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Abstract

In this article, the usual factorials and binomial coefficients have been generalized and extended to
negative integers. Based on this generalization and extension, a new kind of polynomials has been
proposed, which has directly led to the non-classical hypergeometric orthogonal polynomials and
the non-classical second-order hypergeometric linear ordinary differential equations. The resulting
polynomials can be used in non-relativistic and relativistic quantum mechanics, particularly in the
case of the Schrodinger equation and Dirac equations for an electron in a Coulomb potential field.
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1. Introduction

!
Usually, the factorial of a positive integer !, denoted by " is defined as the product of all

1= — — - cen
positive integers less than or equal to n: nl=nx(n-1)x(n=2)x(n=3)x-x3x2x1 . The value
of 0! is conventionally equal to 1. However, the factorials of negative integers cannot be computed,

—D'!'=n!
since for n =0, the recurrence relation (n=D!=n !/n

implies division by zero, and also due to the
fact that the usual binomial coefficient CX = (Z) = nl/k! (n — k)! is always equal to a positive
integer.

The factorials are encountered in many areas of mathematics, notably in combinatorics,
probability theory, number theory, statistics, algebra, and mathematical analysis. Their most basic
use is to count the possible distinct sequences of n distinct objects: there are n! permutations.

Factorials can also be extended to real numbers while retaining their most important properties. This

I'(x+1)=x!

However, as mentioned earlier, this extension does not work when x is a negative integer.

involves using the gamma function to define , where I'(x) is the gamma function.

The factorials have a long and fascinating history [1, 2]. They were used to count permutations
at least as early as the 12th century, by Indian scholars [3]. In 1677, Fabian Stedman described
factorials as applied to change ringing, a musical art involving the ringing of many tuned bells [4]. In
1808, the French mathematician Christian Kramp introduced the notation n! [5].

Concerning the gamma function and the extension of factorials to real negative numbers, many
famous mathematicians worked on this topic, particularly Euler, Bernoulli (Daniel) Goldbach and De
Moivre [6, 7].

In fact, the field of factorials has attracted many modern researchers whose goal was the
generalization of factorials and/or the extension of the gamma function [8, 9, 10, 11, 12, 13]. However,
the purpose and expectations of the present work are radically different from what has already been
published on the topic under discussion, as we will see soon.
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2. Generalization of Factorials to Negative Integers

The usual factorials of positive integers can be generalized to negative integers as follows. We
have:

n!:lX2X3X"‘Xn’ ne . (1)

It is quite clear that multiplying each integer on the RHS of (1) by the constant ¢=1l is

equivalent to multiplying the LHS of (1) by (€)' :
(e)"n!=(e)x(e2)x(e3)x - X(en) . %)

Putting € =~ in (2) yields
=D"n!=(-)X(-2)X(=3)X - X(-n). 3)

—n)! = ()X (-2)X(-3)X - X (-

Using the notation ( n) to rewrite (3) in the following

compact form
(-m)!=(=D"n! @
As we can see, the relation (4) is, in fact, a special case of
(en)!=(e)"n! 5)
We refer to the relation (4) as ‘factorials of negative integers’. Therefore, Eq. (5) can be seen as a

generalization of factorials to negative integers and beyond. Now, let's go back to (1) and rewrite it
in the following form

(n!)=(Ix2x3%---Xn), ©)

Multiplying the two sides of (6) by — lto get

—(n!)=—(IX2x3X---xn) @
From (4) and (7), we arrive at the result: in general
—(n)#(n)! ®)
Definition 1: We call a factorial number any expression of the form
L Emt=[=)]' = (=) n!
s () =[-(n—k)]'= ()" (n-k)!
5 (n=i)=[=(n+k)]'=(=D)"" (n+k)!

Result 1:  From (1), (4) and (5) we get

n! if e=1
e'nl=

(m! if e==1 o

where nelZ. =N and -nel-.
3. Generalization of Binomial Coefficients to Negative Integers

The previous generalization of factorials to negative integers allows us to generalize the
binomial coefficients to negative integers along these lines. We have

k — () _ n! _ m)!
Cn = (k) T ki(n-k)!  (K)!(n-k)!

(10)

Replacing " with ~7 on both sides of (10) to get:
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ko
“n= om0V

Taking into account Eq.(4) and definition (1), the expression (11) becomes:

n!
k!(n+k)!

ck, = (—1)* (12)

Again, replacing k with =k on both sides of (10) yields:

n!

