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Abstract

In this work, we study a Klein-Gordon oscillator subject to Cornell-
type potential in the background of the Lorentz symmetry violation
determined by a tensor out of the Standard Model Extension. We
introduce a Cornell-type potential S(r) = (n;r + %) by modifying
the mass term via transformation M — M + S(r) and then coupled
oscillator with scalar particle by replacing the momentum operator
P — (P+ iMwr) in the relativistic wave equation. We see that
the analytical solution to the Klein-Gordon oscillator equation can be
achieved, and a quantum effect characterized by the dependence of
the angular frequency of the oscillator on the quantum numbers of
the relativistic system is observed.
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1 Introduction

The Klein-Gordon oscillator [1, 2] inspired by the Dirac oscillator [3] has been
studied in the quantum mechanics [4, 5, 6, 7, 8,9, 10, 11, 12, 13]. Several au-
thors have been used different kind of potentials to study the Klein-Gordon
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oscillator in the space-time background (see, Ref. [12, 13] and related refer-
ences their in). In this work, we study the Klein-Gordon oscillator under the
effects of violation of the Lorentz symmetry defined by a tensor (Kr),,qs out
of the Standard Model Extension in the presence of a scalar potential. The
gauge sector of the Standard Model Extension [14, 15, 16, 17, 18, 19] con-
sists two violating terms that modifies the transport properties of space-time
since these terms break the Lorentz symmetry. These two terms are called
the CPT-odd sector [17, 18] and the CPT-even sector [19]. In relativistic
quantum system, several authors investigated the relativistic wave equations
under Lorentz symmetry breaking effects with or without potential of various
kind [20, 21, 22, 23, 24, 25, 26, 28, 29].

The relativistic quantum dynamics of spin-0 particle under the effects of
the Lorentz symmetry violation [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]

[0}
P Y+ o (KF) wap F™ (2) F*P (2) ¥ = M* U, (1)

where « is a constant, F),,(z) = 0, A, — 0, A, is the electromagnetic ten-
sor, (Kr)uwap corresponds to a tensor that governs the Lorentz symmetry
violation out of the Standard Model Extension.

One can introduce a non-electromagnetic (scalar) potential in the wave
equation by modifying the mass term M — M + S(r) [31, 32], where S(r) is
the static scalar potential. Therefore, the modified Klein-Gordon equation

(1) becomes

P 0¥+ G (Kp)uwos P (@) FO() W = (M4 5@ T (2)

The Cornell-type potential in cylindrical system [6, 33, 32] has growing
interest in theoretical physics. This type of potential includes two concepts-
confinement and asymptotic freedom. The Coulomb-like part is responsible
for small distances interactions whereas linear potential term is a long range
that leads to the confinement phenomena of quarks. This type of potential
has been studied in the relativistic quantum system [7, 9, 34, 35, 36, 37|,
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bound state of hadrons [38, 39], and the ground state of three quarks [40] in
particle physics. This type of potential is given by [30]

S(r) = (W"+%), (3)

where 77, > 0,7, > 0 are arbitrary constants.
Further, if one includes oscillator with Klein-Gordon field, following change
in the momentum operator is considered [10, 13,4, 5,6, 7,8, 9, 11, 12, 27, 41]:

P— (P+iMwr) or g—)(g—MW’I“), (4)
r

where w is the oscillator frequency and 7 = r 7 with r being the distance from
the particle to the axis. So we can write p? — (+i Mw7)(p—i Mwr).

Therefore, the modified Klein-Gordon oscillator from (1) becomes

(0 +i M w X¥) (= i M w X,) + 7 (Kp)was P (@) F ()| @
= (M +5(n)* ¥, ()

where X, = (0,7,0,0). Note that the Klein-Gordon oscillator under a linear
central potential induced by the Lorentz symmetry violation in the presence
of a Cornell-type potential hasn’t yet been investigated which is our aim in
this paper.

