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Abstract

In this paper, we present the definition, some properties and solve a
problem on special primes. These properties help in providing us with
better understanding of the problem posed related to special primes on
the open problem garden website.The problem involves finding all the
primes ¢, given a prime p such that ¢ = 1(modp) and 2(171 = 1(modg).
We prove that a prime number ¢ is a special prime of p if and only if order
of 2 in U(q) divides %. Also we prove that a prime number ¢ is not a
special prime for any prime number if 2 is a generator of the group U(q)
and that there exist infinitely many special primes for any given prime
number.

1 Introduction

Since there is more than one definition for a special prime, we define explicitly

what we mean by a special prime, and this definition is used throughout our

discussion. Let p be any natural prime then the definition of a special prime is

given by the following.

Definition: A prime number ¢ is a special prime of p, if ¢ = 1(modp) and
—1

2% = 1(modgq).

Problem: Let p be a prime number. Find all ¢ such that ¢ = 1(modp) and
—1

2% = 1(modq). [1]

2 Preliminaries

Before we study the properties of the special primes we need to discuss the ele-
mentary concepts in group theory such as cyclic groupsand Lagrange’s theorem.
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3 SPECIAL PRIMES AND THE GROUP U(N) 2

Definition 2.1. Cyclic Groups: A cyclic group is a group that is generated
by a single element. For any element g in any group G, one can get the other
group elements by taking integer powers {g) = {g*|k € Z}.

Theorem 2.1. Lagrange’s theorem: If G is a finite group of order n and H
is a subgroup of G of order k, then k divides n and n/k is the number of distinct
cosets of H in G. If H is a subgroup of a group G, then

G| =G : H|-|H[.|G| =[G : H] - [H]|

Lagrange’s theorem can be further extended to state that if H is a subgroup
of G and K is a subgroup of H, then

[G:K|=|G:H|[H:K|.|G:K|=|G: H|H: K|

The converse of Lagrange’s theorem is not, in general, true [2] [3]. In this
paper, we shall denote U(n) as the set of numbers lesser than and prime to n.

3 Special primes and the group U(n)

Theorem 3.1. A prime number q is a special prime of p if and only if |2| in
U(q) divides %'

Proof. If ¢ is a special prime of p , consider the group U(q) the order of the
group is given by ¢(q). Since ¢ is a prime ¢(q) = ¢ — 1 observe that 2 belongs
to the group U(q) and let |2| = ¢). By the definition of the order of a group and
since 1 is the identity element of the group U(q), we have 2¥(modq) = 1

Also for any k € N we have, 28¥(modg) = 1. Thus % = k1 for some
k € N= |2| = ¢ divides %. Conversely, if |2| in the group U(g), (where ¢
is a prime) divides %, then

-1
L:z/;xk
b

for some natural number k£ and ¢ is the order of element 2. Now, 2% (mod q) =
(2¥)*(modq) = 1. Hence ¢ is a special prime O

Corollary 3.1. Given any prime number q, is a special prime for only finite
number of primes.

Proof. Let q be a prime and consider the group U(q). Let |2| = %, then by
the above theorem for ¢ to be special prime of p, p must satisfy the following
equation
g-1 =Y xk
p
for some natural number k£ The number of primes satisfying above equation are
finite U
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Corollary 3.2. A prime number q of the form 2" + 1 for some natural number
n, is a special prime only for the prime number 2, given 2 is not a generator in
the group U(q)

Proof. Consider the group U(q) = U(2"™ + 1) then the order of the group is
o(2" 1) = 2"
By the above theorem g is a special prime of primes - p that satisfy the equation

given the hypothesis of the theorem the above equation now becomes

2n
i o
p
only prime number satisfying the equation is 2 O

Corollary 3.3. Let p = 5, all special primes q of p end with 1. Equivalently,
g = 1(mod10).

Proof. By above theorem, we know that if ¢ is a special prime of 5 then,

q—1
— =Y xk
5 (G
for some natural number k. Thus we can rewrite the above equation as ¢ — 1 =

51 x k Since ¢ is odd prime, 2 divides ¢ — 1. Thus either ¢ or £ must be even.
Therefore, ¢ — 1 = 10\ or ¢ = 10\ + 1 O

By now it must be clear that a prime number g being a special prime or not
depends on the prime number we choose. For example, 17 is a special prime of
2 but is not a special prime for any other prime number. Clearly, there is no
prime number which is a special prime for every prime number. Also there are
prime numbers which are not special primes for any natural prime number.

Theorem 3.2. If 2 is a generator of the group U(q), then q is not a special
prime for any prime number p.