-k _ (_1\k
G =D k!(n+k)!
Result 2:  From (12) and (13), we get
Ck,=C7% . (19

(13)

Finally, replacing ” and k with =7 and —k , respectively, on both sides of (10) to obtain:

-k _ n!
Con = kl(n—k)! (15)
Result 3: Comparing (10) and (15) yields:
-k _ ik
=G .(16)

Definition 2: We call a combinatorial number any expression of the form (12), (13) and (15).

As we will see, the usual factorials of positive integers are, actually, a special case of Eq.(5), that

is to say, when € =1 Furthermore, the usual binomial coefficients are generalized to negative
integers via the formulae (12), (13), and (15). To clarify all that, some usual factorials of positive
integers, factorial numbers (factorials of negative integers), usual binomial coefficients and
combinatorial numbers are, respectively, listed in Tables 1 and 2.

Table 1. some usual factorials of positive integers and some factorial numbers.

R iiiiiei5r © ri I MR DAS AMA A9 ”»i E» ®” AR k»—k bE - B IAMUiALLA R

n n! —n (-n)! =(-1)"n!

010 1

11 -1-1
22 -2 2
36 -3-6

4 24 —4 24
5 120 -5 -120
6 720 —6 720
7 5040 -7 -=5040
840320 -8 40320
9 362880 -9 -362880
10 3628800 -10 3628800
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Table 2. some usual binomial coefficients and combinatorial numbers.

n k  Cr=n!/(n-k) - C* =(=D*n!/(n+k)

=

0 I -1 0 1
2 1 2 2 1 -1/3
3 2 3 3 2 1/40
4 3 4 4 3 —-1/1225
5 4 5 -5 4 1/725776
6 5 6 —6 5 —-1/6652800

3.1. Some Generalized Combinatorial Formulae

We deduce from definitions 1 and formulae (12), (13), and (15) the following interesting formulae
which can be useful later.

n—k)!
nlk!

(
L Clpp = (D22

C;lf___ ( )k(n+k)'
kT ck, (n—k)!

k
m ck,,.-Cck=ck ., -ck=C2

II.

(k1)
k.rk — 2
A i e
k -k — 2
Vo G [k'(n+k)']
k. ck k. -k — D[P
VLt Ch = O G = i

3.2. Application of the Generalized Combinatorial Numbers

The concept of generalized combinatorial numbers as a generalization of the usual binomial
coefficients allows us to introduce a new kind of polynomials in which the generalized combinatorial
numbers defined by formulae 12, 13, 15, and I-VI, play the role of coefficients. Let us begin with the

-1 -1 -
polynomial H,(x",y7) of degree ninX and Y

< an
H,(x1,y1)=) =2
=X Y 17)

7

an,k

where x, i are real or complex with 1, ke N and the coefficients are the generalized binomial

a € o
coefficients (generalized combinatorial numbers). In this sense, nk where ={12,13,15,1,
I, 11, IV, V, V1} is the set of the generalized binomial coefficients defined by the formulae 12, 13, 15,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and I-VI. Furthermore, in order to understand correctly the role and importance of ¢ k, we make
use of (13), (15), and (17) to define the following polynomials:

_ 1) — B N n o
(ln,ke///|an’k=Cr:k' Hn(xl,y )—Pn(x‘,y )_ch

k=0

1

X" —kyk

, (18)
-1 1) = -1 1) = Y —k 1
ake‘/;|ak=C__k H,(x,y1)=0,(x",y") (O Xk
n, n, n. k=0 . (19)
First, we begin with (18) which can be written in explicit form as follows:
-1 ,,-1Y) — 1y 11
Pn(x 'y ) - 0( ) k[(n+k)|xn kyk
1 n! 1 1 n! 1 1 (- i

- F - 1!(n+1)! x"‘137 + 2!1(n+2)! xn—2 37 -t (2n)! yn

.(20)
The first few P-polynomials

Po(x Ly 1) =1

Py(xhy™) = x7t -2y

PGl y ™) =x 2 —2x Ty 4 oyt )

-1 .,-1y_,-3_1 -2 -1,1 -1 -2_ 1 3
Py(xhy ) = a7 = oxTty T A ox Ty TR =y

1 1 1
Po(x~1 yv1) = x=% —Ly-3y-1 4 L -20,-2 _ x-1y=3 4 -4
(7Y PR 0y Y 1260~ Y 203207
Ps(x7y™) = x5 = Zx Tty Tl 4 xSy 72—y 2y g Iy

6 2016 t 72576
1 -5
39916800~

Derivative formulae for P-polynomial

—1 -1 -1 -1
mt -order partial derivative of L, (x Y ) wrt X ,x,y and” , respectively.

o"P , (n=k)
(x_1)m n nk — (m)
a( y’ k=0 xnkyk (22)
m O"P, _ k)om
axm =(-D" ZC k—(n )),k 23
Y SR
( _1) ( IY’ kz()an (J);k
/(24)

y E)P_( " ZOCk J(m)

YR (05

(n=K)y K (n—k)™  m

where (") are the falling factorials and are the rising factorials.

