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1. Introduction

Non-Gaussian states play important role in quantum optics. It is enough to remember that the basic
Fock states are strongly non-Gaussian. Many families of such states were studied during decades: see,
e.g, the review [1]. Recently, a new wave of interest to non-Gaussian states has grown due to possible
applications in different areas of the quantum information [2–5]. In this connection, the problem of
classifying and quantifying the degree of non-Gaussianity of quantum states attracted the attention of
many researchers for the past years [6–40].

It is well known that the following equality holds for any Gaussian state (either pure or mixed):

〈x̂4〉 = 3〈x̂2〉2. (1)

Therefore, one could be tempted to consider as a simple measure of non-Gaussianity the normalized
kurtosis

K ≡ 〈x̂4〉/(3〈x̂2〉2)− 1, (2)

which can be easily calculated for many quantum states. However, this parameter has many disadvantages.
In particular, it depends on the choice of the representation, as soon as the forms of the wave functions
(or density matrices) in the coordinate and momentum representations can be quite different in the most
general case.

For this reason, the main trend is to use the statistical operator ρ̂ of the system and compare it
somehow with the statistical operator ρ̂G of some reference Gaussian state. Obviously, such measures
of non-Gaussianity do not depend on the choice of representation. At this point, one can remember that
all non-Gaussian states are “nonclassical”. Therefore, it seems natural to look for possible correlations
between various measures of “non-Gaussianity” and measures of “non-classicality”. The latter ones are
frequently based on some kinds of distances between the states under study and certain states (or families
of states) selected as reference ones [41–51]. The main and simplest ingredient of these approaches is the
trace

T ≡ Tr (ρ̂ρ̂G) = 〈ψ|ρ̂G|ψ〉, (3)
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where the second equality holds for any pure state ρ̂ = |ψ〉〈ψ|. Following this line of reasonings, the
authors of paper [6] introduced the measure of non-Gaussianity as

δT [ρ̂] =
Tr
[
(ρ̂− ρ̂G)

2
]

2Tr (ρ̂2)
=

Tr
(
ρ̂2 + ρ̂2

G − 2ρ̂ρ̂G
)

2Tr (ρ̂2)
, (4)

where ρ̂G is the unique Gaussian state with the same first- and second-order moments of quadrature
variables as in the state ρ̂. For pure quantum states with Tr

(
ρ̂2) = 1 the right-hand side of (4) is simplified

as
δT [|ψ〉〈ψ|] =

1
2

[
1 + Tr

(
ρ̂2

G

)]
− 〈ψ|ρ̂G|ψ〉. (5)

Several authors proposed simple measures containing the only positive parameter 〈ψ|ρ̂G|ψ〉 in the
case of pure quantum states (only this case is considered in the present paper). The measure

δF[|ψ〉〈ψ|] = 1−
√
〈ψ|ρ̂G|ψ〉 (6)

was considered in [16,18,37]. Another measure was proposed in paper [36]:

Ng[|ψ〉〈ψ|] = − ln (〈ψ|ρ̂G|ψ〉) . (7)

The relative entropy
δE[ρ̂] = Tr[ρ̂ ln(ρ̂)]− Tr[ρ̂G ln(ρ̂G)] (8)

was suggested as a measure of non-Gaussianity in [7] (see also [18]). Similar measures were suggested,
e.g., in [14] (using the Wehrl entropy in terms of the Husimi Q-function). For pure quantum states we have
the formula δE[ρ̂] = −Tr[ρ̂G ln(ρ̂G)] which does not contain the quantum state |ψ〉 explicitly.

