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Effects of Lorentz Symmetry Breaking and External
Potential on a Relativistic Scalar Particle
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Abstract

In this paper, a relativistic scalar particle under Lorentz symmetry
breaking effects in the presence of a scalar potential is investigated.
We introduce the scalar potential by modifying the mass via transfor-
mation M — M+S(r) in the wave equation and analyze the behaviour
of a scalar particle. We see that the analytical solution to the Klein-
Gordon equation can be achieved, and the energy eigenvalues and the
wave function depends on the Lorentz symmetry breaking parameters
as well as potential.
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1 Introduction

In the context of quantum systems, Lorentz symmetry violation (LSV) has
been investigated by several authors, for example, in the nonrelativistic limit,
the spectrum of hydrogen atom [1], the quantum Hall conductivity [2], the
Aharonov-Bohm-Casher effect [3], neutral Dirac particle [4, 5, 6, 7], Rashba-
like coupling [8, 6], Landau-type system subject to potential [9], geometric
quantum phases [4, 5, 10, 11], and harmonic oscillator [12]; In the rela-

tivistic limit, relativistic scalar particle [13, 14, 15, 16], quantum oscillator
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[17], the Landau-He-McKellar-Wilkens quantization and Dirac particle [18],
Klein—Gordon oscillator [19], Dirac oscillator [20], and the geometric quan-
tum phases [21, 22]. We investigate the relativistic quantum motion of scalar
particles in under the effects of Lorentz symmetry breaking defined by a ten-
sor (Kr)uwap out of the Standard Model Extension (SME) in the presence of
a scalar potential. We analyze the effects of a radial electric field and a con-
stant magnetic induced by the Lorentz symmetry violation. We see that the
solution of the bound state to the Klein-Gordon equation can be obtained.

In the gauge sector of SME [23, 24, 25, 26], there are two types of Lorentz-
violating contributions in the electromagnetic sector of SME that modifies
the transport properties of space-time. These two types are called the CPT-
odd sector [23, 24] and the CPT-even sector [27, 28, 29, 30, 31, 32, 33]. The
background of the Lorentz symmetry violation establishes by a tensor field
can be introduced into the Klein—Gordon equation through a nonminimal
coupling £ (Kr)uwap F* (x) F*P(x), where g is the coupling constant, F),, (z)
is the electromagnetic field tensor, and (Kr)uwas is a dimensionless tensor.
The tensor (Kr)uwap has the symmetries of the Riemann tensor R,,s and
zero on double trace (K F)‘;j; = 0, so it contains 19 independent real compo-
nents (for details of this tensor, please see Refs. [23, 24, 29, 30, 31, 32, 33]).
The current limits on the coefficients of the Lorentz symmetry violation can
be found in details in Ref. [34].

The relativistic quantum dynamics of a scalar particle under the effects
of LSV Refs. [23, 24, 8, 14, 15, 16, 17, 18, 19, 20] is given by

PP ¥+ (K)o P () FP () @ = M W, (1)

where VU is the scalar wave function, and M is the rest mass of the particle.

The structure of this paper is as follows: in section 2, we introduce the
Lorentz symmetry violation defined by a tensor (Kp),.qs out of the Standard
Model Extension. Then, we analyze the behaviour of a relativistic scalar
particle in the presence of a scalar potential by solving the Klein-Gordon

equation; in section 3, we present our conclusions.
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2 Lorentz Symmetry Breaking Effects on a
Relativistic Scalar Particle with potential

We consider the Minkowski flat space-time in the cylindrical coordinates

(t7 T? ¢7 Z)
ds* = —dt* + dr* + r* d¢?® + d2?, (2)

where the ranges of the coordinates are —oo < (t,2) < oo, r > 0 and
0<¢<2m7.
For the geometry (2), the Klein-Gordon equation under the effects of the

Lorentz symmetry violation becomes

2 92 190 o2 1 o2 p . y
{_@+w+¥§+@+ﬁ@] U+ 5 (Kp)wop F* () F*(2) @
= M. @)

Now using the properties of the tensor (Kr) a5 given in Refs. [29, 30, 31],
we can rewrite (3) in the following form :
82+62+18+1 62+82 T
otz or?2  ror  r?2og? 022
+ [_g (kpp)i; B' B + g (kup)jx B' BY — g (kpp)jk E' Bj] v
=MV, (4)

The known procedure in introducing a scalar potential into the Klein—Gordon
equation was given in Ref. [35, 36], where the mass term is modified via
transformation M — M + S(r), where S(r) is a scalar potential. The
scalar potentials of various kind have been used to obtain the solution of
the bound state of the relativistic wave equations under LSV effects in Refs.
(14, 16, 17, 18, 19]. In this work, we consider a scalar potential proportional
to the inverse of the axial distance (o< 1) [14, 17, 36], then, the mass term of

the Klein—Gordon equation becomes

M— M+ (5)
T
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where 7). is a constant.

