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Abstract

Typical Galaxies have dimensions of many tens of thousands of
light years. Relativity dictates that any change at the center of the
galaxy will affect the galactic outskirts only tens of thousands of years
later in the future. Retardation effects are not taken into account
in galactic modelling used to calculate rotational velocities of matter
in the rims of the galaxy. The formidable discrepancies between the
predictions of Newtonian theory of action at a distance and observed
velocity curves are usually derived by either ”dark matter” or the laws
of gravity modifications. Here we will show that taking retardation
effects into account velocities of galactic matter can be explained as
well as the famous Tully-Fisher relations.
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Introduction

Tully–Fisher relations describe the connection between the mass or intrinsic
luminosity of a spiral galaxy and its rim rotation velocity derived from its
emission line width. It was discovered in 1977 by R. Brent Tully and J.
Richard Fisher [1]. According to Tully and Fisher baryonic galactic mass is
proportional to velocity to the power of about four.

Dynamics of large scale structures is inconsistent with Newtonian me-
chanics. This was notified in the 1930’s by Fritz Zwicky [2], who pointed
out that if more (unseen) mass would be present one would be able to solve
the apparent contradiction. The phenomena was also observed in galaxies
by Volders [3] who have shown that star trajectories near the rim of galaxies
do not move according to Newtonian predictions, and later corroborated by
Rubin and Ford [4, 5, 6] for spiral galaxies.

In as series of papers we have shown that those discrepancies result from
retarded gravity as dictated by the theory of general relativity [7, 8, 9, 10, 11].
It is shown that in the absence of density changes in time, indeed retardation
has no consequence and does not have any ramifications on the gravitational
phenomena. However, since density changes in time for galaxies, as many
processes change the mass density in galaxies. For example, mass accretion
from outside the galaxy and internal processes such as super novae explosions
leading to super winds [11] modify the density.

Here we show that the Tully–Fisher relation can be deduced from retar-
dation theory.

Linear Approximation of GR

Only for compact objects (black holes and neutron stars) and the big bang
does one need to consider the full Einstein tensorial equation [7]. In most
cases in astronomy (galaxies included) one can use a linear approximation to
those equations taken around the flat Minkowski-Lorentz metric ηµν :

gµν = ηµν + hµν , ηµν ≡ diag (1,−1,−1,−1), |hµν | ≪ 1 (1)

For convenience one defines the barred variable:

h̄µν ≡ hµν −
1

2
ηµνh, h = ηµνhµν , (2)

h̄µν = hµν for terms which are not diagonal. For terms which are diagonal:

h̄ = −h ⇒ hµν = h̄µν −
1

2
ηµν h̄. (3)
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It is shown in ([12] page 75 exercise 37, and also [13, 14, 15]), that one can
construct a gauge such that the Einstein equations take the form:

h̄µν,α
α = −16πG

c4
Tµν , h̄µα,

α = 0. (4)

Equation (4) has a retarded solution of the form: [16]1:

h̄µν(~x, t) = −4G

c4

∫

Tµν(~x
′, t− R

c
)

R
d3x′,

t ≡ x0

c
, ~x ≡ xa a, b ∈ [1, 2, 3], ~R ≡ ~x− ~x′, R = |~R|. (5)

4G
c4

≃ 3.3 10−44 in MKS units hence in the above calculation it suffices to
take Tµν which is zero order in hαβ. The affine connection in the linear
approximation takes the form:

Γα
µν =

1

2
ηαβ (hβµ,ν + hβν,µ − hµν,β) . (6)

Since the affine connection is first order, thus up to first order Γα
µνu

µuν it
suffices to take uµuν to zeroth order:

u0 =
1

√

1− v2

c2

, ua = ~u =
~v
c

√

1− v2

c2

, ~v ≡ d~x

dt
, v = |~v|. (7)

This further simplifies for slow test particles to:

u0 ≃ 1, ~u ≃ ~v

c
, ua ≪ u0 for v ≪ c. (8)

