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Abstract: The space gravitational wave detection and drag free control requires the micro-thruster 
to have very low thrust noise within 0.1mHz~100mHz, which poses a great challenge to the ground 
thrust test. The evaluation and decoupling of thermal noise are the difficulties in the application of 
torsion balance for most thrusters dissipate heat in the experiment. The research has adopted a cal-
ibration scheme of micro-Newton thrust torsion balance. On the basis of Lisa Pathfinder's former 
research and using ideas inspired from PID control and multi time scale (MTS) for reference, the 
paper proposes to expand the state space of temperature to be applied on thrust prediction based 
on fine tree regression (FTR), to subtract the thermal noise filtered by transfer function fitted with 
z-domain vector fitting (ZDVF). The results show that the thrust amplitude thrust density in diurnal 
temperature fluctuation is decoupled from 24μN/Hz1/2 to 4.9μN/Hz1/2 at 0.11mHz. And the 1μN 
square wave modulations of electrostatic fins (ESF) is extracted from the simultaneously ambiguous 
background of temperature for PTC's heating and cooling. The FTR method is well demonstrated 
in thermal noise decoupling and can guide the design of thermal control and be extended to other 
physical quantities for noise decoupling.  

Keywords: thermal noise decoupling; micro-Newton thrust measurement; torsion balance; ZDVF; 
PID state extension; fine tree regression;  
 

1. Introduction 
The ultra-high precision requirements for micro-thrust performance in space-based 

gravitational wave detection [1,2], presents challenges to thrust measurement for thrust-
ers of thrust-to-weight ratio (TWR) less than 10-9 [3,4]. In order to achieve a sub-micro-
Newton level resolution, the calibrated thrust accuracy below 50μN should be better than 
0.1μN on the ground. The instrument’s thrust amplitude spectral density (ASD) should 
be less than 0.1μN/Hz1/2 in the frequency band within 0.1mHz ~1Hz, and measurement 
background of thrust noise is strictly restricted for ultra-long period. Temperature varia-
tion leads to deformation of mechanical structure and output drift of electronic compo-
nents, which are important factors affecting thrust accuracy and low frequency noise [5]. 
Due to the nonlinear response of hysteretic and asymmetric temperature variation [6] and 
its cross-coupling with multi-fields, the low-frequency thrust noise characteristics of tor-
sion balance cannot be completely restored by fitting the transfer function and signal sub-
traction after filtering. Therefore, PID and MTS state expansion and tree regression model 
[7] are introduced to alleviate the thermal drift in torsion balance’s thrust measurement, 
to subtract the displacement noise caused by temperature variation and to expand the 
deductible thermal impact bandwidth in the background noise.  
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2. Setups and Methods  
2.1. Thrust Balance Setup 

Considering the TWR of the micro-thrust to be measured, the horizontal motion of 
the torsion balance can effectively isolate the impact of the thruster’s gravitational weight 
on the measurement [8,9]. According to the objects of thrust balance, the balance can be 
divided into two modes: steady state measurement and dynamic measurement [10]. The 
former is to measure the displacement when the thrust is balanced with the deformation 
restoring force, and the latter is to calculate the closed-loop feedback force that nulls the 
torsion balance’s deformation. In this paper, a torsion balance based on the deformation 
of the flexural pivot is discussed, which is more suitable for high-precision thrust calibra-
tion and low-frequency steady state measurement. The micro-deformation is observed by 
the capacitive displacement sensor, damped by eddy current from a copper plate and per-
manent magnet, and driven by the electrostatic force provided by the ESF [11,12]. As 
shown in Figure 1, the torsion balance is placed on an optical platform to isolate vibration, 
and sealed in a windshield to isolate turbulent air flow. PT1000 sensors of 0.01℃ resolu-
tion are equipped to study the thermal variation. 