Characteristic values
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B, (x,y7)=1,

31(1,1)=ZC,Z]‘,
k=0

P, (e0,00)=1,
P, (xy) (1.)(0,0)
Parity

P (=x=y )= (=1D)"F, (xy")

Property

_
Now, supposing that Y is fixed by putting =)V and z=x

(20), the polynomial B,(z, a) = P,Ea) (z) of order ¢ and degree nin z:

1, we get, after substitution in

P.,Ea)(Z) — o C -k k Al k
N A at n-1 a? —_1\n
“Ln! 1!(n+1)!Z 2!(n+2)' B ( D) n'(2n)'] (26)

The polynomial (26) satisfies the second-order self-adjoint ODE

— (z2 dU) nU = zAf,(z,a), (27)
for the interesting special case when ) = n(n + 1) and y = n, where

k k(2n—k+1
fz@) = T Cen (2) ) Cion = (FDEEE) 28

4. Non-Classical Hypergeometric Orthogonal Polynomials
The well-known sets of orthogonal polynomials (OPs) such as Jacobi polynomials

{(aﬁ )(x)} , Laguerre polynomials {L(a)(x)} [14,15,16], Hermite polynomials
=0 n=0

{H,(x)}5~0, and Bessel polynomials {B, (@ )(x) , which include important special cases like
n=0 polyn p p

n=0’
Legendre polynomials, Chebyshev polynomials, and Gegenbauer polynomials, are typically referred

to as classical (hypergeometric) OPs [17,18,19, 20]. This is because they satisfy the four classical
hypergeometric linear ODEs, namely:

JacobiEq: (1 —x2)y" +[f—a—(a+B+2x]ly' +n(n+a+B+1Dy=0,
Laguerre Eq:  xy” "+ (a+1—x)y ' +ny =0, (i)
Hermite Eq.: vy 4+ 2xy" +2ny = 0, (iii)

Bessel Eq..x’y” + (ax + b)y' —n(n+a—1)y =0 . (iv)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Also, the classical OPs have the property that their derivatives form orthogonal systems.

In addition to the above-mentioned classical OPs, there is a new class of Ops
(o8]

{nﬁf"ﬁ) (Z)} which do not belong to the classical sets of OPs. They are called non-classical
n=0
(hypergeometric) OPs because, in addition to their property of orthogonality, they satisfy a non-

classical second-order hypergeometric linear ODE of the form:

A2)u” +B(z,a, B, )u’ + u,u =0, (29

such that the coefficients of #” and U’ are quadratic and/or linear polynomials; (a’ﬂ ) and
' are, respectively, the bi-order and degree of the polynomial solutions of Eq.(29); the characteristic
parameter [, depends on the polynomial's degree ‘n’ and is defined by

W, = —n (”T"lA" + B’) . (30)
The weight function p(z, 4,1) of polynomial solutions is given by

(4p) =Bp, (@31
and satisfies the condition
limAp =limAp =0, (32
z-a z-b
where g and b are the end points of the interval of orthogonality of polynomial solutions and z,
A are real or complex with A = a@ + f and nell.
As we can see, Eq.(29) is different from the second-order classical hypergeometric linear ODEs
(i-iv) in that-the coefficient of ¥ contains the positive integral parameter ‘n” which is the degree of
polynomial solutions of Eq.(29). Furthermore, the explicit presence of the polynomial's degree ‘n’ in

the coefficients of ¥ and U implies that the sequences {B(z,a,f,1M)}h=9 and {U,}meo

[oe]
correspond to a unique sequence {T[S"ﬁ) (Z)} of polynomial solutions of Eq.(29).
=0

4.1. mPolynomials

Throughout the rest of this paper we concentrate exclusively on the derivation of 7~polynomials
and their differential equation, generating function, recurrence relation, derivative formula, weight
function, Rodrigues' formula, characteristic values as well as their properties . But first, let us begin
with their derivation as follows. Assuming that Y is fixed, we let z=x"1 and 1 = (a + B) =
y_l. After substitution in (19), we get:

1 Ak _
w0 = Yhcogme 2 @

Replacing A with the rising factorial A = A1+ 1A +2)~A+k—-1) =T+
k)/T(A), A© = 1.We obtain
—EH =@, e

where

()
TP @) = Sicorms

-k _ 1 k (k) ,n—k —
=0mz" = EZ;(;O Cn/l( )Zn , A= (Of + ﬁ) (35)
The TT-polynomials of bi-order (e, ) and degree ” in z are the highly anticipated ones
that satisfy the non-classical second-order hypergeometric linear ODE:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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zu"—z+A+n—Du'+nu=0, 1= (a+p). (36)

Furthermore, the ﬁ'-polynomials defined by the following explicit formula

~(a,p) n "R _k _
T = _ =1+ 1 7
n . (2) k—Ok!y(k)Z , Y n , (37)

are also solutions of Eq.(36).