Let us consider a possible scenario of the Lorentz symmetry violation
determined by the non-null components (kpg)i1 = const, (kpp)iz = const
with the field configuration given by [5, 16, 19, 20]:

_ LA
B=By:2 , E=Z27¢ (6)
T

where By > 0, 2 is a unit vector in the z-direction, A is the linear charge
density, and 7 is the unit vector in the radial direction.

Hence, equation (4) using (5) and (6) becomes

+ S ast+ s

L e 10 18 &
ot2  or?2  ror  r?2o¢p? 022

g By
T

+ [—9 (kpE)1n A— - <RDB>13} w— (M %)2 .o (7

2

Since the metric (2) is independent of (¢, ¢, z), let a possible total wave

function is given by
U(t,r, ¢, 2) = ! CHHETED (), (8)

where F is the energy of the particle, [ = 0,£1, +2, .... are the eigenvalues of
the z-component of the angular momentum operator, and k is the constant.
Substituting the solution (8) into the Eq. (7), we obtain the following

radial wave-equation for (r):

)+ 100+ -2 L =2 e —o )
where
A2:M2+k2—€2,

. 1
] = \/F + 7’]3 + 59/\2 (’fDE)llg
5:2M7’]c+g)\B0 (/{DB)13- (10)
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Let us now perform a change of variable by x = 2 Ar. Then, from Eq.

(9) we have

Y@+ v+ (f- 5 Tz ) Vo) =0 (1)

By analysing the asymptotic behaviour of the Eq. (11) at x — 0 and at
x — 00, we have a solution to the Eq. (11) that can be written in terms of

an unknown function F'(z) as

U(x) =2l e F(x) (12)
Thereby, substituting the solution (12) into the Eq. (11), we obtain the
following equation:

xF"(x)+(1+2j—x)F’(x)—|—(—%— —%) F(x)=0, (13)

which is called as the confluent hypergeometric equation [37, 38]; thus, the
function F(z) is the confluent hyper-geometric function, that is, F(z) =
VFi(j+3+ %, 2j+1,z). It is well-known that the confluent hyper-geometric
series becomes a polynomial of degree n when j+ 1+ % = —n [37, 38] where,
n=0,1,2 .

Thus, we have obtained the following energy eigenvalues ¢,,; expression:

(M Ne + % (/*€DB)13)2

5n,l:j: M2—|—k2— -
(n+ 3+ /2+n2+ 19N (rop)n )

(14)

The radial wave function is given by

s 1 o
@Dn,l(l’) _ l,\/l2+7]2+%g)\2 (kpE)11 =35 1Fi(j+ 5 + A 2j+1,2). (15)

Hence, Eq. (14) gives the allowed values of energy level of a relativistic
scalar particle under the effects under the effects of the Lorentz symmetry

violation in the presence of a Coulomb-type scalar potential. The spectrum
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of energy Eq. (14) is symmetrical about &, = 0 for constant or zero values of
[ and are equally spaced on either side. We have established the background
of the violation of the Lorentz symmetry defined by a tensor possessing the

non-null components {(kpg)11 = const, (kpp)13 = const}.

3 Conclusions

We have investigated the effects of Lorentz symmetry violation (LSV) on a
relativistic scalar particle by solving the Klein-Gordon equation in the pres-
ence of an external potential proportional to the inverse of the radial distance
(o< 1). Though our work is inspired by the Standard Model Extension (SME)
that is an effective field theory, we have relaxed the renormalization prop-
erty in our analysis. We have shown that the solution of the bound state to
the Klein-Gordon equation can be obtained under the effects of the Lorentz
symmetry violation defined by a radial electric field produced by linear distri-
bution of electric charge, a uniform magnetic field along the z-direction, and
the dimensionless tensor (K )qas,, that governs the Lorentz symmetry break-
ing possessing the non-null components (kpg)i3 = const, (kpg)11 = const.
After solving the radial wave equation, we have obtained the energy spec-
trum Eq. (14) of the bound state, and the wave function Eq. (15) of a
relativistic scalar particle. We can see that the presence of the non-null com-
ponents of the tensor (Kg),.qap that governs the Lorentz symmetry violation
and the scalar potential modified the spectrum of energy Eq. (14) and the

wave function (15).
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