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Abstract

In this paper, we consider the effects of a radial electric field and
a constant magnetic field induced by Lorentz symmetry violation on
a generalized relativistic quantum oscillator by choosing a function
fr) = bir+ b72 in the equation subject to a Cornell-type poten-
tial S(r) = nr 7 + 2 introduce by modifying the mass term in the
equation. We show that the analytical solutions to the Klein-Gordon
oscillator can be achieved, and a quantum effect is observed due to the
dependence of the angular frequency of the oscillator on the quantum
numbers of the system.
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1 Introduction

In this paper, we investigate the behaviour of a scalar particle by solving the
generalized Klein-Gordon oscillator [1, 2, 3, 4, 5, 6, 7] in a possible scenario
of anisotropy generated by a Lorentz symmetry breaking term defined by
a tensor (Kp)uwap that governs the Lorentz symmetry violation out of the

Standard Model Extension [8, 9]. The scenario of the violation of Lorentz
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symmetry is determined by a field configuration of crossed electric and mag-
netic field that gives rise to a Coulomb-type Poynting vector. Then, we
search for relativistic bound state solutions to the generalized KG-oscillator
under the influence of a Cornell-type scalar potential in the background of
Lorentz symmetry violation. In recent decades, studies of the violation of
the Lorentz symmetry have been made in several branches of physics [10, 11,
12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31].
Inspired by Refs. [8, 9, 32, 33, 34, 35, 36, 37, 38, 39|, effects of the
Lorentz symmetry violation by introducing a nonminimal coupling into the

generalized KG-oscillator given by
Pp— (PP +iMwX") (p—i MwX,) + % (Kp)was F™ (x) F*%(z), (1)

where « is a constant, F,,(x) is the electromagnetic field tensor, (Kr)uwas
corresponds to a tensor that governs the Lorentz symmetry violation out
of the Standard Model Extension, w is the oscillator frequency, and X, =

(0, f(r),0,0) is a function. For Klein-Gordon oscillator we have f(r) = r.

2 Generalized KG-oscillator Under the Ef-
fects of Lorentz Symmetry Violation

We consider the Minkowski flat space-time
ds® = —dt* + dr* + r* d¢® + dz*. (2)

The generalized KG-oscillator under the effects of Lorentz symmetry vi-

olation described earlier is given by
? 1 (0 0 0? 1 92
{—@4—; <E+wa(r)) (T—T—MWT]"(T)> + =+

F (KR () F () W = (M + S()* 0, 3)

where S(r) is the scalar potential.
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Using the the properties of the tensor (Kr)uap (8, 9, 32, 33, 34, 35, 36,
37, 38, 39], we can rewrite (3) in the form :
{ 02 9 10 1 9 0?

2 2 02 / f(r)
—@—Fﬁﬁ-;@—i—ﬁ@—%@—]\f{ﬂf(?“)—Mw(f(T)—l— )}\IJ

+ [—% (FLDE%j Ei Ej + % (’fHB)jk Bl Bj — (’fDB)jk Ei Bji| L
= (M +S(r))* 0. (4)

Let us consider a possible scenario of Lorentz symmetry violation de-
termined by only one non-null component of the tensor (kpg);r as being

(kpp)13 = Kk = const and by a field configuration given by [37, 38]:

_ LA
B=By:2 , E=Z27¢ (5)
T

where By is a constant, Z is a unit vector in the z-direction and X\ is a
constant associated with a linear distribution of electric charge along the

axial direction. Hence Equation (4) becomes

2 2 10 1 9% P2 ) 9 , £r)
—@‘f‘w‘i‘;a‘f‘ﬁw%—@—]ﬁwf(’r’)—Mu)(f(’/‘)—F >:|\I’
_a)\BOK;

r

U = (M + S(r)? . (6)

Since the metric is independent of time and symmetrical by translations
along the z-axis, as well by rotations. It is reasonable to write the solution
to Eq. (6) as

U(t,r, ¢, 2) = ¢ CEHOTED) ). (7)
where F is the energy of the particle, [ = 0,£1, £2, .... are the eigenvalues of
the z-component of the angular momentum operator, and k is a constant.

Substituting the solution (7) into the Eq. (6), we obtain the following

radial wave-equation for v (r):

l2
z//’(r)+%¢’(r)+ E2—k2—ﬁ—M2w2f2—Mw <f/+£>} V()
_a)\BOHJ

r

() = (M +S(r)*v(r). (8)
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In this work, we are mainly interest on Cornell-type potential which is
given by [2, 3, 40, 41, 42]

S(r) =mur+ . (9)

To study the generalized KG-oscillator, we have chosen the function
f(r) = br+ b72 1, 2, 3, 4, 5, 6, 7], where by > 0,by > 0 are arbitrary
constants. Substituting potential (9) and using the function f(r) into the

Eq. (8), we obtain the following radial wave-equation :

& 1d 2
{ —+A—Q2r2—‘7——g—br b(r) =0, (10)

T ar 2

where

A:E2—M2—k’Q—QMCUbl—QMQwale—27’]L77€,

Q =/ M?2w2b?+n3,

J= 2 MR 42,
a=a\Byk+2Mn,,
b=2Mny. (11)

Transforming = = v/Qr into the Eq. (13), we obtain the following equa-

tion: P 1 d , jg 0
[@*m“” “@ g @ =l 12
where A a b

Now, we use the appropriate boundary conditions that the wave-functions
is regular both at # — 0 and x — oo. Suppose the possible solution to the
Eq. (12) is