   

Figure 1 Overall structure design of torsion balance and its local view  

2.2. Mathematical Model 
The static measuring model of torsion balance is derived from the dynamic measur-

ing model. As a response to thrust excitation, the position of torsional balance satisfies the 
second-order ordinary differential equation of deformation angle 𝜃: 

𝐽𝜃̈ + 𝑐𝜃̇ + 𝐾𝜃 = 𝑇 ∙ 𝐿 (1)

where, 𝐽 is the rotational inertia of torsional pendulum, 𝑐 is the damping coefficient of 
the system, 𝐾 is the torsional stiffness coefficient, 𝑇 and 𝐿 are the thrust to be measured 
and its acting moment arm length respectively. Take 𝑠 = 𝑗𝜔 as the differential operator, 
then the above can be resolved as: 

𝜃 =
𝑇 ∙ 𝐿

𝐽𝑠ଶ + 𝑐𝑠 + 𝐾
 (2)

When measuring the angular frequency 𝜔 = 2𝜋𝑓 → 0, it can be obtained that the torsion 
balance satisfies the balance relation at rest: 

𝜃 =
𝑇 ∙ 𝐿

𝐾
=

∆𝑥

𝑟
 (3)

where, ∆𝑥 is the displacement measured by torsion balance, 𝑟 is the radius of arc angle 
corresponds to displacement, then the final thrust is: 
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𝑇 =
𝐾

𝑟𝐿
⋅ ∆𝑥 (4)

The thrust can be then obtained by calibrating the coefficient 𝐾 𝑟𝐿⁄  of constant force. 
The thrust stiffness of torsional balance used in this study is estimated to be 7.56 μN/μm. 
However, the actual thrust response of torsion balance is not linear, such as the hysteresis 
of pivot torsion, the approximation of small angle, the non-parallel detection of capacitor, 
the coupling of ground vibration and noise, etc., which can cause the deviation of results. 
In particular, hot expansion and cold contraction of the structure caused by temperature 
variation will change the elastic coefficients of each component more or less, and the re-
sponse curve calibrated by the electromagnetic sensor will drift, resulting in changes in 
the static balance position of the system as a result. 
2.3. Decoupling Method 

Whether signal and noise can be decoupled depends on the correlation between them 
and the understanding of the input and output of the system. Knowledge of the excitation 
changes or measurement of the response helps to control signal uncertainty. An intuitive 
way to evaluate the influence of unknown factors is to establish a function between inde-
pendent and dependent variables based on the mechanism of action of physical factors. 
For example, by using ANSYS or COMSOL to study thermal influence on elastic elements 
with different properties, accurate and reliable mathematical models of temperature and 
physical characteristics of elastic elements are derived to provide theoretical guidance for 
compensating the thermal noise caused by temperature fluctuations. However, the above 
method relies on analytical calculation, which may be difficult to implement in reality due 
to the instability and non-linearity of some physical processes. Instead, it is universal to 
study the transfer function between excitation and response. Even when the numerical 
relationship is complex and it is difficult to establish a model, it can also analyze the data 
of the main interference factors and thrust in the environment, estimate the transfer func-
tion and deduct it quantitatively from the spectrum. A famous and widely used operation 
in LISA Pathfinder is to subtract the effect of temperature noise from laser interferometer 
signals. Specifically, the procedures are as followed [13]: 
 transfer function 
 Z-domain fit 
 signal subtraction 

For a discrete time system, the transfer function is defined by 

𝐻(𝑧) = 𝑌(𝑧)𝑋(𝑧) (5)

where X(z) and Y(z) are the z-transforms of the input x[n] and output y[n], respectively. 
The z-transform of a sequence x[n] is defined as   

𝑋(𝑧) = ෍ 𝑥[𝑛]𝑧ି௡

ஶ

௡ୀ଴

 (6)

where 𝑧 = 𝑒௝ఠ. For any pair of variables, their transfer function of time-series signals can 
be estimated by selecting region of interest (ROI) as analysis object. The concept of vector 
fitting (VF) and its algorithm was proposed to make rational approximation of frequency 
domain responses [14]. Z-domain vector-fitting (ZDVF) [15] is a formulation of vector-
fitting method in the z domain, whose approximated output can be expanded in partial 
fractions: 

𝐹(𝑧) = ෍
𝑟௡

1 − 𝑝௡𝑧ିଵ

ே

௡ୀଵ

 (7) 

where 𝑟௡ and 𝑝௡ are residues and poles respectively. Each element of the partial fraction 
expansion can be seen as an IIR filter. This operation describes a recursive system that 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 31 May 2021                   doi:10.20944/preprints202105.0742.v1

https://doi.org/10.20944/preprints202105.0742.v1


 4 of 12 
 

 

depends on current and past of the input x[n], but also on the output y[n]. The fitted filter 
is applied on the input to predict its output contribution, which will be subtracted from 
the original measured data. 

