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Abstract

We evaluate some binomial cubic Fibonacci sums.

1 Introduction

As noted by Nagy et al. [4], there is a paucity of binomial cubic Fibonacci and Lucas identities
in existing literature.

Let F; and L; be the j Fibonacci number and Lucas number, respectively.

Our main goal is to evaluate the following sums,
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and the corresponding series involving Lucas numbers, for any non-negative integer n and
any integer s.

The Fibonacci numbers, F}, and the Lucas numbers, L;, are defined, for j € Z, through
the recurrence relations

FJ:ijl_'—Fj*%(jva Fo=0, F1 =1;
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and
Lj:Lj_1+Lj_2,(j22), LOZQ, Ll :1;
with ‘ }
Foj=(-1)""F, L =(-1)L;
Throughout this paper, we denote the golden ratio, (1 + v/5)/2, by a and write f = (1 —
V5)/2 = —1/a, so that af = —1 and a + 3 = 1.

Explicit formulas (Binet formulas) for the Fibonacci and Lucas numbers are

ol — i .
Koshy [3] and Vajda [6] have written excellent books dealing with Fibonacci and Lucas

numbers.

2 Required identities

Lemma 1. For real or complex z, let a given well-behaved function h(z) have, in its domain,
Cc2

the representation h(z) = g(k)z"®) where f(k) and g(k) are given real sequences and

- k=c1
1,09 € [—00,00]. Let j be an integer. Then,

co
5V5 ) g(k)=" M Fy (F)
k=c1

=h(a®) = h(B7) =3 (h((-1)a’z) —h ((-1)82)),

Cc2

(k) f(/f)L;’,»

l;q gin)z f(k) (L)
=h(a™)+ h(BY) +3 (h((-1)c’z) + h ((-1)32)) .

Proof. Set m = 3 in Adegoke [1, identities (F) and (L)]. O

Lemma 2. Let a, b, ¢ and d be rational numbers and X an irrational number. Then,
a+Ab=c+Ad <= a=c¢, b=d.
Lemma 3. For p and q integers,

14 (—1)Pa® = (—=1PaFy/5, if p and g have different parity; (2)
| (=1)PalL,, if p and q have the same parity.

1= (~1)%a = (—=1)PtallL,, z'fp. and q have different parity, ‘ 3)
(=1)P'a?F,\/5, if p and q have the same parity.
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Proof. We have

(_1)p+q + (_1>pa2q _ ap+q5p+q + ap+2qﬁp

= a#tagr(at + ) )
= (—1)Pa’L,.
Similarly,
(17— (<10 = (-1~ 0ty o)
0
Corresponding to (4) and (5) we have
(159 4 (PR = (1P, ©)
and
(1) = (=1)7 8% = (=1)"B*Fyv/5. (7)
Identities (4), (5), (6) and (7) imply
(=1)7+ a* = a’L,, (8)
(~1)" — ¥ = ~atFy/5 )
(=17 + 5% = B1L,, (10)
(—1)7 = % = BF,V5. (11)

Lemma 4 (Hoggatt et al [2]). For p and q integers,

Lypiq — Lya? = —BPF,\/5, (
Lprq — Lpp? = aqu\/g, (
Fyrq — Fpot = BPE, (14
F,.qy— F,37 = o’F,. (
Lemma 5. We have
l—a=4 1-f=a, 1+a°=2a° 1+ =28 (
l+a=a% 1+8=0% 1-a’=-2a, 1-p°=-20, (
1-2a=—V5 1-28=+5, 1+2°=0a*V5, 1+28°=-8V5  (
2+a=avh, 2+B=-p8V5 2-a*=-V5 2-3°=5, (19
1+3a=0*/5, 14+38=-0*6, 1-3a°=-2a°V5, 1-38=28°V5, (
3—a=-pV5 3-B=aV5 3+a®=2aV5 3+ =-26V5 (

Proof. Each identity is obtained by making appropriate substitutions for p and ¢ in the
identities given in Lemma 4. O
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3 Binomial cubic Fibonacci identities

Lemma 6. For non-negative integer n, integers j, r and s and real or complex x and z,