The first few TT-polynomials
P (z) =1

TP (2) = z 420

T[ga’ﬁ) (2) = %[z2 + 21z + 1]

T[ga'ﬁ) (z) = %[23 + 32122 +31@7z + A®]  (38)

TP () = i[z4 + 42723 + 6172 + 423z + A W]

TP (z) = 2 [25 + 5ADz% + 10AD2° + 10472 + 51z + 1O

TP (z) = = [26 + 6425 + 154 7% + 20473 + 150922 + 6452 + 1©)] .

Generating function for z-polynomials

gt =2, A=(@+p) . @)
Recurrence relation

n+ DT (2) = @+ L+ TFP () -2 (@) . wo

n+1
Derivative formula

d ) f
L2 =@ . @
Weight function
p(z,A,n) =z=HMe=2 A =(a+p). 42

The analogue of Rodrigues’ formula

(aﬁ)(z) __ Mngz (Z—/l —Z) j~:(0H'IB). (43)

4.2. Properties of m=polynomials

Characteristic values

(a ﬁ)(z)

A0 _I@+n)

(a.B)
T, (0) = nl )

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(@.,B) _on Lk) —yn _ T@+k)
T[n (1) — 4Lk=0 k!l(n-k)! = 4k=0 k!(n—k)IT (1)
‘ _ 200 _ T(A+k)
ﬂ;aﬁ)(—l) = Yiemo(-1)®70 K-kl ko (=D k!(n—k)!I'(2)

7T7(11/2,1/2) 0) =1
7T7(1—1/2,—1/2)(0) —0

(1/2,1/2) _ 1
T, (D) =Xk=0 Gz

(-1/2,-1/2) p4y _ (-1)k
Ty (D) = Xke=0 s

7-monomial

We obtain the 7T -monomial for the interesting special case when a=p=0 , that is
00) ¢y _ 2"
T, (Z) -

which satisfies the non-classical second-order hypergeometric linear ODE:
zu"—(z+n—-—NDu'+nu=0. 44)

Orthogonality
Now we prove the orthogonality of TT-polynomials w.r.t the weight function (42) on the interval
(0, «). That is to say, we will get fooo pﬂgg B (z)ﬂ%“'ﬁ) (z2)dz =0 if M#N_To this end, let

us rewrite Eq.(36) in the following self-adjoint form:

% [zpu'] + npu = 0.(45)
Then by Eq. (45), we get
[2p70" &P ()] + mpteP (2) = 0 1a0)
% [ZpT[ ',(la’ﬁ ) (Z)] + npn,ﬁ“"” ) (z) =0 .47)

d
dz

Multiply (46) by ﬂﬁf"ﬁ ) (z) and integrate from z = (0 to Z = oo to obtain
o d (a, ) © ) )
Jo E[zpﬂgfﬁ)(z)] T[flaﬁ)(z)dz +m pﬂ&,‘fﬁ)(z) T[;aﬁ)(z)dz =0.

Integrating the first integral by parts we get

o [o'e) ’(a!ﬁ) ’(a'ﬁ)
[an,;f,ﬁ)(z)nglaﬁ)(z)]o —fo zpt,, (@)mT, (2)dz+

m [,” peaP () TP (2)dz = 0.

lim(zp) = lim(z"7e*) =0
z—0 z—0 and

Since, according to (42), we have
lim(zp) = lim(z'7e™*) =0 _
ro ro with 7~ Atn<l , thus the above expression becomes

! (alﬁ)

. 1(a,p) .
—[Czpm ) @D, (@Ddz+m [ pleP (@) TP (2)dz = 0. 48)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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n(a,ﬂ) (Z)