However, complex heating process of the object and nonlinear temperature change 
reduce the degree of correlation with thrust, so it is necessary to first fit the dependent 
variable through regression learning in order to get better transfer characteristics. Thus, it 
is very important to find an optimal and reasonable regression algorithm in establishing 
the projection relationship between temperature and thrust. 
2.4. Algorithm Optimization 

The ZDVF can fit the equivalent filter of transfer function and reconstruct the thrust 
as response of the temperature excitation, then deduct the relevant thermal noise from the 
frequency domain. The hysteresis and nonlinearity of temperature can not be well treated 
by using temperature directly to estimate the thrust transfer function. By using regression 
learning to reduce the nonlinearity in latent space, better temperature to thrust correlation 
can be established numerically. For example, the least square regression method based on 
singular value decomposition (SVD) can modify the covariance, which has been proved 
to be valid in the data analysis of LISA Pathfinder’s in-orbit experiments. Still, the model 
is limited by the uncertainty of physics boundary in the test process, including thermal 
response delay, temperature rebalance and hysteresis, so that the thrust’s noise cannot be 
effectively deducted in a usual way. Multi-sensor fusion, variables’ extension, MTS and 
FTR are introduced in the paper, and thermal noise is finally better fitted and subtracted. 
Specifically, modifications were made in the following aspects: 
2.4.1. Extended state 

The response of torsion balance to temperature is not real time output, and thermal 
modulation and response time change in different positions. In order to build an effective 
transfer function, the paper inherits the ideas of MTS and PID control, set different phase 
delays on the original temperature time series, combined with convolution, difference and 
other operations, so that temperature states on MTS (corresponding to frequency) can be 
extended. Then, based on multivariate statistical regression, the thrust fitted with PT1000 
temperature was obtained, and the transfer function between the ‘thrust’ and the original 
thrust was built. So, thermal noise can be better evaluated and deducted in the thrust. 

MTS [16] is short for multiple time scales, refer in particular to hierarchy of time steps 
corresponding to the hierarchy of frequencies in the system. The PT1000 time series are 
delay by full, half, 1/4 and 1/8 cycles of full time to cover different frequency variations. 
In addition, multi-sensor fusion which means a polynomial combination of temperature 
at different locations can improve the accuracy of transfer function. In theory, PT1000 can 
be distributed in all the locations that may be affected by the heat source. In consideration 
of the operation feasibility and the calculated quantity, 3 feature points near the torsion 
balance were selected during the experiment. Traditionally, PID control means feedback 
of proportional, integral and derivative of the process variable, which act on the deviation 
between set point and process variable. For the thermal effect on the system is cumulative 
and the displacement at present is correlated with the displacement at the previous time, 
integral can effectively eliminate static error. Here, we make the window function of four 
delay lengths, convolve the original data to carry out integration operation and calculate 
the difference between original data and delay data to extract trend variables. In this way, 
the PT1000 temperature data of the 3 points can be extended to proportional, integral and 
differential, and a richer data set with time and space universality can be constructed. 
2.4.2. Regression learning 

After the data preprocessing, the core work of regression learning is to develop and 
optimize the prediction model. Algorithms such as least square (LS), neural network 
(NN), principal component (PCA), support vector machine (SVM), decision tree, etc. can 
be used for regression learning. According to the prediction errors of different models for 
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fitting thrust data, the effect of training can be evaluated. In this study, the difference be-
tween singular value decomposition-least square regression (SVD-LSR) algorithm and 
PID fine tree regression (PID-FTR) algorithm is compared. Specifically, we select the tem-
perature extended time series in the training datasets, and PCA dimension reduction to 
overcome the collinear effect. Using thrust predicted by different models and the transfer 
function fit by ZDVF, thermal effect in the measured thrust output is estimated and de-
coupled by different filtering, and the expected thrust signal can be restored. 