Proof. Let g be the given prime and consider the group U(q)
we know from previous theorem that ¢ is a special prime of p if and only if it
satisfies the equation

qg—1
S )
p
Since 2 is a generator of the group U(q) , |2| = ¢ — 1, the above equation now
becomes 1
q-—
= —pg—1
’ (¢-1)

which has no natural prime solutions O
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The next question is - for what values of ¢, 2 is a generator in U(q). Equivalently,
it is to find all primes g such that 2 is a primitive root modulo g. Before that
we need to state the Artin’s conjecture on primitive roots.

Conjecture 3.1. (Artin’s conjecture) Let us assume that a is an integer not
equal to -1 that is not a perfect square. Let us also write a = agh? such that ag
is square-free and S(a) the set of prime numbers p such that a is a primitive
root modulo p. Then the Artin’s conjecture on primitive roots states:

1. The set S(a) has a positive asymptotic density inside the set of primes
and it is an infinite set.

2. Assuming that a is not a perfect power and that ag Z 1(mod4), this den-
sity is independent of a and equals Artin’s constant Caryin

1

pprime

For a not satisfying the above conditions, Gerard [5] proved similar conjec-
tural product formulas for the density. In all the cases, the conjectural density
is always a rational multiple of C g,¢i,. Assuming that the generalized Riemann
hypothesis holds true, Hooley [6] proved a conditional proof for the conjecture.
Brown showed that at least one of 2, 3, or 5 is a primitive root modulo infinitely
many primes p [7]. He also proved that there are at most two primes for which
Artin’s conjecture fails.

Definition 3.1. A number g is a primitive root modulo n, if for every integer
a co-prime to n, there is some integer k for which g8 = a(modn).

Trivially, ¢ is a primitive root modulo n if and only if g is a generator of the
multiplicative group of integers modulo n. The problem of finding the prime
numbers ¢ such that 2 is a generator in U(q) is equivalent to finding all prime
numbers ¢ such that 2 is a primitive root modg. Thus if we assume that Artin’s
conjecture on primitive roots is true, then the set of primes p for which 2 is a
primitive root has the density Ca,gin.

Theorem 3.3. Let q be a prime number of the form 2p+1 , where p is a prime
number such that 2 is not a generator of the group U(q) then q is a special prime
of 2.

Proof. Let q be a prime of the form 2p + 1 , consider the group U(q). Order of
the group is ¢(2p+ 1) =2p  we know that 2 belongs to U(q)

By Lagrange’s theorem, we know that order of a group element must divide
order of the group. This implies, |2| must divide |U(q)| = 2p. Given the above
information, the possible orders for 2 are 2, p and 2p.

The case when |2| = 2p is not possible because, if |2| = 2p then 2 is a generator
of U(q) which is a contradiction. Similarly, for any prime number p, |2| # 2 in
the group U(2p + 1). Thus |2| =p
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From Theorem 1, for a prime to be special prime it must satisfy the following
equation
qg—1
x

= ki

Since 1 = p, the above equation now becomes

2
T
Clearly, the only solution to the above equation is 2 O

Now, using Theorem 1 and Theorem 2 we will prove the final theorem which is
a solution to the problem discussed in the introduction.

Theorem 3.4. Given a prime po, all prime numbers q of the form ¢ = 1(mod
po) are special primes of py, except if ag < by, where ag and by are the powers
of po in the prime decomposition of ¢ — 1 and order of 2 in U(q) respectively.

Proof. For a prime number ¢ to be special prime number of pg it must satisfy the
following conditions ¢ = 1(modpg) and 2%1 mod ¢ = 1. Consider all primes of
the form ¢ = 1( mod py) , now we investigate which primes g satisfy the following
condition for a given pg

q—1

Po

Let prime decomposition of ¢ — 1 = pg® X p19t X ... X p,*" and the prime
decomposition of ¥ = py® x p1%* x ... X p,,% The above equation now becomes,

1 n m b
_ ai '3
pogpz k]l;[OpJ

We will handle the possible values of by in cases:
Case 1 : If by = 0, then clearly g is a special prime of pg
Case 2 : Similarly, if by > 1 and ay < by then the above equation becomes,

1" m

- a; __ bo—aop b;

Tt Tl
=1

Jj=1

=Y xk

clearly, x = pg does not satisfy the equation.
Case 3 : If by < ag then ¢ is a special prime of py. Since, pg is a solution to the

equation
-1
== _ v x k
x
In conclusion, a prime number ¢ such that ¢ = 1(modpy) is not a special prime
of given py if ag < by O

We shall next prove that there exist infinitely many special primes for any
given prime p. Before that we state the Dirichlet’s theorem on arithmetic pro-
gressions [9] which shall be used in it’s proof.
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Theorem 3.5. (Dirichlet) For any two positive co-prime integers a and d, there
are infinitely many primes of the form a+nd, where n is also a positive integer.