In exactly the same way, we can multiply (47) by "~ * and integrate by parts from z = 0

to Z = oo to obtain

(@) 1(@,p) )
—f ZpM o, (DT, (2)dz+n | pﬂgff’ﬁ)(z) T[;“'ﬁ)(z)dz =0. (49

Finally, subtracting (49) from (48), we get the expected orthogonality condition

[P @ P (2ydz =0, m#En. (50

o 2
At present, let us evaluate the integralf0 P [77,',(1“'3) (Z)] dz, that is, the integral (50) for the

case when ™ =7 _First, we have

) a 2
=y p|niP @) dz . e

Combining (42) and (43) yields
: =" _qd"
M @) =S @) . @)

From (51) and (52), we get
I, = i 1) f T[(aﬁ)(z) (z ~Ae~?)dz .(53)
Integration by parts gives

- -1 (@.B)
[ o 2 e ] -

En(dnl

(z e” )dz

54)
The first term on the RHS is zero, hence by integrating several times by parts, we find

I, == [" 7z %e? T[(a Andz . (55

n!J0

n o
Since ;77.[%1,3) (z) =1 and fo z7%e?dz =T(1 — 1) for A <1 thus the above integral

becomes

=208 5

n!

From (51) and (56), we obtain the expected expression

=7 p[ﬂ(aﬁ)(z)] =D A=@+p<1. @)

Finally, combining (50) and (57), we get

r(1-2)
n! ’ (58)

fooo pﬂgg'ﬁ) (2) T[;a,ﬁ) (2)dz = Sy

Oifm+#n

where A = (¢ + ) < 1 and 6y, isthe Kronecker delta defined as 8, = { Lifm=n

4.3. Series of mPolynomials

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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As a direct consequence of 7~polynomials, we can refer to the series of 7polynomials.That is to

say, any continuous function f(Z) on the interval (0, ) such that |z| < 1, may be expanded in a
series of 7-polynomials. More precisely, let us prove that if

f(2) =320t (2), 1z1< 1, (59)

this implies

! 0 :
n = F(IL—A) e P(2) f(z)dz, 2<1. (60)

To achieve this, we multiply the series (59) by pT[gf £ (z) and integrate from z =0 to z =
oo, Taking into account the previous result, namely the expression (57), we get

[P (@) f(2)dz = $og ¢, [ ot (TP (2)dz .
For the case when ™ ="  we have
[ee] oo 2
Iy pP(@) f@dz = ¢, [} p [P @) d
By taking into account (57), we can derive the expected formula (60) from the above expression.

Ilustrative example: Let f (2) = 73 —32z% 4+ z — 2 be a continuous function on the interval

(0,) such that |Z| <1 . Our aim is to find the expansion of /(@ in a series of z#polynomials for

the interesting case when @ = 8 = —n/2, i.e,, A = —n. First, note that (—n)®) = (—l)kn(k),
where Ny = nm—1)Mn—-2)-(n—k+1) with ngy = 1 and ng,y = nl, is the falling

factorial, therefore, after substitution in (35), we obtain:
1 T (2) = Z TR (=D Congyz™ T (61)

The few first TC-polynomials for & = § = —n /2

" (2) = 1

7.[5—1/2,—1/2)(2) —

TV (2) = %[22 — 47 + 2]

ﬂg_g/z'_3/2) (z) = %[23 —9z2 4+ 18z —6] (62)
T (2) = %[24 — 1623 + 7222 — 962 + 24]
T 27D (z) = = [25 — 252* + 2002° — 6002 + 600z — 120]
&3 (2) = é[zﬁ — 3625 + 450z* — 240023 + 540022 — 4320z + 720] .

We have according to (59)
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o -n/2,—n/2 0,0 -1/2,-1/2 -1,-1
f(2) = Yoy a2 (2) = T (2) + ot (2) 4+ 6P (2) +

It is clear from the explicit expression of /(@) , that is, we should have ~ €4~ = ¢~ """ = 0 .

Consequently, the above expression becomes

-n/2,-n/2 0,0 -1/2,-1/2
F(2) = X320 caTt 2P (2) = ¢t (2) + TP (2) +
-1,—-1 -3/2,—-3/2
T (2) + ¢ TP ()

Using the formula (60) to get the following values for the coefficients: ¢) = —1,¢; = 7, ¢, =
12, c¢3 = 6. Finally, after substitution, we obtain the requested expansion:

f(2) = -t 2) + 12D () + 125V (@) + 61 AP ()

4.4. Consequences of m-Polynomials

The consequences and applications of 7-polynomials are generally related to the specialization
of their bi-order (¢, ). For instance, as a direct consequence of 7polynomials we can refer to the series
of #polynomials. It may be added that the #~polynomials and their reverse can be used in physics,
particularly in non-relativistic and relativistic quantum mechanics, as we will see. With this aim, we

shall now consider the following interesting special case, that is, when a=-a,f=-n , and ais
real or complex with nell. Therefore, after substitution, the 7-polynomials (35) and their ODE (36)

become
(-a,—n) _ (a+n)(k) i Zn—k
T, (2) = oD —= Kt 2 %:o(—l)k(akn) o (63)
zu”"+(A+a—2)u"+nu=0 . (64)