Our interest to the problem of non-Gaussianity has originated from studies of various generalizations
of uncertainty relations. It is well known that all pure Gaussian states minimize the Robertson–Schrödinger
uncertainty relation [52,53]

D ≡ σxxσpp − σ2
xp − h̄2/4 ≥ 0. (9)

Several generalizations of inequality (9) were aimed on the inclusion of higher-order statistical moments
of canonical variables [54–56]. In particular, it can be interesting to know the minimal value of the product
Π(4) = 〈x̂4〉〈 p̂4〉. In view of identity (1), Π(4) ≥ 9h̄4/16 for any Gaussian state. However, it was shown
in [54] that for specific superpositions of the vacuum and 4th excited Fock states one can achieve the
value Π(4) ≈ 0, 49. The best known lower limit of Π(4) was calculated numerically in Ref. [57] for specific
superpositions of the four-photon Fock states |4k〉 with 0 ≤ k ≤ 6. Since all states minimizing Π(4) are
non-Gaussian, our initial idea was to try to connect properties of the four-photon superpositions with some
measures of non-Gaussianity.

Looking at inequality (9), one can think that the quantity D itself can be considered as some measure
of non-Gaussianity of pure quantum states, as soon asD ≡ 0 for all Gaussian pure states. We may call such
measures (including some monotonous functions of D) as D-measures. An example of such an approach
is paper [38], where generalizations to the case of mixed quantum states were made on the basis of the so
called Wigner-Yanase skew information [58].
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Another idea is to replace zero in the right-hand side of (9) with some function containing some
measure of non-Gaussianity. This way was taken in papers [15,20], where the following Gaussianity
parameter g was introduced exactly with this purpose:

g = Tr (ρ̂ρ̂G) /Tr
(

ρ̂2
G

)
. (10)

This definition holds for mixed quantum states as well as for pure ones. Obviously, g = 1 for any Gaussian
state. Unfortunately, there exist non-Gaussian states with g = 1 (an example is given in Section 4). This
is a disadvantage of the definition (10) (whereas δT [ρ̂] = 0 for Gaussian states only). However, it can be
useful for detecting the entanglement [29].

Various families of quantum states were analyzed in connection with the non-Gaussianity measures
described above. We give a brief and certainly incomplete list of publications, mentioning pure quantum
states only. Single Fock states were considered in [6,16,21,38]. A table comparing different measures for
these states can be found in [38]. Superpositions of two Fock states were studied in [7,8,38]. Various
superpositions of two coherent states |α〉 and | − α〉 with different weights and phases were considered in
papers [6,8,23,25,26,36–38]. Such superpositions include, in particular, the so called even/odd coherent
states, introduced in [59] and frequently considered nowadays as simple models of the “Schrödinger cat
states”; for numerous generalizations one can consult, e.g., Refs. [60,61]. Various families of photon-added
and photon-subtracted states were considered in papers [13,21–23,26,28,34–36,38,62]. Many examples
related to all these states were considered in [39].

In this paper, we add two interesting families of pure non-Gaussian states to this list. From all known
measures, we choose five examples, when all ingredients can be calculated analytically rather easily: (5)-(8)
and (10). In addition, we study the behavior of kurtosis (2), which shows several interesting properties. A
similar analysis in the case of cat states was performed in paper [25]. Two selected families are special
cases of general four-photon superpositions of the Fock states ∑∞

n=0 cn|4n〉. There are two motivations for
our choice. The first one originated from the observation that almost absolute minimum of the product
Π(4) can be observed in these states (for an appropriate choice of parameters). The second reason is due to
exceptional properties of the four-photon superpositions discussed in Section 2.

The first example, considered in detail in Section 3, is the superposition of two squeezed vacuum
states with opposite squeezing parameters [63]:

|z〉+ = B
[
Ŝ(z) + Ŝ(−z)

]
|0〉, Ŝ(z) ≡ exp

[
1
2

(
zâ†2 − z∗ â2

)]
. (11)

Using the well known methods of the su(1, 1) algebra (see, e.g., [64,65]), the exponential in the definition
of the squeezing operator Ŝ(z) can be disentangled as

Ŝ(z) = Û(z) exp
[
−1

2
ln[cosh(|z|)]

(
ââ† + â† â

)]
Û†(−z), (12)

where

Û(z) = exp
[

z tanh(|z|)
2|z| â†2

]
.

Consequently,

Ŝ(z)|0〉 = [cosh(|z|)]−1/2
∞

∑
n=0

√
(2n)!

2n(n)!