W(x) = 2d e 2 @0 F (). (14)
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Substituting the solution (14) into the Eq. (12), we obtain the following

equation

H"(z) + 1—;2j —293—9] H'(z) + {—g—l—@] H(z) =0, (15)
where
62 . 0 :
O=C+—2(1+j) . F=n+501+2)) (16)

Equation (15) is the biconfluent Heun’s differential equation [40, 2, 3, 6, 7,
43, 44] with H(z) is the Heun polynomials function.
The above equation (15) can be solved by the Frobenius method. Writing

the solution as a power series expansion around the origin [45]:
H(z)=> dia" (17)
i=0

Substituting the power series solution into the Eq. (15), we obtain the fol-

lowing recurrence relation

1
n+2)(n+2+2j)
With few coefficients are

0
dlz[ 1 +—] do,

dpyo = ( {B+0(n+1)}dpi1 —(©—2n)d,]. (18)

1125 2
1
5 = m[(5+9)d1—@do]- (19)

The power series expansion H(x) becomes a polynomial of degree n by
imposing the following two conditions [40, 2, 3, 6, 7]
© = 2n, (n=12..)

By analyzing the first condition, we obtain following energy eigenvalue
En,l:
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Note that Eq. (21) is not the general expression of the relativistic energy
eigenvalues of a generalized KG-oscillator. One can obtain the individual
energy levels F ;, B9, Esy, .... and wave-function ¥, ;, Uy, ... one by one by
imposing the additional recurrence condition c¢,.; = 0 on the eigenvalue
problem. It should be noted here that for b, — 0, n. — 0, the energy
eigenvalues (21) reduces to the result obtained in [38] (see Eq. (32) in the
Ref. [38]). Thus we can see that the presence of an extra Coulomb-like scalar
potential and the generalized function f(r) modifies the energy spectrum of
a generalized KG-oscillator field and shifted the energy levels.

The corresponding wave-functions are given by

2Mn

_ Ve o ]
Uni(x) = e Q2 H(x). (22)

Now, we evaluate the individual energy levels and eigenfunctions one by
one as in [40, 2, 3, 6, 7]. For example, n = 1, we have © = 2 and ¢; = 0

which implies

2 n 0
=>B+9do—(1+2j+§)do
’ 2 [MC”?L(l"‘j)

a
4Gz+a)] (3 +7)

3
= Qu —

2

3 .
Q10— (—+J) M? 17, = 0(23)

a constraint on the parameter {2;; that is on the angular frequency of the
oscillator. Note that its values changes for each quantum number n and [,
so we have labeled 2 — €,,;. This third degree algebraic equation has at
least one real root and it is exactly this real solution that gives a first degree
polynomial to the function H (z).

The angular frequency of the oscillator for the radial mode n =1 is

1
L=y 0% =i (24)

We can see, Eq. (24) gives us the possible values of the oscillator frequency

for the radial mode n = 1 and it depends on the quantum numbers {n, [}
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of the system, and the Lorentz symmetry breaking parameters («, By, A, k).
Further, for each relativistic energy level and wave-function, we have a differ-
ent relation of this angular frequency of the oscillator with these parameters.

The ground state energy level for the radial mode n = 1 is given by
Eil = M+ +2Mwy; by +2M2wilb1b2 + 2011

M 2
+20, <2+\/l2+M2wilb§+ng> - ( QnL> . (25)
1,1

And the ground state eigenfunction is

2Mmnp,

1
-5 |z+ 3 ] x
() = LV PAM?0F b4z [ ef, (do + dy 7). (26)

where

1 2Mn.+aXByk My,

+
Vi (2 + \/l2 + M?w? b + 173) Q1

We can see that the lowest energy state (25) plus the ground state wave-

d1 = dO' (27>

function (26)—(27) with the restriction on the angular frequency of the oscil-
lator (24) is defined for the radial mode n = 1. The presence of the Cornell-
type scalar potential S(r), the generalized function f(r) and the Lorentz
symmetry breaking parameters (a, By, A, k) modified the energy spectrum

and the wave-function.

3 Conclusions

We have analysed the behaviour of a generalized KG-oscillator by choos-
ing the function f(r) in the equation under the effects of a central po-
tential induced by Lorentz symmetry violation. We have chosen the func-
tion f(r) = byr+ bf and derived the radial wave-equation in the presence

of a Cornell-type scalar potential introduce by modifying the mass term
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M — M + S(r) in the equation. For a suitable wave-function, we have ob-
tained the Heun’s biconfluent differential equation and finally truncating the
power series solution, the non-compact expression of the energy eigenvalues
(21), and the radial wave-function (22) is obtained. By imposing the trun-
cation condition d,,;; = 0 on the eigenvalue problem, one can obtained the
individual energy level and the wave-function one by one. As for example, we
have obtained the energy level Eq. (25), and the radial wave-function Egs.
(26)—(27) along with the condition (23) imposed on the angular frequency of
the oscillator for the lowest state of the quantum system defined by the radial
mode n = 1. Noted that for by — 0, and 7. — 0, the energy eigenvalues (21)
reduces to the result in Ref. [38] (see Eq. (32) in the Ref. [38]). Thus the
result presented in this work in comparison to those in Ref. [38] get modified
due to the presence of an extra Coulomb-type potential form = in the scalar
potential S(r), and the generalized function f(r) where an additional term
bf is present. Hence, the result presented in this work is more suitable than
those result obtained in Ref. [38]. We see that there is a restriction (24) on
the angular frequency of the oscillator wy; for the radial mode n = 1 that
depends on the Lorentz symmetry breaking parameters («, By, A, k) and the
potential parameters which gives us a first degree polynomial solution to the
Heun function H(x).
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