VB ()t Fh s = (o + a0 = (e
k=0

— (1730 (@ + (~1)7 02"
+ (172387 (x + (= 1) 2)",
(k) xn—kszg(Hﬁ_S) — 03]8({1} + a3jrz)n + 63]5(1, + B?)jrz)n
h=0 o o (L1)
+ (—1)%3a*(z + (—1)""a’"2)"
(13 + (1))
Proof. Set m = 3 in Adegoke [1, identities (BF') and (BL")]. O
Theorem 1. For non-negative integer n and any integer s,
- n 3 1 n
Z k Fk+s = 5(2 F2n+3s + 3Fn—s)a (22)
k=0
- n 3 n
Z k Lk+5 =2 L2n+3s + 3Ln—57 (23)
k=0
Proof. Set x =1, 2=1,7=1,r=1in (F1), utilizing identity (16), to obtain
5\/_2 ( >Fk+s _ (a3s+2n . 535-‘,-271) + 3(an—s . 671,—5);
and hence identity (22). To prove identity (23), use these (z, z, j,...) values in (L1). O

The s = 0 special case of (22) was obtained by Stanica [5].

Theorem 2. For non-negative integer n and any integer s,

5 ()1 = 502 P = (13, (24)

> (04 ) By = (12 Ly 4 (13 e
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Proof. To prove identity (24), set z =1, 2= —1, j =1, r = 1 in (F1), noting the identities
in (17), to get

VB (1) () Py = (-1P20 (@5 - 505) = 3 (e ),
k=0
from which the identity follows. The proof of (25) is similar. Use these values in (L1). O
Stanica [5] also found the s = 0 case of identity (24).

Theorem 3. For non-negative integer n and any integer s,

n

Z <n)2kF]§ _ { 527 (Fy 5, — (—1)%3F,),
g) o ks

n even, (26)
e 5=3/2(La 15 + (—1)*3Ls) n odd,
—~ M\ ;s J 5"*(Lansss + (—1)°3Ly), n even;
; (k>2 Lis = { SOHD/2(Fy a — (—193F) n odd. (27)

Proof. The proof of (26) proceeds with the choice j = 1, r = 1, z = 1, z = 2 in (F1),
employing the set of identities (18), giving

532 (1) R = (VB — (1)

=3(=1)" (V) (a® — (~1)"8°),

from which the identity follows in accordance with the parity of n. The proof of (27) is
similar. Use these (z, z,7,...) values in (L1).

O]
Theorem 4. For non-negative integer n and any integer s,

n n/2—1((_1\s—1
(_l)k (Z) Qn_kFlg)—i-s — { 5 (( 1) 3Fn+s + F38)7

n even;
SO0-9/3(—1)* 3Ly, — L),

n odd; (28)
n n/2((_1)\s .
(_1>k <Z> 2n—kLz+s — { 5 (( 1) 3Ln+s + L3s)> n even,
k=0

5 0/2((=1)*3F, s — F3,), n odd. (29)

Proof. The coice x =2, z = —1, j =1, z =1 in (F1), noting the set of identities (19) gives
= n
VB (1) ()2, = (VB (-1 = (-115)
k=0

— (V)" (=1)°3(a™** = (=1)"5"*);
from which we get (28). The proof of (29) is similar.

k

o

5


https://doi.org/10.20944/preprints202106.0425.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 June 2021 d0i:10.20944/preprints202106.0425.v1

Theorem 5. For non-negative integer n and any integer s,

u k(M ak s 522" Fypygs — (—1)°3Fhnys), 1 even;
Z( 1) (k)S FkJrs - { _5(n—3)/2(2nL2n+35 + (_1)83L27’L+5)7 n Odd; (30)

k=0

- vk (M akrs 5"/2(2" Loy y3s + (—1)*3Lanys), 1 even;

ko( 1) <l€>3 Lk+s - { _5(n+1)/2(2nF2n+38 _ (_1)S3F2TL+S)7 n odd. (31)
Proof. Choose x =1, z=—3,j=1,r = 11n (F1). This gives, with the use of the identities
n (20),