[
z
|z| tanh(|z|)

]n
|2n〉, (13)
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so that we have the following expansion of the state (11) over the Fock basis for z = reiθ with r ≥ 0:

|z〉+ = N
∞

∑
n=0

√
(4n)!

22n(2n)!
[eiθ tanh(r)]2n|4n〉. (14)

Similar superpositions with θ = 0 were considered recently in [32]. More general superpositions of
squeezed states were studied in [63,66,67], but we confine ourselves here to the states (11). We shall call
them even vacuum squeezed states (EVSS).

The second family of states, considered in Section 4, consists of superpositions of four coherent states
with equal amplitudes, but with phases shifted by π/2:

|ψ〉4α = B
3

∑
k=0
|α exp(ikπ/2)〉 = N

∞

∑
n=0

α4n√
(4n)!

|4n〉, (15)

B2 =
exp

(
|α|2

)
16E4 (|α|2)

, N 2 =
1

E4 (|α|2)
, E4(x) ≡

∞

∑
n=0

x4n

(4n)!
=

1
2
[cosh(x) + cos(x)] . (16)

Such kinds of states were studied for a long time from different points of view. They were named
“four-photon states” [68], “orthogonal-even coherent states” [69], “pair cat states” [70], “compass states”
[71], “four-headed cat states” [72]. Recently, such states were considered in studies [32,73,74]. Following
[69], we use the abbreviation OECS for the state (15).

2. Non-gaussianity of arbitrary four-photon superpositions and mixtures

The four-photon superpositions ∑∞
n=0 cn|4n〉 possess several specific properties, which permit us to

simplify many calculations. The first nice feature is the existence of the following simple relations between
the lowest order statistical moments:

〈x̂〉 = 〈 p̂〉 = 〈x̂ p̂ + p̂x̂〉 = 0, 〈x̂2〉 = 〈 p̂2〉, 〈x̂4〉 = 〈 p̂4〉. (17)

They are consequences of the relations between the quadratures and annihilation/creation operators,

x̂ =
(

â + â†
)

/
√

2, p̂ =
(

â− â†
)

/(i
√

2),

(hereafter we use dimensionless variables with h̄ = 1). Hence, the Gaussian reference state for any
four-photon superposition is described by means of the thermal statistical operator, which depends on the
only parameter 〈x̂2〉. In particular, the corresponding Gaussian Wigner function and coordinate probability
density have the following forms:

WG(q, p) = 〈x̂2〉−1 exp
[
− q2 + p2

2〈x̂2〉

]
, ρG(q, q) = (2π〈x̂2〉)−1/2 exp

(
− q2

2〈x̂2〉

)
, (18)

Respectively,
Tr
(

ρ̂2
G

)
= σ−1, σ ≡ 2〈x̂2〉. (19)

The normalized thermal statistical operator of the harmonic oscillator can be written also in terms of
the annihilation/creation operators as

ρ̂G =
(

1− e−β
)

exp
(
−βâ† â

)
, (20)
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where the “inverse temperature” parameter β can be expressed in terms of parameter σ as follows,

e−β =
σ− 1
σ + 1

. (21)

Consequently, the operator ρ̂G is diagonal in the Fock basis:

ρ̂G =
2

σ + 1

∞

∑
n=0

(
σ− 1
σ + 1

)n
|n〉〈n|. (22)

The relative entropy measure of non-Gaussianity for pure quantum states can be written as follows,

δE[ρ̂] =
β

eβ − 1
− ln

(
1− e−β

)
=

σ + 1
2

ln(σ + 1)− σ− 1
2

ln(σ− 1)− ln 2. (23)

Now, let us consider an arbitrary operator ρ̂ = ∑m,n ρmn|m〉〈n| and and arbitrary diagonal operator (in
the Fock basis) ρ̂d = ∑n pn|n〉〈n|. The trace of their product contains only diagonal elements ρnn:

Tr (ρ̂ρ̂d) ≡ T = ∑
n

ρnn pn. (24)

Formula (24) tells us that the measures (5), (6), (7) and (10) do not depend on the phases θ and φ of the
complex numbers z and α characterizing the states |z〉+ (11) and |ψ〉4α (15). The concrete dependences
on |z| and |α| of the cited measures are considered in the following sections. For pure quantum states
considered in this paper, other non-Gaussianity measures can be written in terms of T and σ as follows:

δT =
1 + σ

2σ
− T, δF =

√
1− T, Ng = − ln(T), g = σT. (25)

3. Non-Gaussianity measures in EVSS

In view of formula (13), the wave function of the squeezed state in the coordinate representation
ψz(x) ≡ 〈x|Ŝ(z)|0〉 can be written as a series over the Hermite polynomials:

ψz(x) =
exp

(
−x2/2

)[√
π cosh(|z|)

]1/2

∞

∑
n=0

(
z tanh(|z|)

4|z|

)n H2n(x)
n!

. (26)

Using formula 5.12.1.4 from [75],

∞

∑
k=0

tk

k!
H2k(x) = (1 + 4t)−1/2 exp

(
4tx2

1 + 4t

)
, (27)

one can obtain the following expression:

ψz(x) = π−1/4[u+(z)]−1/2 exp
[
− u−(z)

2u+(z)
x2
]

, (28)

where
u±(z) = cosh(|z|)± z

|z| sinh(|z|) = u∓(−z). (29)
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Consequently, the wave function Ψz(x) of EVSS (11) in the coordinate representation has the form

Ψz(x) = N
{

u−1/2
+ exp

[
− u−x2

2u+

]
+ u−1/2

− exp
[
− u+x2

2u−

]}
, (30)

where N is the normalization factor. The following relations are useful for calculations:

u+u∗− = 1 + iκ, κ = sinh(2r) sin(θ), (31)

|u±|2 = cosh(2|z|)± sinh(2|z|) cos(θ), (32)

|u+|2|u−|2 = 1 + κ2, |u+|2 + |u−|2 = 2 cosh(2|z|). (33)

The probability density has the form

|Ψz(x)|2 = |N|2
{

1
|u+|

exp
(
− x2

|u+|2

)
+

1
|u−|

exp
(
− x2

|u−|2

)
+2Re

[
(u+u∗−)

−1/2 exp
(
− x2 cosh(2|z|)

u+u∗−

)]}
. (34)

After the integration, using identities (31)-(33), we arrive at the remarkable result that the normalization
constant depends on the only parameter c ≡

√
cosh(2|z|):

|N|2 =
B

2
√

π
, B =

c
1 + c

. (35)

Calculating the Fourier transform of function ψz(x), one obtains the wave function of the squeezed
state in the momentum representation,

ψ̃z(p) = π−1/4[u−(z)]−1/2 exp
[
− u+(z)

2u−(z)
p2
]

. (36)

Consequently, Ψ̃z(p) is given by the same formula (30), with x replaced by p. Therefore, all statistical
moments of the coordinate and momentum coincide in the EVSS.

Simple calculations show that the second-order moment also depends on the only parameter c:

〈x̂2〉 = c5 + 1
2c2 (1 + c)

≡ σ/2. (37)

Note that σ ≈ c2 when c� 1. If r � 1, then, c ≈ 1 + r2 − r4/6 and σ ≈ 1 + 3r4.
The fourth-order moment depends on r and θ:

〈x̂4〉(r, θ) =
3B
4

{
cosh2(2r) + cos2(θ) sinh2(2r) +

1− sin2(θ) sinh2(2r)
[cosh(2r)]5/2

}
. (38)

The minimum of 〈x̂4〉(r, θ) for the fixed value of r is achieved for θ = θ∗ = ±π/2, so that

〈x̂4〉(r, θ∗) =
3B
4

{
cosh2(2r) +

1− sinh2(2r)
[cosh(2r)]5/2

}
. (39)
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Numerical calculations yield 〈x̂4〉min = 0.6987 and Π(4)
min = 0.4882 for r = r∗ = 0.2690 and c∗ = 1.072. This

value is very close to the minimal value Π(4)
min = 0.4878 found in study [57]. In our case, 〈x̂2〉(r∗, θ∗) =

0.5072, only a slightly higher value than in the vacuum state. Note that Π(4)(z∗) = 7.3743
[
Π(2)(z∗)

