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Abstract

We evaluate various sums involving the powers of Fibonacci and Lucas numbers.

1 Introduction

Our main goal in this paper is to evaluate the following sums of powers of Fibonacci and

Lucas numbers:
n n

k 2m k12m
Z (il) F’]'(’I‘k-i-s)? Z (il) Lj(?"k-l—s):
k=0 k=0

k m2m—+1 kr12m+1
D EDFFEIL . D EDLGE
k=0 k=0

thereby extending the work of Ozeki [4], Prodinger [5], Kilig et al [2] and several previous
researchers. Here n is any non-negative integer, j, m, r and s are any integers and F; and
L, are the Fibonacci and Lucas numbers.

The Fibonacci numbers, F),, and the Lucas numbers, L,,, are defined, for n € Z, through
the recurrence relations

Fn:Fn—l—}_Fn—Qa(nZQ)v Fo=0, Fy =1; (]-)

and
Ln - L'I’L—l + L'rL—27 (n Z 2)7 LO = 27 Ll = 17 (2)

with
F,=0)""F, L.,=(-1)"L,. (3)

Throughout this paper, we denote the golden ratio, (1 + v/5)/2, by « and write § = (1 —
V5)/2 = —1/a, so that a3 = —1 and a + 3 = 1.
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Explicit formulas (Binet formulas) for the Fibonacci and Lucas numbers are
a® — ﬁn
a—03"

Koshy [3] and Vajda [6] have written excellent books dealing with Fibonacci and Lucas
numbers.

F, = L,=a"+p3" necZ. (4)

2 Required identities

Lemma 1 (Adegoke [1, Lemma 1]). For real or complez z, let a given well-behaved function
h(z) have, in its domain, the representation h(z) = > g(k)z/*) where f(k) and g(k) are
given real sequences and c1,cy € [—00,00]. Let j be an integer. Then,

Cc2

> 4= By = 3 (-) () (Faimiz), G

(m) (Bialn—iiz) (L)

Since f'a™ " = (—1)'a™ % identities (F) and (L) can also be written as

Zg f(k gf(k mlzm: ( > ( 1)ija(mf2i)3'z)’ (F/)

c2

k=c1

J‘:MS

k=cy
> 9(k)= M Ly = 2(7)h(<—1>”a‘m—2“jz>- (L)
k=cy =0

Lemma 2. For a real or complex variable z, integers m >0, j, r, s, n,

Z Zk = Zm: i(js+1) (m*Qi)js (—1)jri(n+1)ajT(m—2i)(n+l)ZTH-l -1
3(rk+s) ym (—1)iriqir(m=2i) 5 1 )
(PF)

n m o _ 1\jri(n+1) o gr(m—2i)(n+1) ;n+1 _ 1
krm z]s (m—2i)js ( 1)] Q0 z
; 2 Lirkss) = Z ( ) < (—1)iriqirm=2; — . (PL)

=0
Proof. Consider the geometric progression summation identity

n+1zrn+r+s — S

E :.fL'k rk—l—s:x
2Z'r—1



https://doi.org/10.20944/preprints202106.0067.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 June 2021 d0i:10.20944/preprints202106.0067.v1

Identify
gk) = 2", f(k)=rk+s, =0, c=mn;

and note that
Tl (_ 1)ij(rn-i—r—i—s)aj(m—2i)(rn+r+s) SrntTts (_ 1)ijsa(m—2i)jszs

m(_l)ijroé(m—%)jrzr -1

h((_l)ija(mf%)jz) —
Use these in (F') to obtain

k_rk
E ,.TTZ FrkJrs)

-1 z(m)( 1)1]sa(m 21) jS(( )m (rn+r) Ll rn+raj(m—2i)(rn+r) _ 1)

( 1>1jra(m 2)jr r ] )

e

m

from which identity (PF) follows when we write z for xz". The proof of (PL) is similar. [J
It is sometimes convenient to use the (a vs 3) version of identities (PF) and (PL):

(m) ﬁijsa(mfi)js(ﬁij?(n+l)ajr(mfi)(n+l)Zn+1 _ 1)

k o 7 /
Z J(Tk+3 - ym Z Biirqar(m=i) y — 1 . (PF)

1=0
iZkLm i 61]sa(m l)]S(/BZ]T(TL-‘r].)a]T(m z)(n-l—l) n+1 1) (PL/)
p J(rk+s) ﬁz]rajr(m )y — 1 :
= i=

Lemma 3. Let a, b, ¢ and d be rational numbers and X an irrational number. Then,
a+AXb=c+d < a=c¢, b=d.

