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1 Introduction

One of the most interesting aspects of
Einsteins theory of gravitation is that there are
solutions of the Field Equations admitting
closed timelike curves (CTCs). The first known
spacetime with such causality violating
behaviour is the Godel universe [1] and, in fact,
there are a considerable number of spacetimes
in the literature that admit CTCs. The presence
of CTCs, or equivalently, closed null or timelike
geodesics In certain solutions of thg 'ﬁeld
equations lead to the theoretical possibility of
time-travel. A small sample of solutions that
allow such causality violating behaviour are [2,
3,4,5,6,7,8,9,10, 11,12, 13, 14,15, 16,17, 18,
19, 20, 21, 22]. One way of classifying S”ih
causality violating spacetimes would b'e (?
categorize the metrics as either etf{mal_ tlr?f
machine in which CTCs always ‘?XISt (lnl:. 12
class would be [1] or [2]), or as time-machu®
spacetimes in which CTCs appear aftera csld be
instant of time. In the latter category WO ost
the ones discussed in [14, 15, 16, 17]. TP?}IE%
natural and simplest situation would, 10 c cuurr;
be a vacuum solution. In fact, several va well
spacetimes with CTCs are known. _Some he

etric [23], t

known ones are the NUT-Taub metric (22, ——
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pace, vacuum spacetime

spacetimes found by Ori [16, 17] and the Kerr-
Newmann black holes [21, 22].

Many of the above models, however, suffer
from one or more severe drawbacks as possible
candidates for a working time-machine. For
nstance, in some of these solutions, the weak
energy condition (WEC) is violated indicating
unrealistic matter-energy content [5]. The WEC
states that for any physical (timelike) observer
the energy density is non-negative, which is the
case for all known types of (classical) matter
fields. We note that the eternal time-machine
spacetimes are unrealistic models for a putative
time machine. A workable model of a time
machine must be a spacetime where CTCs
appear at a definite instant of time. !

Among the time-machine spacetimes, we
mention two: the first being Ori’s compact core
[16] which is represented by a vacuum met.ric
locally isometric to pp waves and second, vs_rhmh
is more relevant to the present work, Fhe M}sner
space [24]. This is essentially a two dm_nenm_onal
metric (hence flat) with pecghar. identifications.
The Misner space is interesting in the context of
CTCs as it is an example of a spacetime when;
CTCs evolve from causally well-behaved uutzla
conditions. The metric for the Misner space [24]
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ds* = —2dtdx — t dx* (1)
where — @ < 1 < o but the co-ordinate x is
periodic. The metric (1) is regular everwhere as delg
=— lincluding at 7 = 0. The curves 7 = 1, where 7, is
a constant, are closed since x is periodic. The curves ¢
=1,< 0 are spacelike, butz = 1,> 0 are timelike and the
null curves r = ¢, = 0 form the chronology horizon.
The second type of curves, namely, ¢ = t,> 0 are closed
timelike curves (CTCs). This metric has been the
subject of intense study and quite recently, Levanony
and Ori [25] have studied the motion of extended bodies
in the 2D Misner space and its flat 4D generalizations.
However, the major problem with the Misner space as
a feasible time machine, namely, that the spacetime is
not physically relevant, since basically, it is a cut and
paste version of the Minkowski spacetime, remains,
and this lacunae has been identified in [25]. A non-
flat 4D spacetime, satisfying all the energy conditions,
but with causality violating properties of the Misner
space, primarily that CTCs evolve smoothly from an
initially causally well-behaved stage, would be
physically more acceptable as a time-machine
spacetime.

In this paper, we shall attempt to show that
causality violating curves may appear in vacuum
spacetimes (which automatically satisfy the energy
conditions) with comparatively simple structure.

2 Analysis of the spacetime
Consider the following metric

ds*=e” dr’ + e7 dz? - e” (t df + 2 dt dg)
-2 Be*drdg (2)

where ¢ co-ordinate is assumed periodic 0 < d <
¢, with ¢, > 0 and 8> 0 is a real number. We have
used co-ordinates x’ = r,x? = ¢, X’ = zand ¥* = 1. The
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ranges of the other co-ordinates are -9 < 1, z < w0 and
0 < r < . The metric has signature (+, +, +,
the determinant of the corresponding metric tensor

g, detg=-¢". The spacetime (2) is a vacuum solution
opfvthc Field Equations with the Ricci tensor R = (
Consider closed orbits of constant 1 = 1, r = r_

etric educes to one-dimensional
and z = z,, the metric (2) reduce

) and

form

ds? = -te*d¢? (3)