In detail, LSR is a global model based on a single predictive formula holding over the 
entire data-space. When the data has lots of features interacting in complicated, nonlinear 
ways, a single global model can be very difficult and confusing when you do succeed. An 
alternative way to nonlinear regression is to sub-divide, or partition, the space into smaller 
regions, where the interactions are more controlled. Tame chunks of the space can be fitted 
with simple models after recursive partitioning. The global model thus has two parts: the 
recursive partition and a simple model for each cell of the partition. FTR use the trees to 
represent the recursive partition. Each of the terminal nodes, or leaves, of the tree repre-
sents a cell of the partition, and has attached to it a simple model which applies in that cell 
only. A point x belongs to a leaf if x falls in the corresponding cell of the partition. The 
article will not expand FTR, but try to testify its use in thermal noise decoupling. 

3. Results and Discussion 
3.1. Diurnal Temperature Fluctuation 

In order to provide a stable environment, the setup is placed on a passive vibration 
isolation optical platform and a windshield is used to prevent turbulence. The torsional 
stiffness coefficient of the flexural point is 0.245 𝑁𝑚/𝑟𝑎𝑑, and the measuring moment arm 
was 0.18m, so as to record the displacement by a capacitive sensor with a resolution lower 
than 1nm at a sampling frequency of 5.21Hz. As shown in Figure 2, the temperature fluc-
tuated between 24℃~28℃, and the thrust of the torsion balance fluctuated between 0 ~ 
20μN after debias, showing a strong correlation with the diurnal alternation. As shown in 
Figure 3, the thrust noise amplitude spectral density is less than 1μN/Hz1/2 at 1mHz, but 
up to 24μN/Hz at 0.12 mHz1/2. The temperature change caused by thermal radiation of the 
sun amplifies the low frequency noise of the torsion balance below 1mHz. 

 
Figure 2 Synchronously collected temperature and displacement data 

As the steps described earlier for thermal decoupling, displacement and temperature 
data are down-sampled to 0.1Hz before regression learning. As shown in Figure 2 below, 
the FTR fitted thrust (red dash line) is more accurate than that of LSR (green dot line), to 
predict the original the thrust and estimate transfer function. As shown in Figure 3, thrust 
ASD (T-ASD) decreased from 0.11mHz to 4.9μN/Hz1/2 after temperature drift correction, 
reduced to 48μN/Hz1/2 at 0.012mHz (24-hour), only 1/5th of the original. In addition, FTR 
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has not only a larger amplitude decoupled than LSR does in fitting thermal thrust noise, 
but also a wider decoupled noise band of 1mHz larger than 0.1mHz of LSR. But for the 
limitation of the temperature sampling frequency and the modulation transfer amplitude 
of the position PT1000 located, the noise reduction effect in this experiment is not obvious 
above 1mHz, so shorter period temperature fluctuation is needed to testify. 

 
Figure 3 Spectral density of no-load thrust noise of torsion balance 

3.2. Space-time Variation of Temperature 
The thermal decoupling of thrust is to subtract thermal effect from the displacement, 

and the perturbation is propagated in oder of : heat source  PT1000  torsion balance. 
The correlation between the PT1000 and the heat source is not the same as the that between 
the PT1000 and the torsion balance. Similarly, the correlation between the heat source and 
torsion balance is also not the same as between the PT1000 and torsion balance. As shown 
in Figure 4, the former is to build a model between the stability of the torsional balance‘s 
structure and the thermal deformation, i.e. which position is most likely to cause thrust 
thermal drift, paying attention to the structural sensitivity of torsional balance to PT1000 
position. The latter is to bulid a heat conduction model from the heat source to PT1000, 
and pay attention to the thermal sensitivity of PT1000 position to the thermal source. Thus, 
an ideal temperature measuring point not only depends on the structure change of the 
torsion balance of PT1000 position, but also is closely related to the temperature changed 
by the heat source, for a good correlation with both sides is helpful to find the covariance 
and reduce thermal thrust noise. 