NG Z ()34 Flss = (VB (122 (1))
. (\/3)”(—1)83(042n+8 . (_1)716271,4—5)'

Identity (30) now follows. The proof of (31) is similar. O

Theorem 6. For non-negative integer n and any integer s,

0N ks [ BYEY(2ME, s, + 3F,_,), n even;
Z (k)3 Fk—i—s - { 5(n73)/2(2nLn+38 + 3Ln—s>; n odd: (32)

k=0
a ek 5"2(2" Lpyyss + 3Ln_s), n even;
2 (k)3 Livs = { 50D, o+ 3F, ), 0 odd (33)

Proof. Set x =3, z=1,j=1=rin (F1) and use the set of identities in (21) to obtain

5\/5§ <Z) 3nikFI§+s = (\/g)n2n(an+3s — (_1)nﬁn+3s)
+ (\/g)ngw(anfs — (=1)"8"%);

from which (32) follows. The proof of (33) is similar. Use the same (z, z,...) values in (L1).
[l

Lemma 7. For non-negative integer n, integers j, r and s and real or complex z,

[n/2]
5vV5 Z ( ) 2kF32Tk+s)
— 043‘78(1 4 Oé3.77" ) +a3js<1 - a3jrz)n - B3j5<1 _|_ﬂ3jr2)n o ﬁSjs(l - stTZ)n (FQ)
— (=1)75a?*3(1 + (—1)7"a? )" — (—1)7a?*3(1 — (—1)""a?"2)"
F(S1PPF3(1 + (<) F )" + (<131 — (~1)7B2)",
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[n/2] n
2k 13
2 Z (2/{:)2 Lijarkts)
k=0
_ a3js(1 +a3jrz)n + O[3js(]_ . a3j’r’z>n _’_ﬂ3js(1 +63jTZ)n +ﬁ3js<1 . ﬁ3j'rz)n (LQ)
+ (=177 3(1 + (=1)7"a?"2)" + (=1)°a?*3(1 — (=1)7"a"2)"
(PR (P (PR (1))

[n/2]
n ,2k—1

_ a3j(7’+s)(1 + a3jrz)n i a3j(r+s)(1 . a3jrz)n . 63j(7’+s)(1 + /83j7’z)n + ﬁSj(r—i—s)(l . ﬂ3jrz)n
— (_1)j(r+s)aj(r+s)3(1 + (=1)7" " 2)" 4 (—1)70F) j(r+s)3(1 — (=1)7rad )"

+ (_1)j(r+s)ﬁj(r+s)3(1 + (_1)jrﬁjrz>n . ( ) j(r+s B](r+s)3( ( )]rﬂ]r )n
(F3)

(/2] n
2k—173
2 Z (2k _ 1)Z Ljorkys)

j(r+s) ( + OéSer)n . a3j(r+s)(1 . a3jrz)n + B3j(r+s)(1 + ﬁSjrz)n . B3j(r+s)(1 . ﬁSjrz)n
+ ( 1)_](T+S) (r+s)3(1 + (_1)jrajrz)n . (_1>j(r+s)aj(r+s)3(1 . (_1)jrajrz>n

+ (_1)] r+s ﬁj(r+s)3(1 + (_1)jrﬁjr2>n . ( ) j(r+s /BJ(T+S)3( ( )_77"/6]7‘ )n
(L3)

Proof. In the identities

[n/2]
hl(Z) -9 Z (272) S2rkts ZS<1 + Zr)n + ZS<1 . Zr)n7

[n/2]
n
-9 2rk+s _ r+81 r\n r+51_rn
ha(2) Z(Qk )z 2142 =21 =),
identify
g(k) = 2(2k;) flk)y=2rk+s, =0, co=1|n/2], h(z)=21+2")"+2°(1-2")",
and use these in (F) and (L) to obtain (F2) and (L2).
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Similarly, use of

n

g(kr)=2(2k_1), f(k) =2rk+s, ca =1, c=[n/2], h(z)=2"(1+2")"=2°(1-2")",

in (F) and (L) gives (F3) and (L3). O
Theorem 7. For non-negative integer n and any integer s,
10%/%J (")F?’ = 2"(Fynyas + (—1)"Foys,)
i of | 2kts 2n+3s n+3s (34)
= 3(=1)*(Fonts — (=1)"Foy),
QULf <">L3 = 2"(Lopass + (—1)" Ly y3,)
£ o) ) “2kts 2n+3s n+3s (35)