It is implied from equation (6) and equation (8) that the equation for the
geodesic can be written in the first order form:

dva

dt
≃ −c2Γa

00 = −c2
(

ha
0,0 −

1

2
h00,

a

)

(9)

Consider the energy momentum tensor of the form: Tµν = (p + ρc2)uµuν −
p gµν . For non relativistic matter ρc2 ≫ p, thus according to equation (8)
T00 = ρc2 while all other components of the tensor Tµν are much smaller in
comparison. Thus h̄00 is larger in comparison to the other components of h̄µν .
Notice, however, that different magnitudes of quantities does not imply that

1For reasons why the symmetry between space and time is broken see [17, 18, 19, 20]
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the same difference exist between their respective derivatives. The gauge
condition of equation (4) dictates:

h̄α0,
0 = −h̄αa,

a ⇒ h̄00,
0 = −h̄0a,

a, h̄b0,
0 = −h̄ba,

a. (10)

It follows that the zeroth derivative of h̄00 (contains a
1
c
factor) is of the same

order as the spatial derivative of h̄0a and the zeroth derivative of h̄0a (which
can be found in equation (9)) is the same order of the spatial derivative of h̄ab.
However, one can compare spatial derivatives of h̄00 and h̄ab and determine
that the former is larger than the later. Taking into account equation (3) we
write equation (9) as:

dva

dt
≃ c2

4
h̄00,

a ⇒ d~v

dt
= −~∇φ = ~F , φ ≡ c2

4
h̄00 (11)

Thus φ is the gravitational potential dictating the motion which can be
calculated using equation (5):

φ =
c2

4
h̄00 = −G

c2

∫

T00(~x
′, t− R

c
)

R
d3x′ = −G

∫

ρ(~x′, t− R
c
)

R
d3x′ (12)

in the above ~F is the force for one unit mass. If ρ does not depend on time
the Newtonian instantaneous action at a distance theory applies. However,
ρ is time dependent for a galaxy which accretes mass from its surroundings.

Beyond the Static Newtonian Approximation

The delay R
c
which is about few tens of thousands of years is short in com-

parison to the time that it takes the galactic density to change. Thus we can
write a Taylor series approximation for the density:

ρ(~x′, t− R

c
) =

∞
∑

n=0

1

n!
ρ(n)(~x′, t)(−R

c
)n, ρ(n) ≡ ∂nρ

∂tn
. (13)

Inserting the approximation given in equation (13) into the potential equation
(12) for the first three terms:

φ = −G

∫

ρ(~x′, t)

R
d3x′ +

G

c

∫

ρ(1)(~x′, t)d3x′ − G

2c2

∫

Rρ(2)(~x′, t)d3x′ (14)

We conclude that the first term will provide a Newtonian potential, the
second term does not contribute as it is independent of ~x, thus only the third
term is the lower order correction to the Newtonian theory:

φr = − G

2c2

∫

Rρ(2)(~x′, t)d3x′ (15)
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The expansion of equation (14), being a Taylor expansion up to the second
order, is only valid for:

R < c Tmax ≡ Rmax (16)

hence the approximation is limited to the near field, this is different from the
far field approximation which is used for gravitational radiation [21, 22, 23].
The total force is thus:

~F = ~FN + ~Fr

~FN = −~∇φN = −G

∫

ρ(~x′, t)

R2
R̂d3x′, R̂ ≡

~R

R

~Fr ≡ −~∇φr =
G

2c2

∫

ρ(2)(~x′, t)R̂d3x′ (17)

It is well known that the Newtonian force ~FN is attractive. However, the
retardation force ~Fr may be attractive or repulsive. The Newtonian force de-
creases with distance as 1

R2 , however, the retardation force does not depend
on distance as long as the Taylor approximation equation (13) holds. It fol-
lows that for short distances the Newtonian force is important but for longer
distances the retardation force may be as important. In fact, Newtonian
force can be neglected for distances satisfying:

R ≫ Rr ≡ c∆t (18)

∆t is the duration associated with the second temporal derivative of the den-
sity ρ. For R ≪ Rr retardation effect can be neglected and only Newtonian
forces should be taken into account. To calculate the rotation velocity we
use equation (23) of [10]:

v2θ
r̄

= F, (19)

in the above vθ is the azimuthal velocity, r̄ is the cylindrical radial coordinate
and F is given in equation (17). The results for the galaxy M33 [10] are
depicted in figure 1, which yields a perfect fit for Rr = 4.54 kpc (we remark
that the fit does not require tweaking the mass to light ratio, as is done
by other authors). Other excellent fits for different types of galaxies can be
found in [11].

The Tully-Fisher Relations

For r = |~x| → ∞ and R̂ ≃ ~x
|~x|

≡ r̂ :

~Fr =
G

2c2
r̂

∫

ρ(2)(~x′, t)d3x′ =
G

2c2
r̂M̈ , M̈ ≡ d2M

dt2
. (20)
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Figure 1: Rotation velocity for the M33 galaxy. The observational data
was supplied by Dr. Michal Wagman, using [24]; the full line describes the
theoretical rotation curve, which is the sum of the dotted line, describing the
retardation part, and the dashed line, which is Newtonian.

And:

~FN = −G

∫

ρ(~x′, t)

R2
R̂d3x′ = −G

M

r2
r̂ (21)

in which M is the galactic mass. As the galaxy accretes intergalactic gas its
mass increases thus Ṁ > 0, however, as the intergalactic gas is depleted the
rate at which the mass increases must decrease hence M̈ < 0. Thus:

~Fr = − G

2c2
|M̈ |r̂ (22)

causing the retardation force to become attractive. The asymptotic form of
the total gravitational force is:

~F = ~FN + ~Fr = −GM

r2
r̂

(

1 +
|M̈ |
2Mc2

r2
)

= −GM

r2
r̂

(

1 +
r2

2R2
r

)

(23)

in which Rr ≡ c
√

M

|M̈ |
(see equation (35) in [10]). Assuming the calculation

is done in the galactic plane, we may write the squared azimuthal velocity
using equation (19) as:

v2θ =
GM

r

(

1 +
r2

2R2
r

)

. (24)
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Figure 2: Normalized velocity curve for r′ ∈ [1, 3]

Introducing the typical velocity vty ≡
√

GM
Rr

and the dimensionless quantities:

v ≡ vθ
vty

, r′ ≡ r
Rr

we obtain:

v2 =
1

r′

(

1 +
r′2

2

)

. (25)

This form is of course only valid provided the second order approximation
holds which is limited by Rmax according to equation (16). This form is
also invalid within the galaxy itself as we assume r = |~x| ≫ |~x′|, a detailed
calculation of the radial velocity within the galaxy itself (and nearby) is given
in [10]. Thus the range of validity of the above expression is rather limited.
Taking into account the above caveats we assume that most of the galactic
baryonic mass is inside Rr, we shall also assume that Rmax ≈ 3Rr, thus the
above expression can be taken as a rough approximation for the velocity
curve in the range r′ ∈ [1, 3] as depicted in figure 2. Notice that the plot
is almost flat, however, it has a shallow minimum at r′min =

√
2 for which

vmin ≈ 1.19. The maximal value in this range is obtained for r′max = 3 and
is 14% higher. Thus we can assume that roughly v ≈ 1 and hence:

vθ ≈ vty =

√

GM

Rr

=

√

√

√

√

√

GM

c
√

M

|M̈ |

=

√

G

c
M

1

4 |M̈ | 14 (26)
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From which we deduce the Tully-Fisher relation:

M = kv4θ , k ≈ c2

G2|M̈ |
(27)

The proportionality constant k will depend on the specific type of the galaxy
and its unique circumstances through |M̈ | as is well known (see also [11]).
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