]2
. If

the state were Gaussian, then the coefficient in the right-hand side would be equal to 9.
For small values of r we have 〈x̂4〉(r, θ) ≈ (3/4)

[
1 + 2r2 cos(2θ)

]
. Figure 1 shows the probability

density (34) for different values of the squeezing parameter r and phase θ. We see that the probability
density looks close to the Gaussian for r < 0.5, whereas it becomes obviously non-Gaussian for higher
values of r. Pay attention to the inverse order of lines in the left-hand and right-hand sides of Figure 1.
These parts look totally different for big values of r. Therefore, it is interesting to understand how the
non-Gaussianity measures correlate with these visual observations.

4 3 2 1 0 1 2 3 4
x

0.0

0.1

0.2

0.3

0.4

0.5

0.6

|
z(x

)|2

r = 0.0
r = 1.0
r = 2.0

3 2 1 0 1 2 3
x

0.0

0.2

0.4

0.6

0.8

1.0

|
z(x

)|2

r = 0.0
r = 1.0
r = 2.0

Figure 1. The probability density (34) of EVSS for different values of the squeezing parameter r. Left:
θ = π/2. Right: θ = 0.

The Wigner function of state (30) equals

Wz(q, p) = B
{

exp
[
−p2|u+|2 − q2|u−|2 + 2κpq

]
+ exp

[
−p2|u−|2 − q2|u+|2 − 2κpq

]
+2[cosh(2r)]−1/2Re

(
exp

[
2ipq tanh(2r) cos(θ)− p2 1− iκ

cosh(2r)
− q2 1 + iκ

cosh(2r)

])}
. (40)

This function is invariant with respect to the rotation by 90 degrees in the phase plane: q → p, p → −q.
Note that Wz(0, 0) = 2 for any value of parameter z, as it must be for any symmetrical pure state [76]. One
can verify the following expansion of formula (40) for small values of q and p:

Wz(q, p) ≈ 2
[
1− 2〈x̂2〉

(
q2 + p2

)]
. (41)

Remember that we use dimensionless variables, assuming formally h̄ = 1. The expansion (41) indicates
that function Wz is strongly non-Gaussian, unless the squeezing parameter r is close to zero. Indeed, a
similar expansion of function (18) has the form

WG(q, p) ≈ 〈x̂2〉−1
[

1− q2 + p2

2〈x̂2〉

]
.
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Therefore, the non-Gaussianity of Wz is clearly demonstrated by the narrow peak nearby the origin of the
width proportional to 〈x̂2〉−1/2: see Figure 2. Note that the section Wz(q, 0) of the total Wigner function

8 6 4 2 0 2 4 6 8
q

0.0

0.5

1.0

1.5

2.0

W
z(q

,0
) f

or
 

=
0

r = 0
r = 1
r = 2

8 6 4 2 0 2 4 6 8
q

0.0

0.5

1.0

1.5

2.0

W
z(q

,0
)

r = 0
r = 1
r = 2

Figure 2. The section Wz(q, 0) of EVSS for different values of the squeezing parameter r and phase θ. Left:
θ = 0; r = 0, 1.0, 2.0. Right: θ = π/2, the same values of r.

with θ = 0 is positive in the whole interval −∞ < q < ∞. However, Wz(q, 0) with θ = π/2 shows strong
oscillations and negative values if r is not too small, in accordance with the Hudson theorem [77]. Plots of
the “diagonal” section Wz(q, q) are similar to those for Wz(q, 0), although with an “inversion” of the left
and right plots with respect to the phase θ.

The sum (24) with coefficients ρnn following from formula (13) seems too complicated. In this case,
a simpler way to calculate the trace Tr(ρ̂ρ̂G) is to use the formula Tr(ρ̂ρ̂G) =

∫
WWGdqdp/(2π), which

contains only Gaussian integrals. Using identities (31)-(33) we obtain the formula

Tr(ρ̂zρ̂G) ≡ T =
2c

1 + c

{[
σ2 + 2c2σ + 1

]−1/2
+
[(

σ2 + 1
)

c2 + 2σ
]−1/2

}
, (42)

where σ = σ(c) was defined in Equation (37). As was explained in Section 2, this trace does not contain
the phase θ. If σ ≈ c2 � 1, then T ≈ 2/(σ

√
3).

