Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2022 d0i:10.20944/preprints202105.0499.v3

3r + 1 problem: Iterative operations neither
cause loops nor diverge to infinity
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Abstract The 3x+1 problem is a problem of continuous iteration for integers. Accord-
ing to the original description of the problem and the Fundamental Theorem of Arithmetic,
we derive a formula that can perform continuous iterative operations on odd numbers. We
can convert this formula into a linear equation. The process of solving this equation shows
that the relationship between the iteration result and the odd number being iterated is
linear. In addition, we can construct a loop iteration equation by the formula and obtain
the result of the equation: the equation has only one positive integer solution. Extending
this result to all positive even numbers, thus the 3z + 1 problem is completely solved.
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1 Introduction

The 3x + 1 problem is currently an unsolved problem in number theory. According
to the description of this problem: take a positive integer, if it is an even number, divide
it by 2, and if it is an odd number, multiply it by 3 and add 1 to get a positive integer.
Repeat this operation, and then get a string of natural numbers, and finally return 1.

People guess that same result will be obtained for all natural number iterations.?~ 15!

This problem is also known as the Collatz conjecture, Syracuse problem or Ulams
problem. Since this issue was raised, no substantial progress has been made in proving
this issue. As of 2017, more than 254 natural numbers have been verified by the computer.
As a result, all tested integers will eventually return 1 without exception. Until September
2019, Terence Tao proved that this conjecture was almost correct for all integers.

This article, without violating the original intent of the problem, improves the original
description of the problem and analyzes the three possible results of successive iterations
of odd numbers, thereby solving this problem.

2 Iterative formula for positive odd integers

It is known that the number of factors equal to 2 contained in a positive integer is
constant. Let = be a positive integer, then 3z + 1 is an even. After dividing by all factors
equal to 2, the quotient is a positive odd integer.

© 2022 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202105.0499.v3
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2022 d0i:10.20944/preprints202105.0499.v3

3z+1

28
odd integer, then call it an iteration of . Let T(x) be the iteration result of x, 8 be the
iterative exponent.

Let x be a positive odd integer, T = (8 is a positive integer). If T is a positive

Let T (z) be the result of the n-th iteration of z.
If TV (x) =1 (z > 1) then z is convergence.
Let 8, be the iterative exponent of the n-th iteration of x.

j
Let s(0) =0, s(j) = B (j€Z")

i=1
Theorem 1. The n-th iteration formula of = is as follows.

3nx + Z 2s(i—1)3n—i

T (2) = =21 o . (2.1)

Proof. For n = 1. Since 2°(1=™3"~1 = 1 50, according to (2.1), we have

3z +1

T(l) (.Z‘) 261

If (2.1) holds, then for n + 1 we have

B 37 () +1
o 92Bn+1
3%y + Z 2s(i—1)3n—i
i=1
3 250 +1

2Bn+1
n+1

3n+1x + Z 2s(i—1)3n+1—i
i=1
92s(n+1)

T(n+1)($>

3 Possibility of that 7" (z) tends to infinity

Let [A] be the integer part of the real number A.
If T (z) tends to infinity when n — oo, then x is divergent.

Theorem 2. No matter how big n is, If = is a finite value, then T (z) is also a

finite value.
n

Proof. Let A, =2°(") B, =3" C, = Z2S(ifl)3”7i.
i=1
See the following indefinite equation

A,)Y = B, X +C,. (3.1)
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Since A,, B, and C,, are both positive integers and (A, B,,) = 1, there are infinitely
many integer solutions to this equation:

Y=Y +B,t
{ 1+ Bnt, (teZ)

X = X; + Ayt

The following is the process of getting Y; and X;:[]
(i). For B, > A,, the following equation can be constructed

A, % - B, = —q,
y (3.2)

Since (g1,g2) = 1, so, there are integers 6 and A such that the following formula holds
)\(]2 — 0q1 = Cn (33)
Through (3.2) and (3.3), we get a special solution of the equation

Xi=X+90,

aos{(8] [z

and
A\ = Cn + G(An - (J2)
q2 '
Thus, we obtain
X, = C+—7
2B
Yi=X = 1]-6.
- (5]
For all n > 4,
Cn>08x 3"+ 270713 > 0.8B,. (3.4)
c, " C
Since ¢» < A,, so, X1 > A—n + 6. So, if X7 is a finite, then A—" is also a finite. In this

case, according to (3.4), A—” can only be a finite value, as is Y.

