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Abstract

In this work, quantum dynamics of a spin-0 particle under the
effects of Lorentz symmetry violation in the presence of Coulomb-
type non-electromagnetic potential (S(r) ∝ 1

r ) is investigated. The
non-electromagnetic (or scalar) potential is introduced by modifying
the mass term via transformation M → M + ηc

r in the relativistic
wave equation. The linear central potential induced by the Lorentz
symmetry violation is a linear radial electric and constant magnetic
field and, analyze the effects on the spectrum of energy and the wave
function.

Keywords: Lorentz symmetry violation, Relativistic wave equations,

non-electromagnetic potential, electric & magnetic field, biconfluent Heun’s

function

PACS Number(s): 03.65.Pm, 11.30.Qc, 11.30.Cp

1 Introduction

We study motion of a relativistic spin-0 scalar particle under the Lorentz

symmetry breaking effects defined by a tensor out of the Standard Model

Extension (SME) [1, 2, 3, 4, 5, 6, 7, 8] in the presence of a non-electromagnetic

potential inversely proportional to the axial distance (∝ 1
r
). Noted that the
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gauge sector of the Standard Model Extension consists of two classes that

modifies the transport properties of space-time. These two classes are called

the CPT-odd sector and the CPT-even sector (see, Refs. [1, 2, 3, 4, 5, 6, 7, 8,

9, 10, 11, 12, 13, 14]). The relativistic scalar particle under the influence of

non-electromagnetic (or scalar) potential of various kinds have been studied

in quantum systems [15, 16, 17, 18, 19, 20, 21]. Under the effects of Lorentz

symmetry violation, the relativistic scalar particle with non-electromagnetic

or electromagnetic potential have been studied in [22, 23, 25, 24, 26, 27, 28,

29, 30, 31, 32].

The quantum dynamics of spin-0 scalar particle under the effects of

Lorentz symmetry violation subject to a Coulomb-type non-electromagnetic

potential introduced via mass transformation M → M + ηc
r

into the wave

equation is given by [22, 23, 25, 24, 26, 27, 28, 29, 30, 31, 32]

pµ pµ Ψ +
α

4
(KF )µναβ F

µν(x)Fαβ(x) Ψ =
(
M +

ηc
r

)2
Ψ, (1)

where α is a constant, Fµν(x) is the electromagnetic field tensor, (KF )µναβ is

a dimensionless tensor that governs the Lorentz symmetry violation out of

the Standard Model Extension.

2 Relativistic Scalar particle under LSV sub-

ject to a non-electromagnetic Potential

The Klein-Gordon equation under the effects of Lorentz symmetry violation

defined by the Eq. (1) in the background of the Minkowski space-time is

given by[
− ∂2

∂t2
+

∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂z2
+

1

r2
∂2

∂φ2

]
Ψ +

α

4
(KF )µναβ F

µν(x)Fαβ(x) Ψ

=
(
M +

ηc
r

)2
Ψ. (2)

Using the properties of the tensor (KF )µναβ [1, 2, 3, 4, 6, 7, 8, 11, 12, 26,
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14, 22, 23, 25, 24], we can rewrite (2) in the following form :[
− ∂2

∂t2
+

∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂φ2
+

∂2

∂z2

]
Ψ

+
[
−α

2
(κDE)ij E

iEj +
α

2
(κHB)jk B

iBj − α (κDB)jk E
iBj

]
Ψ

=
(
M +

ηc
r

)2
Ψ. (3)

We choose the scenario of the Lorentz symmetry violation determined by

the non-null components (κDE)11 = const = κ1, (κHB)33 = const = κ2 and

(κDB)13 = const = κ3 with the following field configuration [22, 23, 25, 24,

27, 33, 34]:

~B = B0 ẑ , ~E =
λ

2
r r̂ (4)

where B0 > 0, ẑ is a unit vector in the z-direction, λ is a constant associated

with a linear charge density of electric charges along the axial direction, and

r̂ is the unit vector in the radial direction.