The first few z-polynomials for ¢~ ~% p=-
g V@) =1
-a,-1

i () =z- (a+ 1

TP (2) =% (@ + 2Dz + 22

R 3
n.g a,—3) (z) = z3  (a+3)(y) 22 4 (a+3)(2) 5 — (a+3)(3) (65)

2 2 6

7.[L(L—a,—zt) (2) = z*  (a+4) 234 (a+4)(2) 42 _ (a+4)(3) 7+ (a+4) (4
6 4 6 24

—a— 5 (a+5) (a+5) (a+5) (a+5) (a+5)
T[g a, 5)( ):Z__ @ 4 4 @ ,3 _ @ ,2 4 @ _ 5
24 12 12 24 120

71.2—(1,—6) (Z) _ i . (a+6)(q) 75 + (a+6)(2) 74— (a+6)(3) 23 + (a+6)(4) _ (a+6)(s) +

720 120 48 36 48 120
(a+6)(6)

720
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It is worthwhile to note that in spite of the fact that Eq.(64) is identical to the so-called Laguerre
(generalized) equation(™), the polynomials (63) are not strictly speaking identical to the alleged
generalized (associated) Laguerre polynomials

2k
a + .
LY (@) = TioCDAET S L W
Since both polynomlals (63) and (i) have not the same explicit expressions for the recurrence
relations and derivative formulae, respectively:

m+ DI ™(2) = (z - TS ™ (2) — 2z (2) %TL'%_“’_") (z) =
( a Tl) (Z)
and
(n+ 1)L(a)1(z) =(a+2n+1- Z)lea)(z) —(a+ n)L(a)l(Z) %L&la)(z) =

This implies, among other things, that they have not the same generating function.

Consequently, the polynomials T[;_ =) (z) canalso be used in non-relativistic and relativistic QM,
particularly, in the case of the Schrodinger equation, and Dirac equations for an electron in a Coulomb

potential field. However, we can show that there is some link between nﬁl_“’_") (z) and L(na) (z)
through the reverse polynomials 7—_[1(1—a,—n) (z), which can be easily deduced from (63):

TS ™ () = Yp_o(—1)™ k(“*" . (66)

The first few ﬁ'—polynomzals

o9 (z)=1
e (Z) =—(a+1) +z

2 (@)

(1) The so-called generalized Laguerre equation and polynomials have been wrongly attributed to the French
mathematician Edmond Nicolas Laguerre (1834-1886) by Encyclopedia of Mathematics, Encyclopedic Dictionary of
Mathematics, Wikipedia, Wolfram MathWorld, and also by many authors of mathematics textbooks and peer-
reviewed research articles relating to the classical orthogonal polynomials. Laguerre had nothing to do with such a
wrong attribution and the actual discoverer was the Russian mathematician Nikolay Yacovlevich Sonine (1849-1915),

see Ref.[14]. —Laguerre true and authentic ODEs and polynomials: Laguerre published two seminal articles,
respectively, in 1879 Ref.[15] in which he explicitly wrote the equation: xy"+(l+x)y'—ny =0 and its polynomial
solution; and in his second article published in 1885 Ref.[16] in which he explicitly wrote the equation:

xy"+(x +1- a)y'— ny =0 and its polynomial solution. As we can see more clearly, the first Eq. is a special case of

the second Eq. when o = 0 and both Egs. are different from xy”+ (1 - x)y'+ ny=0 and xy"+ (a +1- x)y'+ ny =0

, which are wrongly attributed to Laguerre.
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— +3 +3 +3
7[3(4,,,3)(2):_(‘1 6)(3) +(a 2)(2)2_(61 5 )(1) Zz +%3
+4 +4 +4 +4
T (z) = (a 24)<4) _(a - )a) - (a . Do) 22 (a - D) 3 +%
—— (a+5) (a+5) (a+5) (a+5) (a+5) 75
(ca5)(,) = _ ) @ 3 2 @ 3 _ W 4
2 [ Rk et i ¥ et s 24 2t

(=a,—n)
As we can see from (65) and (67), the polynomials” " ( )are arranged in descending power
a7 (—a,=n)

order of z while the polynomials” ™" ( )are arranged in ascending power order of z, and as the
descending power order is more commonly used that is why (66) are called the ‘reverse’ polynomials

T (2)