The special case of a = 1 was proved by Euler by analyzing the splitting
behavior of primes in cyclotomic extensions [10]. This theorem can be proved
by showing that the value of the non-trivial character Dirichlet L-function at 1
is nonzero. This requires some calculus and analytic number theory [11]. An
elementary proof was given by Selberg [12].

Theorem 3.6. There exist infinitely many special primes for any given prime
p.

Proof. Let p be arbitrary prime number.To prove this theorem it is sufficient
(by Theorem 1) to show that there exist infinitely many prime numbers ¢ such
that ¢ (order of 2 in U(q)) divides %. Now we claim that there exist infinitely
many primes ¢; such that ¢ is distinct in each U(g;). Say on the contrary there
are only finite number of distinct values possible for ¥. This implies that there
exist infinitely many prime numbers ¢; such that |2| is equal in each of the
groups U(g;). This is however not possible, because, as ¢; — 0o, there exists N
such that for all n > N, ¢, > 2¥. This implies that 2¥modgq, = 2% # 1. This
is a contradiction and thus there exist infinitely many primes ¢; such that ¢ is
distinct in each U(g;). Let this set be Q = {q1,¢2,93,...}

By Theorem 4 we know that a prime number ¢ is not a special prime of p if
ag < bg. Let us remove those prime numbers for which ag < by from Q. If such
primes are finite in number then we are done, since the remaining infinite primes
are special primes for the given prime. However, if such primes are infinitely
many then we must show that there are infinitely many primes in @ such that
ag > bg. Say on the contrary there are only finite number of primes such that
() Z bo.

Consider the polynomial g(z) = p(kx) + 1, where k is a natural number. Since
ged(p, 1) = 1, by Dirichlet’s theorem the polynomial g(z) is a prime number for
infinitely many values of x. This implies that the equation

~1
=2 —yxk
P

has infinitely many prime number solutions ¢ in the variable v. But we assumed
that there are only finite number of primes such that ag > bg. This implies that
there exist only finite number of values of x which are the possible values for
|2] in U(q), where x is a natural number and ¢ is a prime number. This is a
contradiction to the fact that there exist infinitely many distinct values for |2|
in U(q), where ¢ is a prime. Thus there exist infinitely many prime numbers
that satisfy the condition ag > by and by Theorem 4 all such primes are special
primes of p. Thus any prime number p has infinitely many special primes. [
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4 Quadratic forms and special primes

Definition 4.1 (Integral Binary Quadratic form). A quadratic homogeneous
polynomial in two variables of the form,

q(z,y) = ax® + bxy + cy?
Let So(x) denote the number of special primes less than or equal to x.

Theorem 4.1. Sy(z) ~ ;%
Proof. (Euler’s criterion) Let ¢ be an odd prime number and ged(a, p) = 1, then
a7 = 1(modp) if and only if a is a quadratic residue of p. Let a = 2 then by

above criterion ¢ is a special prime of 2 if and only if (%) = 1. We know that

(%) = 1 if and only if ¢ = 1 or 7(mod8). Let m,(z) denote the function that

counts the number of primes < X in the progression nk + a,n € N
By Prime number theorem for arithmetic progressions [8] we have m,(x) =~

% ~ ﬁﬁ if (a,k) = 1. Thus by taking ¥ = 8 and a = 1 or 7 we get
So(w) = mi(z) + 17(2) = A5 1L ~ s O

Theorem 4.2. 2 is a cubic residue modulo p if and only if 255 = 1(modp)

Proof. (Euler’s criterion) A number a # 0(modp) is a power residue of degree
n modulo a prime number p if and only if s = 1(modp), where 6 = ged(p —
1,n).

Let n = 3 and @ = 2. Let p = 1(mod3). Since, 2 # 0(modp). Thus by Euler’s
criterion 2 is a cubic residue modulo p if and only if 255 = 1(modp) where,
0 = ged(p — 1,3). Clearly, 6 = 3 since p — 1 = 0(mod3) O

Corollary 4.1. A prime number q is of the form x? + 27y? if and only if q is

a special prime of 3.

Proof. Fermat proved that every prime p = 1(mod3) can be written as p =
a? + 3b% [13] [14]. Euler stated that if 2 is a cubic residue modulo ¢, then b is
divisible by 3. Therefore a prime number g of the form z? + 27y2 if and only
if ¢ = 1(mod3) and 2 is a cubic residue modulo g. Thus by above theorem, it
implies that ¢ is a special prime of 3 if and only if ¢ is of the form 2% 4+ 27y?> O

Conjecture 4.1. There exists an integer n for any prime p such that q is a
special prime of p if and only if q is of the form z% + ny?
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