 
Figure 4 Transfer and measurement logic of thermal disturbance  

The relationship between the heat source and the temperature of the PT1000 sensor 
is discussed first. In order to shorten the experiment time compared with diurnal exposure, 
a heating pad was laid on the bottom of the base of torsion balance, and the relay switch 
was triggered regularly. The temperature at the flexible pivot (T1), the base of the torsion 
balance (T2) and the glass plate of the torsion balance (T3) were recorded at the sampling 
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frequency of 0.1Hz by heating for 2 minutes and turning off for 8 minutes. As shown in 
Figure 5, under the action of heat source, T3 is the first place to receive the heat and starts 
to rise periodically from 21℃ and gradually converges to around 25℃. The rise at T2 is 
delayed for the heat conduction is slower. But after heated up, the temperature converges 
to 26℃, which is higher than T3 and close to the heat source. T1 is furthest away from the 
heat source and has the smallest heat exchange area, thus the fluctuation during heating 
is the least. Because of the delay of heat, when one point is in a heating period, the other 
point may be in a cooling period. The heat dissipation rates at different locations of the 
system reflects the eigen frequency. Rising fast and falling slow, the temperature showed 
hysteresis characteristics when the structure is repeatedly heated, which also aggravates 
the deformation, stiffness degradation and energy consumption of the torsional balance 
structure in the process of thermodynamic equilibrium. 

 
Figure 5 10-minute cycle heating data recorded by different temperature sensors  

In the experiment above, a heating pad was used to heat the base of torsion balance, 
and the fluctuation of thrust balance was not obvious. In the next experiment, PTC heating 
was installed in the corner of the base below to lock the position that caused instability of 
the torsion balance. Regardless of the temperature of PT1000, to change the frequency of 
temperature fluctuations, PTC starts from turning on/off every 5 minutes at the beginning 
to turning on/off every 15 minutes and then to turning on/off every 30 minutes. The heat 
source square wave cycles range from 600 secs, 1800 secs and 3600 secs, corresponding to 
frequencies of 1.7mHz, 0.56mHz and 0.27mHz, respectively. As shown in Figure 6, the 
displacement data x_capaNCDT at 0.1mHz and 1mHz were subtracted to get a relative 
periodic result (red line): as the PTC work, the displacement modulation amplitude of the 
torsion balance increases gradually. There were two transient, high-frequency impulses 
during the experiment, one caused by passing people, the second by accidentally caught 
earthquake shock. In addition, it is found that the vibration mode of the optical platform 
switched in a period of 24 hours. During the rise from the evening to the next morning, 
the vibration of displacement at 0.02Hz is larger, which becomes weaker during the fall 
from the morning of the next day to the evening. The change is not related to PTC heating, 
but to the background noise of larger system and longer period. 

In the frequency domain, the thrust ASD resolves peak signals at 0.26mHz, 0.52mHz 
and 1.7mHz, close to the PTC’s modulated frequencies at 0.27mHz, 0.56mHz and 1.7mHz. 
The thermal noise at 0.26mHz is the largest, and noise at 1.7mHz is the smallest, and the 
frequency deviation of 0.52mHz is large due to the fewer sampling cycles. The modulation 
transfer function of temperature to displacement resembles a low-pass filter, and the ASD 
above 50mHz is less than 1μN/Hz1/2, which provides a reference for the PT1000 sampling 
frequency. In addition, the heating position during the whole experiment is also a 
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variable. The deformation of torsion balance is the direct cause of the fluctuation of thrust 
position, and the influence of the heat source is the indirect factor of thrust drift. 

   
Figure 6 Displacement output of torsion balance at different heating frequencies of PTC  

3.3. Square wave modulations of ESF and PTC 
3.3.1. Temperature and displacement 

The test of the micro thruster on the torsion balance is accompanied by the load 
heating, which makes the zero level of the force measured by the torsion balance drift as 
the time changes. In order to test this situation, the ESF (almost zero heat consumption) 
and PTC heating plate were used to synchronize the switch every half an hour to realize 
the temperature rise and fall, and thrust square wave with a period of one hour. At the 
same time, 3 sets of PT1000 were arranged to record temperature changes, and capacitive 
sensor was used to record the displacement of torsion balance.  