ﬁ'—polynomials. We now proceed to show that there is actually some link between” ™"

or simply

(@) 77 (—a,=n)
and " (Z) through” ™" ( ), which can be rewritten in the following form:

n a+n
T () =(=1)" —1N* zk
T, (Z) (-D IZE)( ) (n—k) k! 68)

a simple comparison between (i) and (68) leads directly to the expression:

T (z)=(=1)" L (z)

(69)
or equivalently
(a) —(—1\" 77 (~a:=m)
LY@ =07, o)
. T (z) a
Expressions (69) and (70) mean that the polynomials” " are expressible in terms of the
L(2) 7 (e)
polynomials " and vice versa. Moreover, the polynomials” " are related to the Hermite
T,

ones through” ™"

n 7 (12,-n 2
H, (z)=2"n!7t"? >(z ) o1

_ ~2n+l 7 (=172,-n) (.2
H,, . (2)=2""nlzT, (Z ) 72)

a7 (—a.,—n)
Because of this, the polynomials® ™" ( )Can be arisen in the treatment of the quantum
harmonic oscillator.

Associated @-functions

(=a,—n)
In terms of the polynomials” " ( ), we can define the associated ¢-functions as:
¢, (zna)=z"e 2" (2) (73)
Using Eq.(64), we get the following self-adjoint DE for ¢-functions

” , 2n+a+1 z aZ:l
¢ + ¢, +[————— 9, =0
2 44z o

Therefore, p-functions are eigen-functions of a Sturm-Liouville system on the interval (0, o).

~

T -polynomials

~

Now returning to the T -polynomials (37), solutions of Eq.(36), and considering the same

previous special case, i.e., when a=-a,f=-n , we get after substitution in (37):
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~ n n k
ﬂ-(—a,—n) )= _1 k (k) zr
S =2 D e G

or equivalently

(@)= X (D S @) o2
(a +l) k=0 , (76)

which are also solutions of Eq.(64).
The first six T -polynomials
T (z)=1
~ 1
TV (z)=l-——2z

) (a+1)?
~(-a- 2 1 2
T (z)=1- z+ z

2 ( ) (a+1DD® (a+1H)*® 77)
= (-a.-3) () = 3 3 2 1 3
T @)= o @ T @
(a4 () = 4 6 2 4 3 1 4
T )= - e @t @ e
7?5(_0’_5)(2)21— 5 10 2 10 i 5 4 1 5

@) @)@ % @ )™ T @@ (@ e

The analogue of Ridrogues’ formula
—-a _z dn at+rn —z
7[(””)(2] (a+1n) z% n(z+e )
Q) dz .8

/A (Z)

The polynomials (75) are related to” ™ *
at+n
( )(n) (—a,—n)(z

mez) = e

fora=-a and JB=-nby the following relation:

(9)
It may be added that the orthogonality property of the polynomials (75) is a direct consequence
of the orthogonality of z#polynomials (35) and without difficulty can be shown to be of the form:

n[C(a+DJ

a _—z n(—a,—n) 7?(—(1,—}1) d :5
fore B e, S D]

/(80)

4.5. -Monomials and x=Polynomials

In addition to the properties of 7#~polynomials (35) mentioned in the previous section, there is
another specific property which is in fact a direct consequence of the explicit expression of 7
polynomials which can also be written in the form of the product of y#-monomials in z and &
polynomials in (z!) as follows:

a () n—k Lo A ] a
7" (z)= Z kl(n K(n—=h)!* =z Z < T(n—k)! z¢ =, ()K" (2]

4

=" = nlr 0
where the g-monomials H, (Z) Z or equivalently A, (Z) T, ( ) satisfy Eq.(44).
Now, let us focus our attention exclusively on the xpolynomials
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W]

K(asﬂ) z|= ___

() ,E)k!(n—k)!zk, i=a+f g
which satisfy the DE

2wt z(n=2+1-2)w' —niw=0 (82)

The first few xk-polynomials
KeP(z)=1
KD (z)=1+ Az

ap ()1 ., AP
K; (Z) =5 +Az" + TZ

ROV G R R R g
KP(z)=g+52" + 527+ 2 )

(2) 3) (4)
K'i“’ﬁ)(z) =% + %z_l + )“Tz_z + %2_3 + )5—42_4
ap( L A MY 5 AD 5 AY A9 s
KP(z)=mg+ 257 +977 +*32 *357 + T

2 3) 4) (5) 6)
K}f“’ﬁ)(z) 1+?» -1+7» 2, A 3 A 4 A s A 5

72071207 Ta8Z T367 Taw? T 1207 T7207

Generating function for x=polynomials

gataf)=[-L]"¢  i=a+p
A Rdd] Z i - (84)