Lemma 4. If m is an integer and (f(i)) a real sequence, then,

> ) = fom)+ Y (5) + fem — i), o)
D f) = f@m+1) = flm) + 3 (F() + f(2m =), (6)
In particular, if f(2m — i) = f(i), then,
> £6) = fm) +2 3 ), g
Y 76 = f@m+ 1)~ fom) 2" 50) ®)
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Lemma 5. For p and q integers,

1+ (=1)Pa® = {

1—(—1)Pa® = {

Proof. We have

Similarly,

(_1)p+q + (_1>pa2q — Oép+qﬂp+q + ap+2q6p

(—1)PaFyv/5,
(=1)PafLy,
(_1)p—1aqu’
(=1)P1a?F,\/5,

d0i:10.20944/preprints202106.0067.v1

if p and q have different parity;

if p and q have the same parity.

if p and q have different parity;

= aPT1B7(a + 39)
= (—1)Pa’L,.

(=1 — (=1)Pa® = (—1)P"a?F,V/5.

Corresponding to (11) and (12) we have
(1P + (=13 = (—1)PBL,

and

(15— (1% = (1P BES
Identities (11), (12), (13) and (14) imply
(—1)7 4 a® = oL,

(-1 -

o = —a9F,\/5,

(—1)7 + 5% = B7L,,
(=1)7 — 5% = BIF,V/5.

3 Results

Theorem 1. For m, j, r, s, n integers, m non-negative,

2m o
D s =
k=0

;

\

m—1

5—m Z (_1)i(jrn+js+1) (2171)

1=0

F.

jr(m—i)

Fjrm-i)(n+1)

H(=1)mstD5=m (21 (4 1)

m—1 )
5—m ZO (_1)z(s+1) (

Qm) Ljr(m—s)(n+1)
7

Ljr(m—'i)

+(_1)(s+1)57m (QTTnn)

m—1
57m+1 ZO (_1)ijs (2‘

m
7

)

Fjr(

m—1i)(n+1)

L

Jr(m—1)

(m—1)(jrn+27s)

(m—1)(jrn+2js)

(m—i) (jrn-+2js)

if p and q have the same parity.

(jmr even);

(jmr odd, n even);

(jmr odd, n odd);

(M1)
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( m—1
. . 2m Fjr(mfi)(nJﬁl)L . Y
o Lm—i)(jrn+2js) (jmr even);

> (—1)irntds) (2m) i
+(=1)m3* (*™) (n 4+ 1)

I
[e)

n m—1
2m _ _ 1\is(2m Ljr(m—iy(n+1) . .
;Lj<rk+s>—< 2 OO TS Lot i odd, n even):

+(_ 1)(m+s+1) (27:?)

(jmr odd, n odd).

(S i(gs m F"r m—1i)(n
|75 Y 0D () S22 Flniy rn s 27)
(M2)

Proof. Set z =1 and write 2m for m in identity (PF) to obtain

2m (_1)1’(2@)(_1>ijsa(m7i)2js((_1)jri(n+1)a2jr(m7i)(n+l) _ 1)

5™ Z F2rk+s _ Z i

=0
If jr is even or m is even, then, on account of identity (10), Lemma 5, we have
(_1)jri(n+1)ajr(m—i)(n+1)ijr(mii)(n+1)\/g’

(_l)ijra(m—i)er -1

(_1)jri(n+1)a2jr(m—i)(n+l) 1=

(_1>jm'a2j7"(m7i) 1= ( 1)]7‘lajT(m l)F}T(m 7,)\/5

Thus,
S 2m\ Fir(m—i)(n+1)
m 2m i(grn+js+1 gr(m—i)(n+1 j(m—1)(rn+2s).
5 ZFTIH—S) Z(—l)(J +]+)( ; >ﬁ0ﬂ( S 2e),
i=0 Jr(m—i)
and hence,
\- 2m\ Fir(m—i)(n+1)
m i(jrntjs jr(m—i)(n+1
o 22F27’k+8 = Z (_1) Grnts +1)( . )j_F.—.Lj(m—i)(rn-‘r?s)
i—0 L5 jr(m—i)
- 2m\ Fjr(m—i)(n+1)
i(irn+is r(m—i)(n+1
+ \/BZ (—1) (grnty +1)( . >]};,—P}(m i)(rn+2s)s
=0 t Jr(m—i)
since JE
j(m—1)(rn+2s 1 5
af (m=irn2s) — §Lj(m—z‘)(m+2$) + TFj(m—i)(rn—i-Qs)- (19)