Hence, equation (3) using the configuration (4) becomes[
− ∂2

∂t2
+

∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂φ2
+

∂2

∂z2

]
Ψ

+

[
−ακ1 λ

2

8
r2 +

ακ2B
2
0

2
− αλB0 κ3

2
r

]
Ψ =

(
M +

ηc
r

)2
Ψ. (5)

Since the metric is independent of (t, φ, z), let the solution to the Eq. (6)

is

Ψ(t, r, φ, z) = ei (−E t+l φ+k z) ψ(r), (6)

where E, l have their usual meaning, and k is a constant.

Therefore, substituting (6) into the Eq. (5), we obtain the following radial

wave equation for ψ(r):

ψ′′(r) +
1

r
ψ′(r) +

[
Σ− j2

r2
− ω2 r2 − β1

r
− β2 r

]
ψ(r) = 0, (7)
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where

Σ = E2 −M2 − k2 +
1

2
ακ2B

2
0 ,

j =
√
l2 + η2c ,

ω =

√
1

8
ακ1 λ2,

β1 = 2M ηc,

β2 =
1

2
αλB0 κ3. (8)

Transforming ξ =
√
ω r in the above equation (7), we have[

d2

dξ2
+

1

ξ

d

dξ
+ ζ − ξ2 − j2

ξ2
− η

ξ
− θ ξ

]
ψ(ξ) = 0, (9)

where

ζ =
Σ

ω
, η =

β1√
ω

, θ =
β2

ω
3
2

. (10)

Now we impose the requirement that the wave-function ψ(x) is finite both

at the origin x→ 0 and at x→∞. Suppose the possible solution to the Eq.

(9) is

ψ(ξ) = ξj e−
1
2
(ξ+θ) ξH(ξ). (11)

Substituting the solution (11) into the Eq. (9), we obtain the following

equation

H ′′(ξ) +

[
1 + 2 j

ξ
− 2 ξ − θ

]
H ′(ξ) +

[
−τ
ξ

+ Π

]
H(ξ) = 0, (12)

where

Π = ζ +
θ2

4
− 2 (1 + j) , τ = η +

θ

2
(1 + 2 j). (13)

Equation (12) is the biconfluent Heun’s differential equation [15, 16, 17, 18,

19, 20, 21, 24, 35, 36] with H(ξ) is the Heun polynomials function.

The above equation (12) can be solved by the Frobenius method. Writing

the solution as a power series expansion around the origin [37]:

H(ξ) =
∞∑
i=0

di ξ
i. (14)
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Substituting the power series solution into the Eq. (14), we obtain the fol-

lowing recurrence relation

dn+2 =
1

(n+ 2)(n+ 2 + 2 j)

[{
η + θ

(
n+

3

2
+ j

)}
dn+1 − (Π− 2n) dn

]
.

(15)

With the few coefficients are

d1 =

(
η

1 + 2 j
+
θ

2

)
d0,

d2 =
1

4 (1 + j)

[{
η + θ

(
j +

3

2

)}
d1 − Π d0

]
. (16)

The power series expansion H(ξ) becomes a polynomial of degree n by

imposing the following two conditions [15, 16, 17, 18, 19, 20, 21, 24]

Π = 2n, (n = 1, 2, ...) , dn+1 = 0. (17)

By analyzing the first condition, we obtain following equation of the en-

ergy eigenvalue En,l:

En,l = ±
√
M2 + k2 + 2ω

(
n+ 1 +

√
l2 + η2c

)
− β2

2

4ω2
− 1

2
αB2

0 κ2

= ±

√
M2 + k2 + |λ|

√
α

2
κ1

(
n+ 1 +

√
l2 + η2c

)
− 1

2
αB2

0 χ, (18)

where χ =
[
κ2 +

κ23
κ1

]
.