Plots of measures (23) and (25) as functions of parameter c are given in Figure 3. They are compared
with the plots of the normalized kurtosis K (2). Three coefficients δ[ρz](c) grow monotonously from 0 at
c = 1 to their asymptotic values as c→ ∞, and nothing exceptional is noticed for c = c∗. The coefficient
g(c) grows initially, attains a wide maximum gmax ≈ 1.27 at rmax ≈ 1.33 (or cmax ≈ 2.68), and decays
monotonously to g∞ = 2/

√
3 ≈ 1.155 as c → ∞. However, the maximum of g(c) apparently has no

correlation with the minimum of 〈x̂4〉. For r � 1 we obtain g ≈ 1 + 9r4/8 and δT [ρz] ≈ 3r4/8.
The behavior of the normalized kurtosis is more interesting. For θ = π/2, K is negative for small

values of the squeezing parameter r, attaining the minimal value Kmin = −0.1111 at rmin = 0.3504.
However, K becomes positive for r > 0.549, and it goes to zero as c−1 when c→ ∞. On the other hand, K
is always positive for θ ≤ π/4. Its asymptotic behavior for c→ ∞ is given by the formulasK ≈ 1+ 2/c for
θ = 0 and K ≈ 1/2 + 3/(2c) for θ = π/4. In all the cases, K has maximums: Kmax ≈ 0.3757 at r = 1.1011
if θ = π/2, Kmax ≈ 1.0592 at r = 1.0911 if θ = π/4 and Kmax ≈ 1.7427 at r = 1.0911 if θ = 0. However, we
do not see any correlation of these maximums with the behavior of the Wigner functions or the functions
g(c) and δ[ρz](c).
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Figure 3. The behavior of the non-Gaussianity measures (left) and kurtosis (right) as functions of parameters
c and r, respectively, for the Even Vacuum Squeezed States.

4. Non-Gaussianity measures in OECS

In the case of OECS (15), the second-order mean value of the coordinate and momentum does not
depend on the phase of complex parameter α [56]):

〈x̂2〉 = 〈 p̂2〉 ≡ σ/2 =
1
2
+ a

sinh(a)− sin(a)
cosh(a) + cos(a)

, α ≡
√

aeiφ. (43)

On the other hand,

〈x̂4〉 = 〈 p̂4〉 = 3
4
+

a2

2
cos(4φ) + 3

a[sinh(a)− sin(a)] + a2[cosh(a)− cos(a)]/2
cosh(a) + cos(a)

. (44)

The minimum 〈x̂4〉min = 0.6999 is achieved for cos(4φ) = −1 at a∗ = 0.4489.
The normalized wave function of OECS in the coordinate representation has the following form:

ψ4α(x) =
exp

(
−x2/2

)
2π1/4

√
E4 (|α|2)

[
cosh(

√
2αx) exp

(
−α2/2

)
+ cos(

√
2αx) exp

(
α2/2

)]
. (45)

Remember that α = |α|eiφ is a complex number. Therefore, the behavior of the wave function strongly
depends on the phase φ if |α| � 1. For example, if α is real and |αx| � 1, then,

ψ4α(x) ≈ cosh (a/2)
π1/4

√
E4 (a)

{
1− x2

2
[1 + 2a tanh (a/2)]

}
, a = |α|2.

In this case, the hight of the maximum ψ4α(0) practically does not depend on α, but its width is strongly
reduced, compared with the case of α = 0. On the other hand, for φ = π/4 we have

ψ4α(x) =

√
2 exp

(
−x2/2

) [
cosh(|α|x) cos(|α|x) cos(|α|2/2) + sinh(|α|x) sin(|α|x) sin(|α|2/2)

]
π1/4

√
cosh(|α|2) + cos(|α|2)

. (46)
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This function turns into zero at x = 0 if |α|2 = π. Plots of functions (45) and (46) are shown in Figure 4 for
different (not very big) values of |α|. Figure 5 shows the coordinate probability density for bigger values of
parameter a = |α|2. A significant difference between the cases of phases φ = 0 and φ = π/4 is clearly seen.
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Figure 4. Real wave functions of OECS for different values of parameter α =
√

a exp(iφ). Left: φ = 0.
Right: φ = π/4.
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Figure 5. The coordinate probability density of OECS for different values of parameter a = |α|2 and phase
φ. Left: φ = 0. Right: φ = π/4.

