it follows that

1

i
[ĝµ′ν′(x, t), π̂(2)µν(x′, t′)]t=t′ = (δµµ′δ

ν
ν′−

2

3
δνµ′δ

µ
ν′)δ(x− x′)

+((−1

2
δνµ′δ

µ
ν′)−

3

2
δµµ′δ

ν
ν′ − gµνgν′µ′)δ(x− x′) = −(

1

2
δνµ′δ

µ
ν′ +

7

6
δµµ′δ

ν
ν′ +gµνgν′µ′)δ(x− x′) = ∆

(2)µν
µ′ν′ δ(x− x′),

(6.5)
where the first term and the second term on right side of
eq.(6.5) are linear terms, the third term is nonlinear ter-
m, which shows the nonlinear property of the nonlinear
system of the standard gravitational Lagrangian.
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VII. COMMUTATION RELATION FOR
GRAVIATIONAL FIELDS AND THE THIRD

STYLE OF MOMENTA

We now consider the commutation relation for gravita-
tional fields and the third style of momenta π̂(3)αβ(x′, t′)

1

i
[ĝµ′ν′(x, t), π̂(3)µν(x′, t′)]t=t′ =

1

i
[ĝµ′ν′(x, t), π̂(2)µν(x′, t′)

]t=t′+
1

i
[ĝµ′ν′(x, t), π̂′(3)µν(x′, t′)]t=t′ =

1

i
[ĝµ′ν′(x, t), π̂(2)µν(

x′, t′)]t=t′ +
1

i
[ĝµ′ν′(x, t), κ(

1

2
gµνgαβg,tαβ −

1

4
gtνgαβg,µαβ

−3

4
gtµgαβg,ναβ)]t=t′ =

1

i
[ĝµ′ν′(x, t), π̂(2)µν(x′, t′)]t=t′+

κ

∫
(
∂ĝµ′ν′(x, t)

∂ĝρσ(y)

∂( 1
2g
µνgαβg,tαβ −

1
4g
tνgαβg,µαβ −

3
4g
tµgαβg,ναβ)

∂(κ−32 g
ρσ,t)

)pb,t=t′=tydy = {ĝµ′ν′(x, t), π̂(3)µν(x′, t′)}pb,t=t′ . (7.1)

Using eq.(4.5), we have

π′(3)µν(x, t) = κ(
1

2
gµνgαβg,tαβ−

1

4
gtνgαβg,µαβ−

3

4
gtµgαβg,ναβ).

= κ(
1

2
gµνgαβgtγ(−gασgσε,γ gεβ)− 1

4
gtνgαβgµγ(−gασgσε,γ gεβ)

−3

4
gtµgαβgνγ(−gασgσε,γ gεβ))

= κ(
1

2
gµν(−gβε,tgεβ)−1

4
gtν(−gβε,µgεβ)−3

4
gtµ(−gβε,νgεβ)).

(7.2)
Putting eq.(7.2) into eq.(7.1), we deduce

1

i
[ĝµ′ν′(x, t), π̂(3)µν(x′, t′)]t=t′ =

1

i
[ĝµ′ν′(x, t), π̂(2)µν(x′, t′)

]t=t′ +

∫
dy(

∂ĝµ′ν′(x, t)

∂ĝρσ(y)

∂

∂(κ−32 g
ρσ,t)

κ(
1

2
gµν(−gβε,tgεβ)

−1

4
gtν(−gβε,µgεβ)− 3

4
gtµ(−gβε,νgεβ)))pb,t=t′=ty

=
1

i
[ĝµ′ν′(x, t), π̂(2)µν(x′, t′)]t=t′ +

∫
dy(δρµ′δ

σ
ν′δ(x− y)·

(
2

3
gµν(δβρ δ

ε
σδ
t
tgεβ)+

1

6
gtν(−δβρ δεσδ

µ
t gεβ)+

1

2
gtµ(−δβρ δεσδνt gεβ)

)pb,t=t′=ty =
1

i
[ĝµ′ν′(x, t), π̂(2)µν(x′, t′)]t=t′+

∫
dy(δ(x− y)·

(
2

3
gµνgν′µ′+

1

6
gµν(−gν′µ′)+

1

2
gνµ(−gν′µ′))pb,t=t′=tyδ(x

′−y)

=
1

i
[ĝµ′ν′(x, t), π̂(2)µν(x′, t′)]t=t′+(δ(x− x′)·(0))pb,t=t′=ty =

−(
1

2
δνµ′δ

µ
ν′+

7

6
δµµ′δ

ν
ν′+gµνgν′µ′)δ(x− x′) =∆

(3)µν
µ′ν′ δ(x− x′).