Thus, invoking Lemma 3 with A = v/5, we have

2m

m i(grn+gs 2m FAT(m_i)(n‘i‘l)

5mM9 E F2rk+s) E (_1) (grn+j -‘rl)( ; >]F'(—.)Lj(mi)(rn+2s)> (20)
i—0 jr(m—i
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and
- 2m Fjo(m—i)(n+1)
i(jrn+gs Jjr(m—:)(n
i=0 jr(m—:

Note that the sum on the right hand side of each of identities (20) and (21) has a removable
singularity at ¢ = m. Use of L’Hospital’s rule and the Binet formula gives

Fljr(m—i)(n+1)

—n+ 1. (22)
F}‘r(mfi)

Using identity (5), Lemma 4 to re-write identity (20) while taking note of (22) gives the first
identity in (M1).
If j, r and m are odd integers, then, in view of identity (10), Lemma 5, we have

(— 1)iajr(m_i)(n+1)Ljr(mfz')(n+1) , Neven,

1 )Iri(n+1) o 2jr(m—i)(nt+1) _ | _ { ) .
( ) Ozjr(m_l)(n+1)F}'r(m—i)(n—i—l) \/57 n Odd,

(_l)jriQer(m—i) —1= (—1)jriajr(m_i)[/jr(mfi)-

Thus,
& 1)i(s+1) (2mY Lirem—iynt1)  j(m—i)(rn+2s) )
n > (=1) (Z) . .« , N even;
m 2m _ i=0 gr(m—i)
5 P}(Tk"‘s) - 2m .. F. . NG .
k=0 S (—1)9s (27@) Zir(m=i)(nt D VO j(m—i)(rnt2s)  n dd.
= 7 L]-T(m_i) )

The second and third identities of (M1) now follow upon use of identity (19) and invocation
of Lemma 3. The proof of (M2) proceeds in the same way as that of (M1) but now we
use (PL).

[l

Since the proof of each of Theorems 2 — 4 is similar to that of Theorem 1, we only indicate
in each case the z, m and r choices to be made.

Theorem 2. For m, j, r, s, n integers, m non-negative,

( m—1
—m(_1\n — 1Vi(sn+1) (2m) Fir(m—i)(n+1) . ,
5) ( 1) ;} ( 1) ( i ) Frim—1) L(m—z)(]rn+2js) (]mr Odd);

+(=1)EF57m (2™ (n 4 1)

n

1k p2m _ —m _1\i(Gs+1) (2m) Lirem—i)(nt1) o A
k—O( 1) Firkts) = 5 i;o (=1) ( i ) Lijr(m—i) Lim—i)(jrn+2js) (jmr even, n even);
= _'_(_1)m(js+1)5fm(2;ﬂ)

m—1
_57m+1 Z (_1)i(jr+js+1) (2m) Firtm—nt1) F(m—i)(jrn+2js) (jmT‘ even, n Odd)a
i=0

i Ljr(m—s)
(M3)

\
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( m—1
n i(s+n) (2m Fr(mfz)(n )
(" 2 GO ) RS Lm0 i oda);
—i—(—l)s(z;?) (n+1)
n m—1
_1\k72m _ _1\ijs (2m) Lir(m—i)(n+1) . )
k—O( 1) LJ(T’k+5) Z.;O (=1) ( i ) Ljr(m—s) Lim—i)(jrn+25s) (jmr even, n even);
B +H(=1" ()
m=1 (4 ; m F'r m—i)(n y
=5 X% (—1)1099) (37) =28 By rnagy (Jmr even, nodd);
\ 1=
(M4)
Proof. Use z = —1 and write 2m for m in identities (PF) and (PL). O
Theorem 3. For m, j, r, s, n integers, m non-negative,
( et (js+1) (2m+1) E
5-m _q)is+n) (2mA1) Fremir sy o
;) (=1) ( ¢ ) Fjr<2m+;—2i> J@mit=2)(rnts) (jr even);
Holror s (e B
n 5—m — -1 i(s+1) 2m.+1 Ljr(2m+1—2i)(n+1)F' 1 —28) (s
> ity = | 2 U G e i v
o +(_1)m(s+1)5—m (277:”""1) %Fj(rnﬁ-s)
5_m m— _1 Z($+1) 2m+1 Fjr(2m+172i)(n+1)L' it 1—20) (s
z;J( ) ( g ) Ljr(2m+b1:2z‘> J@mH1=20)(rmte) (jr odd, n odd);
\ s e B