The Wigner function is the sum of 16 exponential terms with αk = αik and αj = αij,

W4α(q, p) =
exp

(
−q2 − p2)

8E4 (|α|2)

3

∑
k,j=0

exp
[√

2q
(

αk + α∗j

)
− i
√

2p
(

αk − α∗j

)
− αkα∗j

]
. (47)
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If α is a real number, then,

W4α(q, p) =
exp

(
−q2 − p2)

4E4 (|α|2)

{
e−α2

[cosh(2γq) + cosh(2γp)] + eα2
[cos(2γq) + cos(2γp)]

+2 cos(α2) (cos[γ(q + p)] cosh[γ(q + p)] + cos[γ(q− p)] cosh[γ(q− p)])

+2 sin(α2) (sin[γ(q + p)] sinh[γ(q + p)] + sin[γ(q− p)] sinh[γ(q− p)])
}

, (48)

where γ = α
√

2. Plots of the sections W4α(q, 0) and W4α(q, q) of function (48) are given in Figure 6 for
α2 = 0, π/2, π. Although the section W4α(q, 0) is positive in the whole interval −∞ < q < ∞, the section
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Figure 6. The sections of function W4α(q, p) for different values of real parameter α =
√

a. Left: W4α(q, 0).
Right: W4α(q, q).

W4α(q, q) shows strong oscillations and negative values. In all the cases, the width of the central peak
diminishes with the increase of parameter a.

If α = |α| exp(iπ/4), then,

W4α(q, p) =
exp

(
−q2 − p2)

2E4 (|α|2)

{
e−|α|

2
cosh(2|α|q) cosh(2|α|p) + e|α|

2
cos(2|α|q) cos(2|α|p)

+ cos(|α|2) [cos(2|α|p) cosh(2|α|p) + cos(2|α|q) cosh(2|α|q)]

+ sin(|α|2) [sin(2|α|p) sinh(2|α|p) + sin(2|α|q) sinh(2|α|q)]
}

. (49)

Plots of sections W4α(q, 0) and W4α(q, q) of function (49) are given in Figure 7 for |α| = 0 and |α| = 3.
In the case involved, the trace Tr(ρ̂ρ̂G) can be easily calculated by means of formula (24), because it is

reduced to the simple series E4(x) defined in Equation (16):

Tr(ρ̂ρ̂G) ≡ T =
2E4(ae−β)

(σ + 1)E4(a)
, e−β =

σ− 1
σ + 1

. (50)

Plots of measures (23) and (25) as functions of parameter a are given in Figure 8, together with the plots
of kurtosis. We see that the behavior of functions g(a) and K(a) is quite different from the behavior of
functions g(c) and K(c) in the case of EVSS, shown in Fig. 3. Function g(a) is especially interesting.
Indeed, function E4(x) behaves as ex/4 for x � 1. If a � 1, then σ ≈ 1 + 2a. In this limit case, we
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Figure 7. The sections of function W4α(q, p) for α = |α| exp(iπ/4). Left: W4α(q, 0). Right: W4α(q, q).

have e−β ≈ a/(1 + a) ≈ 1− 1/a. Neglecting the term 1/a, one could think that E4
(
ae−β

)
≈ E4(a) for

a → ∞, arriving at the asymptotic value g(∞) = 2. However, a more correct calculation yields the
ratio E4(ae−β)/E4(a) ≈ E4(a − 1)/E4(a) ≈ 1/e for a � 1. Therefore, the correct asymptotic value is
g(∞) = 2/e ≈ 0.74, in full accordance with Figure 8. Hence, T ≈ 2/(eσ) when a� 1 and σ ≈ 1 + 2a� 1.
The maximum value gmax ≈ 1.1735 is attained at a = 1.4615. In addition, g(a) < 1 for a > 2.209.
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Figure 8. The behavior of the non-Gaussianity measures (left) and kurtosis (right) as functions of parameter
a for the Orthogonal Even Coherent States.