 
Figure 7 Displacement and temperature variation by square wave modulations of ESF and PTC  

As shown in Figure 7, there seems a covariation between displacement (thrust) and 
temperature, but it is not a simple correlation. Before 3 x 104 s: Thrust and temperature 
move in accordance with each other in the modulated frequency, but also in the larger 
low-frequency trend; But after 3 x 104 s, although the temperature thrust is still correlated 
at the modulated frequency, the trend at lower frequencies is reversed. This is attributed 
to the fact that the heat balance of the system is determined not only by the modulated 
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frequency of PTC heating, but also by the larger system environment (including the 
platform) and the external temperature exchange. For example, PTC heating can cause the 
torsion balance to fluctuate briefly with the modulation period, but a longer-term trend is 
determined by the heating and deformation of basement platform. The height of the four 
corners of the base varies relative to each other because of thermal expansion and cold 
contraction. Usually, the gravitational weight of torsion pendulum will not produce a 
displacement, but when the platform tilts 1μrad, even a torsion bar of 0.1kg will produce 
1μN as thrust increment, which needs to seek a new balance with flexible axis 
deformation. And 0.1μm difference between the ends of length 0.1m is enough to cause a 
horizontal change of 1μrad. The thermal deformation of the material is extremely difficult 
to control, and the problem is worse when the heat power of the thruster and other loads 
is added. 

In addition, the square wave electrostatic thrust of ESF drift due to the temperature 
effect. According to the differential signal, the original displacement data (solid blue line 
in Figure 7 above) at the input square wave switch has a jump of about 0.23 μm, which 
corresponds to a thrust step of 1.7 μN. As the PT1000 at different locations are turned up 
or down due to the heat source, the temperature all rise or fall in varying ranges (below 
Figure 7). When the electrostatic thrust is constant, the displacement has a trend to change 
synchronously with the temperature. By completing the displacement data at the step, a 
relatively continuous thermal drift (red dashed line in Figure 7) can be approximated. To 
extract on the square wave signal in the huge background of thermal drift, assuming the 
electrostatic force be constant during the square wave, the temperature (T1_ROI, T2_ROI, 
T3_ROI) are first used to fit the displacement data x_thermal without electrostatic force. 
Then, based on the thrust predicted by regression learning, the transfer function from the 
fitted thrust to the thrust calculted by the displacement data x_capaNCDT is estimated 
via ZDVF, and the thermal drift in the electrostatic force measured by torsion balance is 
filtered out to restore the static force. The difference between the thermal thrust predicted 
by PID-FTR and SVD-LSR were compared. As shown in Figure 8, when fitting the thrust 
without ESF’s electrostatic force, the PID-FTR algorithm learned the drift perfectly, while 
the SVD-LSR algorithm had high-frequency residuals and ultra-low frequency deviations. 
Compared to the thrust F_ROI calculated from the original displacement data, the fitted 
drift thrust based on FTR regression was clearly separated in time, while the thermal drift 
thrust based on LSR regression is now and then too close or too far. 

 
Figure 8 Comparison of fitting results between SVD-LSR and PID-FTR 

3.3.2. Thermal noise decoupling 
After fitting the thermal thrust caused by temperature, the following work returns to 

the normal procedure: transfer function, z-domain fit, and signal subtraction. It should be 
noted that meaningful frequencies should be selected when fitting the transfer function of 
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the system in z-domain. For the frequency of thermal thrust is low, the period interval of 
20~ 2000 secs can be selected. As shown in Figure 9, the solid blue line (F_ROI) represents 
the original thrust ASD, and the solid red line (F_ROI - F_SQUARE) represents the ASD 
after the electrostatic force deducted. It can be seen that they are basically close to each 
other, but the difference lies in the square wave, where the potential signal is embedded 
in the area between the envelope of 1mHz ~ 10mHz. The blue and red dashed dotted line 
represent the thrust ASD results after FTR thermal thrust filtering, compared to the blue 
and red solid line respectively. When the electrostatic force is absent, the thrust ASD is 
decoupled and reduced below 1.5μN/Hz1/2 in the full frequency band; even if the square 
wave is restored, it can be still locally reduced to 1.5μN/Hz1/2 at 0.5mHz. What’s different 
from the diurnal temperature variation, the thermal noise removal effect is more obvious 
near 10mHz except at the modulation frequency of 0.29mHz, while higher frequencies at 
50mHz still have no thermal noise removed. It indicates that the temperature acquisition 
frequency about 0.1Hz is appropriate, and that the selection of temperature measurement 
points plays an important role in establishing the correlation between temperature and 
thrust drift of the torsion balance. Still, the results need to be verified by the restoration of 
electrostatic force in time domain again. 