(7.3)
It is interesting that eq.(7.3) has nothing to do with

π̂′(3)µν(x′, t′), and is only relevant to π̂(2)µν(x′, t′), these

charactors just reflect the symmetric property ∆
(3)αβ
µν =

∆
(2)αβ
µν of the nonlinear system of the standard gravita-

tional Lagrangian.

Using eq.(7.3) and taking (µ′, ν′) = (µ, ν), we have

1

i
[ĝµν(x, t), π̂(3)µν(x′, t′)]t=t′ = −(

1

2
δνµδ

µ
ν+

7

6
δµµδ

ν
ν+gµνgνµ

)δ(x− x′) = −(
2

3
+ 24)δ(x− x′) =∆(3)µν

µν δ(x− x′)

(7.4)
When the repeating indexes don’t sum up, eq.(7.4) is

1

i
[ĝµν(x, t), π̂(3)µν(x′, t′)]t=t′ = −(

1

2
δνµδ

µ
ν +

1

6

+2)δ(x− x′) =∆(3)µν
µν δ(x− x′) (7.5)

Eqs.(7.3)-(7.5) mean that the cananical momenta of
the general metric tensor operators ĝµν(x, t) are the
total momenta π̂(3)µν(x′, t′), the different coefficients
−( 1

2δ
ν
µδ
µ
ν + 7

6δ
µ
µδ
ν
ν + gµνgνµ) show their different commu-

tation relations.

VIII. QUANTUM GRAVITY OF THE UNIVERSE

We now give applications of the general theory of quan-
tum gravity to gravitational fields of the Universe, name-
ly, give quantum gravity of the Universe.

For the key FRW metrics in current cosmology [62]

ds2 = dt2 −R(t)[
dr2

1− κr2
+ r2dθ2 + r2 sin2 θdϕ2 (8.1)
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where R(t) is the scale factor of the universe and κ =
1, 0,−1, which correspond to closed universe, flat uni-
verse and negative curvature universe respectively. Using
eqs.(7.3) and (8.1), we have

1

i
[ĝ00(x, t), π̂T00(x′, t′)]t=t′ = −(

1

2
δ00δ

0
0 +

7

6
δ00δ

0
0+

g00g00)δ(x− x′) = −8

3
δ(x− x′) =∆T00

00 δ(x− x′), (8.2)

1

i
[ĝrr(x, t), π̂

Trr(x′, t′)]t=t′= −
8

3
δ(x− x′) =∆Trr

rr δ(x− x′),

(8.3)

1

i
[ĝθθ(x, t), π̂

Tθθ(x′, t′)]t=t′= −
8

3
δ(x− x′) =∆Tθθ

θθ δ(x− x′),

(8.4)

1

i
[ĝϕϕ(x, t), π̂Tϕϕ(x′, t′)]t=t′= −

8δ(x− x′)

3
=∆Tϕϕ

ϕϕ δ(x− x′),

(8.5)
where T is the total in the canonical momentum field-
s. The other commutation relations of gravitational ten-
sor fields ĝµ′ν′(x, t) and thier canonical total momentum
fields π̂Tµν(x′, t′) are zero, which and eqs.(8.2)-(8.5) just
show the homogeneity and isotropy of the Universe.

∆T00
00 = ∆Trr

rr = ∆Tθθ
θθ = ∆Tϕϕ

ϕϕ = −8
3 just show that

our universe is the homogeneity and isotropy at large
scale.

IX. QUANTUM GRAVITY OF GENERAL
BLACK HOLE

We now present applications of the general theory of
quantum gravity to gravitational fields of general black
hole, namely, give quantum gravity of general black hole.

For the gravitatiional fields of the most general black
hole, i.e., the metrics of Kerr-Newman black hole [62]

ds2 = (1− 2mr −Q2

r2 + a2 cos2 θ
)dt2 − r2 + a2 cos2 θ

r2 + a2 − 2mr +Q2
dr2

−(r2 + a2 cos2 θ)dθ2 − [(r2 + a2) sin2 θ+

(2mr −Q2)a2 sin4 θ

r2 + a2 cos2 θ
]dϕ2+

(2mr −Q2)a sin2 θ

r2 + a2 cos2 θ
(dtdϕ+dϕdt),

(9.1)
then, eq.(9.1) can be equivalently and simply expressed
as

gµν =


g00 0 0 g0ϕ
0 grr 0 0
0 0 gθθ 0
gϕ0 0 0 gϕϕ

 −→

gµν =


gϕϕ

g00gϕϕ−g20ϕ
0 0

−gϕ0

g00gϕϕ−g20ϕ
0 1

grr
0 0

0 0 1
gθθ

0
−g

0ϕ

g00gϕϕ−g20ϕ
0 0 g00

g00gϕϕ−g20ϕ

 (9.2)

using eqs.(7.3), (9.1) and (9.2), we achieve

1

i
[ĝ00(x, t), π̂T00(x′, t′)]t=t′ = −(

1

2
δ00δ

0
0+

7

6
δ00δ

0
0+g00g00)δ(x−

x′) = −(
1

2
+

7

6
+

g
ϕϕ

g00

g00gϕϕ − g2
0ϕ

)δ(x− x′) =∆T00
00 δ(x− x′).