The evolution of the kurtosis depends on the phase φ. If φ = π/4, the local minimumKmin = −0.1052
is achieved at a = 0.5658 and maximum Kmax = 0.2115 at a = 1.2577. In addition, K = 0 at a = 0.8490
and a = 1.7103. If φ = 0, one can see the maximum Kmax = 0.9323 at a = 1.1391. When a → ∞, the
kurtosis tends to the asymptotic value K(∞) = [cos(4φ)− 3]/6. The minimal possible asymptotic value
−2/3 corresponds to φ = π/4. This is an example of distribution possessing the property 〈x̂4〉 ≈ 〈x̂2〉2.
This equality is explained by the right-hand side of Figure 5: when a → ∞, the distribution (strongly
non-Gaussian) is concentrated symmetrically in two small regions. On the other hand, if φ = 0, then the
distribution remains concentrated nearby the origin, with two symmetric relatively small remote wings:
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see the left-hand part of Figure 5. As a consequence, the ratio 〈x̂4〉/〈x̂2〉2 turns out twice bigger than for
φ = π/4.

5. Comparison of non-Gaussianity of EVSS and OECS

It is interesting to compare the degrees of non-Gaussianity of two families of states: EVSS and
OECS. For this purpose, these degrees must be calculated for equal values of some parameter. A relevant
physical parameter could be the state energy, or, equivalently for the four-photon superpositions, the
coordinate variance σ/2. However, the dependences σ(r) (for EVSS) and σ(a) (for OECS) are rather
complicated, so that the inverse functions r(σ) and a(σ) can be found only numerically. For this reason,
we choose the simple common parameter in the form of the inverse fidelity between each component of
the superpositions and the vacuum state: τ = |〈0|α〉|−2 and τ = |〈0|z〉|−2. Then,

a = ln(τ), cosh(r) = τ, c =
√

2τ2 − 1. (51)

Figure 9 shows the measures δT [ρ̂](τ) and g(τ) for EVSS and OECS. According to this figure, the EVSS are
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Figure 9. Non-Gaussianity measures as functions of the inverse fidelity τ between the vacuum state and
components of two kinds of superpositions.

“more non-Gaussian” than OECS for all values of parameter τ, especially for small values of this parameter.
However, it is difficult to confirm this evaluation looking at plots of the probability distributions and Wigner
functions. Probably, attempts to quantify different families of states according to their “non-Gaussianity”
have no real sense.

6. Conclusions

We have compared five different measures of non-Gaussianity for two interesting four-photon
superpositions of the Fock states. Four measures show a monotonous growth when parameters
characterizing the “size” of superpositions are increased. However, it is difficult to choose any of these
measures as the “best” one: all of them seem more or less equivalent, at least for pure quantum states studied
in this paper. The behavior of the “Gaussianity” measure (10) is quite different. It is non-monotonous
(apparently due to the presence of the factor Tr

(
ρ̂2

G
)

in the denominator), so this measure hardly can be
used to compare the degree of Gaussianity of different states. Moreover, all the measures do not take into
account a ”fine structure” of quantum states. In particular, all of them do not distinguish between the
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states with different phases but equal absolute values of complex parameters z or α, while the plots of
the probability densities and Wigner functions show the importance of these phases. In this connection,
the behavior of kurtosis (which strongly depends on the phases) can provide an important additional
information. It is interesting that “large” even superpositions of coherent states (with a � 1) show the
“sub-Gaussian” behavior. Moreover, selecting the specific phase of parameter α one can obtain the ratio
〈x̂4〉/(〈x̂2〉)2 as close to unity as desired. On the contrary, almost all even superpositions of the vacuum
squeezed states are “super-Gaussian”, except for small values of complex parameter z with properly
chosen phases.
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