 

Figure 9 Thrust thermal noise decoupling with/without ESF 

3.3.3. Restoration of electrostatic force 
As mentioned above, PTC and ESF (10V voltage loaded) will be turned on and off at 

the same time every half an hour during the experiment. The ESF step output electrostatic 
force is 0.23μm×7.56μN/μm≈1.7μN. PTC heating makes the thrust characterized by the 
displacement of torsion balance drift gradually. As shown in Figure 10, after dealing with 
the PID-FTR and ZDVF series of algorithm, the thrust measurement result with thermal 
noise removed from the time domain can be seen clearly: ESF’s real electrostatic force of 
1.7μN square wave is extracted from the oscillations of 7μN affected by the temperature, 
along with the rising and falling template trigger position exactly. In addition to the 
electrostatic force, the recovered square wave retains vibrations other than thermal noise, 
such as the obvious 0.02 Hz vibration associated with the optical platform before 2×104 
secs, which disappear again as expected after 2×104 secs. Therefore, the proposed process 
of thermal noise decoupling does not shave all the noise, but only removes the interference 
in the 0.5mHz ~ 50mHz related to temperature fluctuation, which is more real and more 
effective than the direct low-pass or band-pass filtering of displacement data. 

It is a little confusing that in the electrostatic force restoration results after the removal 
of thermal noise, every step is accompanied by overshoot. To determine whether it is the 
residual error processed by the algorithm, the PTC was turned off in the contrast 
experiment, and the electrostatic square wave of 1μN turned on by the ESF alone, and the 
existence of "burr" can be observed. Through analysis, it is found that the signal of 
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capacitive displacement sensor is impacted by crosstalk in circuit switching when 
charging and discharging, and the thermal noise decoupling algorithm just retains this 
feature, which further demonstrates the effectiveness and pertinence of the algorithm.  

In addition, both the time scale of FTR and the frequency range of ZDVF have the 
risk of underfitting or overfitting. As for the tuning of relevant parameters, on the one 
hand, the range of frequency coverage should be taken into account, and the adjustment 
should be made according to mean square error to obtain better fitting results. On the 
other hand, the spectral response of the actual physical quantity should also be used to 
iterate according to the thermal noise subtraction effect, and cross validated through a 
priori template (such as square wave). In general, datasets of different variation modes 
can be added to train the temperature’s prediction ability of the FTR model. The noise 
decoupling precision of ZDVF can be refined and enhanced by using different frequency 
modulation of temperature and different location acquisition temperature. 

 
Figure 10 Thermal noise decoupled to find square wave signal 

   
Figure 11 Open the ESF separately to output 1μN square wave of electrostatic force 

4. Conclusions 
The thermal noise removal of torsion balance is a tricky problem in micro-Newton-

level thrust measurement, for the nonlinearity and hysteresis of temperature in the thrust 
output is hard to cope with. In addition to the analytical method to explore the mechanism 
of temperature action, it is easier to understand the thermal noise in terms of data stream 
of the system, such as ZDVF used to fit the thrust transfer function and filter the thermal 
noise in the original results. To enhance the correlation between thrust and temperature, 
a new fitting method based PID states extension and fine tree regression was proposed in 
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the paper. The new algorithm showed a great potential in thermal noise decoupling, such 
as decreasing the peak thrust ASD of temperature variation, or extracting the ESF’s 1.7μN 
square wave from a thermal drift up to 7μN. In essence, the projection to latent structure 
help find the linear thrust response of the temperature, and PID-FTR regression learning 
contributed to that. In the future, the focus of thermal noise decoupling is to enrich the 
diversity of training datasets, to enhance the transportability and computation efficiency 
of prediction models, and to guide the thermal control design based on low noise modes. 
The final goal is to keep the measurement thrust ASD lower than 0.1μN/Hz1/2 at 0.1mHz, 
which will be possible with the help of other thermal control methods. 
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