Recurrence relation

R )= 1 A0 z) - LA )

n+l
(85)
Derivative formula
dk,P(z) _1dK(2) G
ez ¢ 4 2 (Z).(86)
Weight function

z

p(Za aaﬂan)zzye_ , ’Y:n_i_l.(87)

The analogue of Rodrigues’ formula

K—n(u,[i)(z) _ %Ziez dar [foefz]

(88)
Characteristic values

K0oo) = K(z) = 4y

K*P (o) = oo
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. v TG+E)
5= 2 Ho— = & A= DI

) I'(A+k
KD (-1)= Z( D" kv( k)' Z( I)W

Some properties

K,E“’ﬁ)( ) Z( 1)* (0= k)'zlk’ A=a+p

KD ()= § 0

u /l(k) 1

16 =2)= X ez

(k)
< 0(2)= b

KeD(e)= £ ) L

' (k)
0 (2)= S fare

o (f—a),
Ki,ﬂ)( ) zkl(nal(c))'zl"

Orthogonality

To show the orthogonality property of xpolynomials on the interval (0, o) w.r.t the weight
function (87) it suffices to follow the usual procedure. With this aim, let us first rewrite Eq.(82) in self-
adjoint form.

d ’

E(zzpw )—n 2pw=0.
Then by (89) we have
df o dkEP()
dz| Z P d=

(89)

—mipKP(z)=0
, (90)

(a,p)
di Zde’Cn—(Z) _nlpkia’ﬂ)(z) =0
z dz
;91

where " #h .

Keh) (Z)

Now, we multiply (90) by " and integrate from Z = 0 to z=00 to obtain
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o (a.p) oo
i e b e ez
0@z dz 0
Integrating the first integral by parts we get:
(a.) © . (a.p) (a.p) 0o
Zzp—dK’” (Z) K,E“’m (Z) | z°p dK, (Z) K, (Z)dz—m/lfpkfn“’ﬂ) (Z)K,E“"B) (z)dz =0
dz o 0 dz dz 0

By taking into account the explicit expression of the weight function (87), we have

lim(z"e?)=1lim(z"e*)=0
z—0 Z—>c0

with ¥~ -2 , thus the above expression becomes:
o 1 (@F) 1 (@F) o
[z%p dr, " (z) dre, (Z)dz +mAf pK“P (2)K“P (z)dz =0
0 dz dz 0

.(92)
@A) () 3
In exactly the same way we can multiply (91) by 7 and integrate from Z = 0 to
Z=°° tofind
s ARV )
0 dz dz

dz + nA[ pK“P(2)K“P (2)dz =0
0 (93)
Subtracting (93) from (92) and replacing the weight function P by its explicit expression (87) we
get the very expected orthogonality condition:

=)

J.Zyefzk'fn“’ﬂ) (z)K“P(z)dz =0
0 , M#EN (9y)
oo (o) e
Finally, let us evaluate the integral © as follows. First, we have
1= TolKer (]
0 . (95)

Secondly, rewriting the generating function in its explicit form

e’ (1— %)ﬁi = il(‘i“’ﬂ) (z)t", A=a+p.

(96)

Square and multiply both sides of (96) by the weight function (87) to obtain:

-1 p=pler e

97)

Now, let us focus our attention on the LHS of (97) which can also be written in terms of series as
follows:

o (1_ t )—M o= izngzx)w [y iznm)w LU 2 g2

z ~ (nl)p 2z ~ (n!)?
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and after substitution, (97) becomes
R
n=0 n=0 E , (98)
with yzn—/l—l’ A=a+f
Integrating (98) fromz=0 to z=eo, we get after simplification
) n (n)
J'Zve -z [K-(na.ﬁ) (Z)]zdz :%J'Z—(M) e dz
0 ()™ s (99)
o [z e?dz=T(-2)
Since (24) =FQ2A+n) [(24) and © , A < 0, therefore (99)
becomes:
[zre =[x (o) dz = 2L Ry

) (n!)’T(21) (100)

5. Conclusion

In this paper, the usual factorials and binomial coefficients have been generalized and extended
by means of the new concept of factorials and combinatorial numbers to the negative integers. Based
on this generalization and extension, a new kind of polynomials has been proposed, which led
directly to the non-classical hypergeometric orthogonal polynomials and the non-classical second-
order hypergeometric linear DEs. Also the resulting polynomials can be used in non-relativistic and
relativistic QM, particularly in the case of the Schrodinger equation and Dirac equations for an
electron in a Coulomb potential field.
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