The structure of this paper is as follows: in section 2, we introduce Lorentz
symmetry violation defined by a tensor (Kp)waps that governs the Lorentz
symmetry breaking effects out of the Standard Model Extension. Then we
inserted a Cornell-type scalar potential by modifying the mass term in the
wave equation and analyze the effects on eigenvalues and wave function; in

section 3, we present our conclusions.
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2 Relativistic oscillator particle under LSV
effects subject to Cornell-type potential

The modified Klein-Gordon oscillator equation (5) in the background of the
Minkowski space-time becomes

#? 1[0 ) D\ 21 o2
[—@—F;(E—FMWT) (TE—M(UT>+7+——

FG s B (1) F () W = (M 4 S(r) W (6)

One of the properties of the tensor (Kp)wap is that it can be written in
terms of 3 x 3 matrices that represent the parity-even sector of it : (kpg) k=
—2(Kp)ojor and (kpp)jk = %equ €xim (Kp)PI™ and the parity-odd sector of
this tensor are represented by the 3x3: (kpp)jx = —(kug)k; = €kpg (Kr)%P1.
Note that the matrices (kpg);, and (kgp);jx are symmetric and the matrices

(kpB)jk and (kpg)k; have no symmetry. In this way, we can rewrite (2) in

the form :
0? 9? 10 1 92 92
——— et — 4+ - — —2Mw—-M*PrP 4+ -+ —| T
[ 8t2+8r2+r87“ w wr+r28¢2+8z2}
« .« o o
+ |:_§ (KvDE)ij E'E’ -+ 5 (KJHB)jk B'B! — « (KJDB)jk E* Bji| \\
= (M +S)* V. (7)

Let us consider a possible scenario of the Lorentz symmetry violation
determined by (kpg)i1 = const, (kgp)s3 = const and (kpp)13 = const and
the field configuration is given by [20, 21, 23, 24, 25]:

_ Y
B=By: , E=Zri (8)

where By > 0, Z is a unit vector in the z-direction, A is a constant associated
with a linear distribution of electric charge along the axial direction, and 7
is the unit vectors in the radial direction.

As the metric is independent of time and symmetrical by translations

along the z-axis, as well by rotations. It is reasonable to write the solution

4
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(9)

to Eq. (6) as
where F is the energy of the particle, [ = 0,£1, £2, .... are the eigenvalues of
the z-component of the angular momentum operator, and k is a constant.

Therefore substituting (3) and (8)—(9) into the Eq. (7), we obtain the

following radial wave equation for ¢ (r):
2

S0+ 0+ |

1
MQ—kQ—QnLT]C—i-iaBg(HHB)gg—QMW,

where
e
J= e+
1
g = \/ga(HDE)ll >\2+T}%—|—M2w2,
6 =2Mn,,
1
6:2MUL+§Q)\BO(HDB> 3. (11)
Now, transforming £ = /o r into the equation (10), we have
> 1d 32
R P RS SE 0¢| v(©) =0, 12
e e e Y 2
where S 5 5
= — = — 0=—. 13
(=5 "= = (13)
(14)

Suppose the possible solution to the Eq. (12) is
W) =& e COH(Q).

Substituting the solution (14) into the Eq. (12), we obtain the following
=0, (15)

equation
1+2y

H(€) + { 26— 9] H'(€)+ [—% +H} H(¢)

5
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where )

H:C+%—2(1+j) , A:n+g(1+2j). (16)

Equation (15) is the biconfluent Heun’s differential equation [32, 42, 43] with
H(&) is the Heun polynomials function.