n
(ii). For A, > B,, same as above, the following equation can be constructed

An - B, [ﬁ] ={q1,

B,
An (3.5)
A, —B — 1)=- )
n n<|:Bn:| + ) q2,
)‘ql —9612 = Cn
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Through (3.5), we get a special solution of the equation

Yi =0+ ),
Ap
Xi=V7 |:Bn:| + 6.
Since Y; 7X1 — 0 so, if X is finite, then Y7 is also finite
1= ) y 1 ) 1 .
[Ar/ B

Both cases show that when X is a finite value, Y can only be a finite value.

If both ends of the equal sign are multiplied by 25(™) at the same time, then formula
(2.1) can be written as

n
22T () = 3np 4y 220N, (3.6)
i=1
Let T (z) =Y and z = X. Formulas (3.6) and (3.1) are the same. The previous
analysis indicates that when n — oo, if 2 is finite, then 7 (x) is also finite.

4 Possibility of T (z) =«

Theorem 3. Let (i) be an integer, r(i + 1) > r(i) and r(0) = 0. If the following

equation have positive integer solution, it must satisfy r(i) =2i (i =0,1,2,3,...... ,n).
Z 2r(i—1)3n—i
_ =1 +
f(n) = Sy g (neZm) (4.1)

Proof. For n =1, we have

1 =-1, r(1)=1
f(l) = 2r(1) — 3 = 17 ?”(1) =2
<1/5, r(1)>2

The above formula shows that, only f(1) = 1 is a positive integer solution of this
formula.

If the conditions required by the theorem is true for n, then for n + 1,

n+1

Z 2r(i71)3n+17i

=1
f(n + 1) = 2r(n+1) _ 3n+1

(4.2)
where (i) =2i (1 =0,1,2,3, ...... ,n).
According to the conditions, the formula (4.2) can be written as

22n+2 _ 3n+1
Jn+ D) = o — gt
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Since r(n+1) > r(n) and r(n) = 2n, let r(n+1) =2n+d (d is a positive integer).
Refer to the equation below
22n+2 _ 3n+1

h(n) = 22n+d _ 3n+1 .

1. If d =1, the above function can be written as

2 22n+1 _ an+l1l n+1 n+1
hin) = X AT, 3 .
22n+1 _ 3n+1 22n+1 _ 3n+1
q 3(n+1)+1 ) 3n+1 B 3
an 22(n+1)+1 _ 3(n+1)+1 ~ 92n+1 _ gn+l gn+1
4+

922n+1 _ 3n+1

The above results show that, for all n > 1, (i) h(n) > 2; (ii) h(n) is monotonically

37 175
= h(3) = —— and h(4) = 2.9, so, h(n) is not a positive

decreasing. Since h(2) = 7

integer.
2. If d =2, then h(n) = 1;
3. If d> 2 then, for alln > 1, h(n) < 1.
Based on the above analysis, the theorem holds.

If T (x) =2 (x> 1), then z is said to be cyclic.

After continuous n iterations for ., if (" (x.) = ., then, according to formula (2.1),
we have

n
3nxc + Z 25(1’71)3?7,71‘
i=1

2s(n)

From the formula above we get

zn: 25(i—1) 3n—i
i=1

723(n) —3n

LTe =

T = (4.3)

Let s(n) = r(n) and 2. = f(n). Then the above equation is the same as equation
(4.1). According to Theorem 3, only if s(i) = 2i (0 < ¢ < n) is satisfied, equation (4.3)
has a positive integer solution, and except for x. = 1, the equation has no other positive
integer solutions. This indicates that when z. = 1, for all n > 1, the equation 7 (1) = 1
is true; And for all 2 > 1, there is no T (z.) = z..

Thus, for every odd number greater than 1, a finite number of iterations cannot con-
stitute a loop.

5 Conclusion.

The above analysis shows that all positive integers are neither cyclic nor divergent.
Therefore, no matter how many iterations, every odd integer will return 1, that is, all
positive odd numbers converge.
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Because after dividing by all factors equal to 2, every positive even number is an odd
integer, so this conclusion also applies to even numbers. Therefore, all positive integers
are Converge.
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