(M5)
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( m—1

ijis (2m+1 r(2m i) (n
Z (_1)”8( ml )%Iﬁ@m-ﬁ-l—%)(rn—l—s)

+(_1)mjs (2m+1) ]T(n+1)L j(rn+s)

m Fyy

i
o

(jr even);

m—1
2m+1 jr(2m+1—2i)(n+1)
)i () Bt
2m+1 Z ( i L oma1_oi j(2m~+1-2i)(rn+s) . )
ZL (2rk+s) — =0 Jrzml=2) (jr odd, n even);

+(_1)ms <2m+1) MLj(rnJrs)

m LjT‘

ga 3 m F'r m+1—2i)(n
o Z (_1)18 (2 Z'—H) Mﬂ(Qerlei)(rnJrs)

= Ljr@m+1-20) (jr odd, n odd).
| S R
(MG6)
Proof. Use z =1 and write 2m + 1 for m and 2r for r in identities (PF) and (PL). O
Theorem 4. For m, j, r, s, n integers, m non-negative,
k r2m+1
Z( 1) F(Q:I;-i-s)
k=0
( S om+1\ F.
-m n i(js+1 m-+ jr(2m+1—2i) (n+1)
57(=1) ;} G )m}?j@m-&-l—%)(rn-&-s) (jr odd);
+(_1)m(js+1)5fm(_1)n(27771+1) J}%:&-UF (rmts)
—m NN (L 1)is+1) (2mH1) Diremi1 200 .
— g E ( 1) ( i ) Ljr2m+1-2i) F J(2m+1-24)(rn+s) (jT‘ even, n 6’[)6’/1);
HoD) s () B
m—1
_E-m 1\i(Gs+1) (2m41 Firemyi—2i)(nt1) 7 i
5 72) ( 1) ( @ ) Lj?‘(2m+1 24) L (2m+1—21)(7'n+s) (]T even; n Odd),
| (A O B
(M7)
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r m—1
(—D”E%(—iﬁ”€@+5E%fﬁi%ffﬁLﬂ%ﬂ*QW”ﬁ” (jr odd);
(1) (1) () S L
n TS yigs (21 LirGmit oo T ,
(_1)16[5?;;;8) _ i;() (=17 ) Ljr(2m+2—‘2i) F@mt1-20)(rmts) (jr even, n even);
k=0 (=1 () L)

m
o _1)\ijs 2m—+1 Fjr(2m+1—2i)(n+1) ) )
52 (O () Fiem i
1=

(1) s

F}'(rn—i—s)
(M3)

Proof. Use z = —1 and write 2m + 1 for m and 2r for r in identities (PF) and (PL) O

References

[1] K. Adegoke, Binomial Fibonacci power sums, preprint, 2021, doi:
10.20944 /preprints202105.0378.v1

[2] E. Kilig, N. Omiir and Y. T. Ulutas, Alternating sums of the powers of Fibonacci and
Lucas numbers, Miskolc Mathematical Notes 12:1 (2011), 87-103.

[3] T. Koshy, Fibonacci and Lucas Numbers with Applications, Wiley-Interscience, 2001.
[4] K. Ozeki, On Melham’s sum, The Fibonacci Quarterly 46/47:2 (2008/09), 107-110.

[5] H. Prodinger, On a sum of Melham and its variants, The Fibonacci Quarterly 46 /47:3
(2008/09), 207-215.

[6] S. Vajda, Fibonacci and Lucas Numbers, and the Golden Section: Theory and Applica-
tions, Dover Press, 2008.

Concerned with sequences: A000032, A000045.

(jr even, n odd);


https://oeis.org/A000032
https://oeis.org/A000045
https://doi.org/10.20944/preprints202106.0067.v1