The above equation (15) can be solved by the Frobenius method. Writing
the solution as a power series expansion around the origin [44]:

o0

H(E) =) af. (17)

i=0
Substituting the power series solution into the Eq. (17), we obtain the fol-

lowing recurrence relation

Cnio = (n+2>(n1+2+2j> Hn+0 <n+g+j>} cn+1—(H—2n)cn].
(18)

With few coeflicients are

n 0
= +=1]d
“ (1+2j 2) 0

wo i [o () ena. oo

The power series expansion H(£) becomes a polynomial of degree n by

imposing the following two conditions [32]
I=2n (n=12,..) , ¢u1=0. (20)

By analyzing the first condition, we obtain following equation of the en-

ergy eigenvalue £, ;:

d0i:10.20944/preprints202106.0006.v1

2 1
En,l:i\/M2+k:2+2nan+2Mw+o— {2(n+1+\/l2+n§)—m}——a5’

2
(21)
Note that Eq. (21) is not the general expression of energy eigenvalues of the

relativistic scalar particle. One can obtain the individual energy level and

6
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wave function one by one by imposing the additional recurrence condition
cn+1 = 0 on the eigenvalue problem.

The corresponding radial wave functions are given by
frra —5 || €
wm@>=£’+%e2[ag H(E). (22)

Now, we evaluate the individual energy level and wave function one by

one as in [32]. For example, n = 1, we have II = 2 and ¢, = 0 which implies

~ e (s
————C) = -+ = c
n+0CE+5) " 1+25 2)7°
2

2 .
3 B 2 I+ B . 5_ -

a constraint on the parameter oy, that is, on the oscillator frequency w ;.
We can see from Eq. (23) that this equation has at least one real root
and it is exactly this solution that gives us a first degree polynomial to the
Heun function for the radial mode n = 1. We also see that the allowed
values of the oscillator frequency depends on the quantum numbers {n, [} of
the relativistic system, the Lorentz Symmetry violation parameters, and the
potential parameters.

The allowed values of the oscillator frequency for the radial mode n =1

18

1 1
Wi = M \/Uil - g Q (/fDE)n A2 — 77%- (24>

The ground state energy level for the radial mode n =1 is given by

1 5\’
El,l :i\/M2—|—k:2+217L778+2Mw1,l+201,l (2—}-\/[2—’—772)—50133(%[{3)33— ( ) .

2 01,1
(25)
And the ground state wave function is
~3 [&% 3
2
v =eviie Lo (14 dig), (26)
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where dy = 1 and

1 M, N o
Vo1 (%—i— l2+773) 201,

di = (27)

Thus by substituting the real solution Eq. (23) into the Eq. (24), we get the
lowest energy state eigenvalue Eq. (25) plus the ground state wave function
(26)—(27) for the radial mode n = 1.

3 Conclusions

We have investigated the effects of a linear central potential induced by
the violation of Lorentz symmetry background on a relativistic quantum
oscillator. We have introduced a scalar potential as a modification of the
mass term M — M + S(r), and then coupled oscillator with scalar particle
via the transformation of the momentum operator p — (p+ i M w7) in the
relativistic wave equation. We have shown that the solution of the bound
state to the wave equation can be obtained in a scenario of the Lorentz
symmetry violation effects defined by a linear radial electric field, a uniform
magnetic field along the z-direction, and a tensor background out of the
Standard Model Extension possessing the non-null components (kpp)iz =
const, (kpg)11 = const and (kpp)ss = const. After solving the oscillator
wave equation, the non-compact expression of the energy eigenvalues Eq.
(21) and the radial wave function Eq. (22) is obtained. By imposing the
condition ¢,,1; = 0 on the eigenvalue, one can obtain the individual energy
level and the wave function, for example, the lowest state energy level Eq.
(25) and the corresponding wave function (26)—(27) with the restriction (24)
on the angular frequency of the oscillator for the radial mode n = 1 instead of
n = 0. This effect arises due to the presence of a Cornell-type potential and
the Lorentz symmetry violation. We have seen that the angular frequency

of the oscillator depends on the Lorentz symmetry breaking parameters and
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the quantum numbers {n, [} of the relativistic system. Thus for each energy
level, we have a different relation of the angular frequency of the oscillator,

so we have labelled w — w;, ;.
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