Note that the Eq. (18) is not the general expression of energy eigenvalue

of a relativistic scalar particle. One can obtain the individual energy level and

the eigenfunction one by one by imposing the additional recurrence condition

dn+1 = 0 on the eigenvalue problem.

The corresponding wave-functions are given by

ψn,l(ξ) = ξ
√
l2+η2c e

− 1
2

[
ξ+

β2

ω
3
2

]
ξ
H(ξ). (19)
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Now, we evaluate the individual energy levels and the eigenfunctions one

by one as done in [21]. For example, n = 1, we have Θ = 2 and d2 = 0 which

implies

2

η + θ (3
2

+ j)
d0 =

(
η

1 + 2 j
+
θ

2

)
d0

⇒ λ1,l =

[
2M2 η2c√
α
2
κ1
(
1
2

+ j
) +

4M ηcB0 κ3
κ1

(
1 + j
1
2

+ j

)
+

4B2
0 κ

2
3

√
α
2

κ
3
2
1

(
3

2
+ j

)]
. (20)

a constraint on the linear charge density λ1,l. We can see from Eq. (20),

that the allowed values of the linear charge density depends on the quantum

numbers of the system {n, l}, the parameters {α,B0, κ1, κ2, κ3} associated

with the background of Lorentz Symmetry Violation, and Coulomb-type po-

tential.

Therefore, the ground state energy level for the radial mode n = 1 is

given by

E1,l = ±

√
M2 + k2 + λ1,l

√
α

2
κ1 (2 +

√
l2 + η2c )−

1

2
αB2

0 χ. (21)

And the ground state eigenfunction is

ψ1,l(ξ) = ξ
√
l2+η2c e

− 1
2

[
ξ+
√

2α
ω1,l κ1

B0 κ3

]
ξ

(1 + d1 ξ), (22)

where we have chosen d0 = 1 and

d1 =
1
√
ω1,l

 M ηc(
1
2

+
√
l2 + η2c

) +

√
α

2κ1
B0 κ3

 , ω1,l = λ1,l

√
α

8
κ1.

(23)

We can see that the lowest energy state (21) plus the ground state wave

function (22)–(23) with the restriction on the linear charge density (20) is

defined for the radial mode n = 1, instead of n = 0. This effect arises due to

the presence of Coulomb-type potential and the Lorentz symmetry violation.
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3 Conclusions

We have investigated the effects of a linear central potential induced by the

violation of Lorentz symmetry breaking background on a relativistic scalar

particle subject to Coulomb-type non-electromagnetic potential. we have

shown that the bound states solution to the modified Klein-Gordon equation

can be obtained in a possible scenario of the Lorentz symmetry breaking

effects defined by a linear radial electric field produced by linear distribu-

tion of electric charges, a uniform magnetic along the z-direction, a tensor

background that governs the Lorentz symmetry violation possessing non-

null components (κDB)13 = const, (κDE)11 = const and (κHB)33 = const

subject to a Coulomb-type non-electromagnetic (or scalar) potential. The

radial equation of the relativistic wave equation is derived and for a suitable

wave function, the binconfluent Heun differential equation is achieved. Us-

ing the power series solution, this Heun equation is solved and truncated this

power series by imposing two conditions simultaneously. After analysing the

truncating conditions, the non-compact expression of the energy eigenvalues

(18) and the wave function (19) is obtained. By imposing the additional

recurrence condition dn+1 = 0 on the eigenvalue problem, one can obtain the

individual energy levels and the wave function, for example, the lowest state

energy level (21) and the corresponding wave function (22)–(23) with the

restriction (20) on the linear charge density parameter for the radial mode

n = 1 instead of n = 0. This effect arises due to the presence of Coulomb-

type scalar potential and Lorentz symmetry violation background. We have

seen a quantum effect due to the dependence of the linear charge density on

the quantum numbers {n, l} of the system, so we have labelled λ → λn,l.

In addition, this linear charge density depends on the Lorentz symmetry

breaking parameters {α,B0, κ1, κ2, κ3} as well as on the Coulomb-potential.
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