+3(=1)"(Lants + (—1)" Ln—s)-
Proof. The choice of z=1=j =r in (F2) gives
10VE Lnf (n)F3 — on (@2 _ gAY | (L1)ngn(qntEs — grtds)
22 \ 2k 2k+s
+3(=1)*(fa" — a®B") = 3(—1)° (o — 52,
from which identity (34) follows. The proof of (35) is similar; use z =1 =j =rin (L2). O

Corollary 8. For non-negative integer n and any integer s,

A" Lo I — (—=1)*3F,4sL n even;
3 = n- 3n+3s n+s43n; 3
102 ( )F2k+s - { A"Fy Lanias — (—1)*3 L4 s Fan, 1 odd: (36)

A" L, L + (=1)*3L,4sL n even;
3 . n4/3n+3s n+s43n, )
2 Z (2k) L2k+s B { 5(4nFnF3n+3s + (_1)S3Fn+sF3n)7 n odd. <37)

Proof. Write 2n for n in each of the identities (34) and (35). Simplification is achieved by
the use of the following well-known Fibonacci identities which are valid for any two integers
u and v having the same parity:

+ (1), = Loy 2 Furoy s (

— (= 1) vIRE, = Flu—v2Lutv)/2, (39)

+ (=D)L, = Liuevy2Liuto) 2, (
Lu — (=)L, = 5F )2 Fluto) - (
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Corollary 9. For non-negative integer n,

Y 2n =1 3 (2%71 - 3)F2n—1Ln—1Ln, n even,
10% < 2k >F2k B { (2771 = 3)5Foy 1 By 1 Fy  moodd; (42)
Y n S (4n + 3)LnL3n, n even,

Proof. To prove (42), write 2n — 1 for n in (34) and set s = 0. To prove (43), set s =0 in
identity (37). O

Theorem 10. For non-negative integer n and any integer s,

[n/2]
n

10 F3 o= 2"(Fopizers — (—1)"Fppss

; <2k . 1) 2k+s ( 2n+3s+3 ( ) +3 +3) (44)

- (_1>53(F2n+s+1 - (_1)an—s—1)7
[n/2] n
3 __on n

2 Z <2k _ 1) Ly s = 2" (Lanyss13 — (—1)" Liy3sy3) (45)

+ (=1)*3(Lansst1 + (=1)°Ly—s-1).

Proof. Set z =1 = j = r in identity (F3) to obtain

n/2
10v/5 [z/:] ( %"_ 1) F .
;:22(a2n+3s+3 _ 52n+35+3) _ (—1)"2n(ozn+35+3 _ ﬁn+35+3)
4 (—1)PI3(2m L gLy L (L1)sH13 (0 B — ot g
from which identity (44) follows. The proof of (45) is similar. O

Corollary 11. For non-negative integer n and any integer s,

n

2n s | A"FoLspissis — (—1)°3Lpis11F5,, 1 even;
10; (Zk' - 1) F2k+s - { A" Ly F3p i3s3 — (_l)ngn+s+1L3n, n odd: (46)

n

2n 5(4”F F3 3543 T (-1)83F 1F3 ) n even;
92 LS — nt 3n4+3s+ n+s+ n /s ) A7
kz; (2k — 1) 2hts { 4" L L3n 3543+ (=1)°3Lyysr1L3n,  n odd. (47)

Proof. Write 2n for n in each of the identities (44) and (45) and make use of identi-
ties (38) — (41). O
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Corollary 12. For non-negative integer n,

~(2n—1 s [ (@ +3)5F 1 Fy 1 F,,  noeven;
10; (Qk - 1)F2k_1 a { (22" 4+ 3)Fon—1Ln_1Ly, n odd, (48)

; 2n s _ | (4" =3)5F,F3,, n even,
2,; (% - 1> P { (4" = 3)LyLan, 1 odd. (49)
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