These orbits are null curves for r = #,=0, spacelike
throughout for ¢ =t, < 0, but become timelike for 1 =
¢ > 0. which indicates the presence of closed timelike
0 ¥

curves (CTCs). . -
In order that the above analysis is valid, the CTCs

evolve from an spacelike t =constant hypersurface
(and thus ¢ is a time coordinate) [16]. This can be
ascertained by calculating the norm of the vector V¢
(or by determining the sign of the component g” in

the inverse metric tensor g"'). We find from (2) that

(4)

Thus a hypersurface t = constant is
spacelike provided g" <0 for t = t, <0, but be-
come timelike provided g" > 0 for sufficiently
large t = t, > 0. Here we choose r,r=r, a
constant) and Bis sufficiently small positive
number such that the above condition 1s satis-
fied.

For cyclic symmetry metric, consider the Killing
vector | = 0¢ which has the normal form

grr = e7r (I€r+ ﬂ?)

n*=(0,1,0,0) (5)
Its co-vector is
=¥ (51,01 (6)

Research Journal of Contemporary Concerns Vol. 10 & 11 (B), 2016



(5) satisfies the Killing equation n. .+n
TERY)

0. For a cyclically symmetric metric, the norm
n*n,of the Killing vector form spacelike, closed
orbits [26, 27]. We note that

W = -te” (7)
which 1s spacelike for t < 0, closed orbits
(Periodicity of §). As r = 0 doesn’t represent a
symmetry axis, the spacetime is multiple-
connected like the Misner space. Hence the

spacetime (2) is cyclically symmetric without
a symmetry axis.

3 Classification of the spacetime and the
kinematical properties

For classification of the spacetime (2), we
can construct the following set of null tetrads
(k, 1, m, m) where k, I are real and m, m are

complex vector in the form
k’1 =(0,1,0,0)

i
ll‘: 82 (ﬁa_z'a[): 1)

(€)
9)

my = ;}—i (e¥ O,ze‘i, 0) (10)
My = —\;—ﬁ (e%’ 0,—te73, 0) (11)

where i = v-1. The set of null tetrad above are
such that the metric tensor for the line element (2)
can be expressed as

Research J ournal of Contem
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time admitting. ..

o=kl - Lk, +m m +m m, (12)

The vectors (8)—(11) are null vectors and are
orthogonal

.
Kk, =Vl =m'm,=m'm, =0

; 13
k¥m, = k*m, =Fm,=Wm, =0 (13)

except for k k"=-1 and m m= 1. Using this
null tetrad above we have calculated the five
Weyl scalars

e-3r ﬁ .,

2 and \I,_g:_‘ze

U, = (14)

are non-vanishing, while ¥, = ¥, = ¥y = 0. This
clearly shows that the metric (2) is of type Il in the
Petrov classification scheme. The metric (2) is free-
from curvature singularities. The curvature invariant
known as Kretchsmann scalar is given by

REP2 B = 12671 (15)

The Kretschmann scalar, the Weyl scalar
W,, ¥,vanish at r—>  indicating asymptotic
flatness of the spacetime (2).

Using the null tetrad (8)—(11), we have
calculated the optical scalars [27], namely, the
expansion, the rotation and the shear and they
are found to be

1

1 :
w? = Ek[,,.,,,]k""’=0 b (16)
oF = %k(,,;,)km”—a?:o

and the null vector (8) satisfy the geodesies
equation

kv k¥ =0 a7
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Hence the spacetime 18 non-diverging, have

shear-free null geodesies congruence. We have
determined the Newmann-Penrose spin co-
efficients [27) for metric (2) and they are

P = — d_ Pg,
2+/2
6_32--
=T = T = ﬁ (18)
! 14
g = 3Ja=-— ¢
= 1
’} == 41
K = p:()’:T:#:A:ﬂ:{:O

where the symbols are same as in [27].

4 Conclusion

Our primary motivation in this paper is
to write down a metric for a spacetime that
incorporates the Misner space and its causality
violating properties and to classify it. The
solution presented here is Ricci flat, cyclicly
symmetric metric (2) and serves as a model of
time-machine spacetime in the sense that
CTCs appear at a definite instant and the
energy conditions are satisfied. Most well-
known CTC spacetimes violate one or more of
these caveats and the spacetime discussed here
thus falls in the category of a miniscule number
of those which may be termed as true time-
machine spacetimes.
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