(9.3)

1

i
[ĝrr(x, t), π̂

Trr(x′, t′)]t=t′= −
8

3
δ(x− x′) =∆Trr

rr δ(x− x′).

(9.4)

1

i
[ĝθθ(x, t), π̂

Tθθ(x′, t′)]t=t′= −
8

3
δ(x− x′) =∆Tθθ

θθ δ(x− x′).

(9.5)

1

i
[ĝϕϕ(x, t), π̂Tϕϕ(x′, t′)]t=t′= −(

5

3
+

g00gϕϕ
g00gϕϕ − g2

0ϕ

)δ(x− x′) =∆Tϕϕ
ϕϕ δ(x− x′). (9.6)

1

i
[ĝ0ϕ(x, t), π̂T0ϕ(x′, t′)]t=t′ = −(

1

2
δϕ0 δ

0
ϕ +

7

6
δ00δ

ϕ
ϕ

+g0ϕgϕ0)δ(x− x′) = −(
7

6
−

g2
ϕ0

g00gϕϕ − g2
0ϕ

)δ(x− x′) =∆T0ϕ
0ϕ δ(x− x′)=∆Tϕ0

ϕ0 δ(x− x′). (9.7)

The other commutation relations of gravitational ten-
sor fields ĝµ′ν′(x, t) and their canonical total momentum
fields π̂Tµν(x′, t′) are zero, which and eqs.(9.4) and (9.5)
just show the symmetric properties of Kerr-Newman
black hole about diagonal elements in the covariant met-
rics of eq.(9.2), eqs.(9.3), (9.6) and (9.7) just further show
the effects of the asymmetric property produced from the
nondiagonal element field ĝ0ϕ in the covariant metrics of
eq.(9.2) for Kerr-Newman black hole.

Especially, we find that except the spatial singularities,
there are the singularities from the interactions g00gϕϕ =
g20ϕ of metric fields, which just shows the nonuniformity
related to the metrics of time coordinate and angular
coordinate.
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X. SUMMARY AND CONCLUSION

This paper gives both a general canonical quantum
gravity theory and the general canonical quantum gravity
theories of the Universe and general black hole, deduces
general commutation relations of the general gravitation-
al field operators and their different styles of high order
canonical momentum operators for this general nonlinear
system of the standard gravitational Lagrangian.

This paper concretely show the general commutation
relations between the general gravitational field operators
and their zeroth, first, second and third styles of high or-
der canonical mementum operators for this general non-
linear system of the standard gravitatioal Lagrangian,
and then have finished all the four styles of cannonical
quantization of the standard gravity. Especially, the nov-
el equations (6.4) and (6.5) are deduced for the first time,
which reflect the nonlinear structure properties of the
commutation relations for the standard gravitatioal La-

grangian, i.e., this paper discovers ∆
(i)αβ
µν (i = 0, 1, 2, 3)

and their relations reflecting symmetric propertis of the
standard nonlinear gravitational Lagrangian.

Since quantum gravitational field theory is the very im-
portant foundational theory for studying different gravi-
tational field theories. Finally, the conclusions are com-
pletely consistent with the existing quantum gravitation-
al field theories because of the general property of this
paper’s no depending on the concrete metric. The other
processings for the quantization are similar to the usual
quantization processings, thus we don’t repeat here.

So far as is known to all, the ultimate form of quan-
tum gravity is what, all people don’t know. This pa-
per presents a general canonical quantum gravity theory
that does not depend on the concrete metric, which pro-
vides the general canonical quantum gravity theory for
benefiting to find the final theory of quantum gravity.
Especially, when people want to further do the second
quantizatin, they need to use the results of the cannon-
ical quantization to finish the second quantization that
gives the ultimate form of quantum gravity, these have
been done in our following works due to the length limit
of this paper. And because the general canonical quan-
tum gravity theory without dependence of the concrete
metric in this paper is the most general, which meet the
requirements of the ultimate quantum gravity.

Therefore, this paper give a simpler, direct physical
and easily understandable general canonical quantum
gravitational theory don’t depending on any concrete
metric models.
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to general relativity and cosmology, Cambridge Univer-
sity Press, 2006.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 18 November 2021                   doi:10.20944/preprints202107.0054.v3

https://doi.org/10.20944/preprints202107.0054.v3

