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Abstract

A major task in Functional Time Series Analysis is measuring the dependence within and between
processes, for which lagged covariance and cross-covariance operators have proven to be a practi-
cal tool in well-established spaces. This article deduces estimators and asymptotic upper bounds of
the estimation errors for lagged covariance and cross-covariance operators of processes in Cartesian
products of abstract Hilbert spaces for fixed and increasing lag and Cartesian powers. We allow the
processes to be non-centered, and to have values in different spaces when investigating the depen-
dence between processes. Also, we discuss features of estimators for the principle components of our
covariance operators.
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1 Introduction

Functional Data Analysis (FDA) and Functional Time Series Analysis (FTSA), the research areas dealing
with (time series/processes of) random functions, have gained more and more significance, since consid-
ering random functions instead of vectors, provided the context allows it, assures more accurate results.
Such an extension on infinite-dimensional spaces is enabled by ongoing developments in processing tech-
niques, and unproblematic for separable Banach spaces from a mathematical point of view, see Ledoux
& Talagrand [31]. FDA/FTSA find applications in various fields. In economics, to predict the stock
market trend [23] and the value at risk with intra-day return curves [37], comparing yield curves [42], and
energy forecasts [9], [10]. In medicine, for characterizing COVID-19 data [45] (U.S. data) and [4] (Italy
data), and analyzing brain images [46] and dementia [6]. For predicting mortality rates [13]. In face [35]
and speech recognition [15]. For forecasting pollution concentrations [3] and forest biodiversity [32]. Also,
Functional Principal Component Analysis (FPCA) was used to examine rainfall variability [17] and flight
data [24]. For extensive introductions to FDA/FTSA, see Ferraty & Vieu [12], Ramsay & Silverman [3§],
Bosq [5], Horvath & Kokoszka [19] and Hsing & Eubank [22].

In FTSA, the analysis of the dependence structure within and between given processes is of great
importance. If these are wide-sense stationary (often denoted as weak/second-order stationary), where
for convenience usually (strictly) stationarity and finite second moments are assumed, this can be done
by using lag-h-covariance operators and lag-h-cross-covariance operators, respectively. The lag h thereby
denotes the time difference of interest. Another important subject of study in FTSA is FPCA, since
functional principle components, i.e., the eigenvalues and eigenfunctions of the lag-0-covariance operator,
the covariance operator of a stationary process, yield an efficient representation.
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1.1 State of the art

Probabilistic features of and estimators for lag-h-covariance operators éx.; of stationary processes X =
(Xr)rez with values in L2[0, 1], the space of measurable, square-Lebesgue integrable real valued func-
tions with domain [0, 1], are widely studied for fixed lag h, see, e.g., [5], [19], [22], [34], [27]. Further,
[39] developed covariance estimators in the space of continuous functions C[0, 1], [48] in tensor product
Sobolev-Hilbert spaces, [33] for continuous surfaces, and [18], [1] for arbitrary separable Hilbert spaces.
[34], [39], [18], [1] constrained their assertions to autoregressive (AR) processes, where [1] deduced the
results for a random AR(1) operator. Thereby, [5], [19], [22], [1] utilized classical moment estimators,
[27] estimated the integral kernels, in [18], [34] truncated spectral decompositions occured having esti-
mated principle components, and [48] used operator regularized covariance estimators. Also, the limit
distribution of the estimation errors of the lag-0-covariance operators was discussed in [26], [28].

FPCA in the Hilbert space L?[0,1] is extensively discussed in the existing literature, both from a
probabilistic and statistical point of view. In [5], [19], [22], [26], [28] one finds asymptotic upper bounds
for the principle components, both estimated seperately and uniformly, in sense of convergence in the
second mean as well as almost surely. Moreover, [49] introduced L!-norm FPCA.

A comprehensive study of lag-h-cross-covariance operators €xy:, of stationary L?[0,1]-valued pro-
cesses X = (Xk)kez, Y = (Yi)rez can be found in Rice & Shum [36]. They established operator estimates,
discussed methods measuring their significance and deduced their limit distribution. Aue & Klepsch [2],
who intensively discussed the estimation procedure of operators of linear, invertible processes in L?[0, 1],
had to estimate lag-h-cross-covariance operators of specific processes having values in Cartesian products
of L2[0,1] in order derive their main results. Enabling processes to have values in Cartesian products is
also handy when studying AR(p) processes with p > 1, see [5]. Also, the quite recent work of Sarkar &
Panaretos [41] dealt in great detail with covariance estimation of functional data defined over multidi-
mensional domains.

1.2 Owur contributions

This article studies lagged covariance and cross-covariance operators of stationary processes in Cartesian
products of abstract Hilbert spaces based on ideas in [36] and [2]. The focus is on deducing moment
estimators and asymptotic upper bounds of the estimation errors for these operators. This is also done
for the principle components of lag-0-covariance operators. They are estimated individually, and uniformly
in sense of a supremum of a set of indices whose cardinality depends on a certain rate of convergence.
Particularly worth mentioning is that this work’s results facilitate a high degree of flexibility. This is
because all processes are allowed to attain values in arbitrary Cartesian products of separable Hilbert
spaces. Further, when the objects of investigation are lagged cross-covariance operators between two
processes, we allow them to attain values in different spaces. Moreover, all results are stated for processes
with arbitrary first moments, and the lag h as well as the processes’ Cartesian powers are allowed to be
fixed or increase w.r.t. the sample sizes. In the works [29] resp. [30], slightly milder results were utilized
to derive asymptotic upper bounds of estimation errors for operators of (G)ARCH and linear, invertible
processes, and the principle components of lag-0-covariance operators.

Investors of, e.g., solar and other power stocks of European companies could ask themselves what
impact monthly sunshine duration in central Europe, see Fig 1, will have on their share values one
month ahead, see Fig 2. This can be analyzed by using our lag-1-cross-covariance operators, and our
lag-h-covariance operators might be advantageous for understanding the dependence structure within
the processes in Fig 1-2.
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Figure 1: Graphs of monthly sunshine duration in central europe in June and July 2020, interpretable as two consecutive
realizations of an L2[0, 1]2-valued process, from the homepage www.dwd.de of the German Meterological Service.
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Figure 2: Three consecutive realizations of a fictitious process, which is identifiable as an (L2 [0, 1])4-pr0cess, describing the
share values of four assets of an portfolio, e.g., measured in EUR. The step width used is ﬁ.

1.3 Outline

The rest of this paper is organized as follows. Section 2 outlines our notation, restates important termi-

nology, definitions and interrelationships of several operator types, defines our (lagged) (cross-)covariance
operators and studies their probabilistic features, and briefly explains LP-m-approximibility. Section 3
introduces our estimators for the lagged (cross-)covariance operators and for the principle components
of the lag-O-covariance operator, and derives asymptotic upper bounds of the estimation errors. Sec-

tion 4 conducts a simulation study. Section 5 summarizes the main results and outlines future research.

Moreover, Section 6 contains proofs.
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2 Definitions and basics

2.1 Notation

|-| denotes the floor function, sgn(-) the sign function and 14(-) the indicator function of a set A.
For sequences (an)nen, (bn)neny € (0,00), an ~ b, denotes ‘;" — 1,a, =< b, denotes ‘g“ — ¢ for
some ¢ # 0, (for n = ) a, = w(b,) if b, = o(a,) and a,, = Q(by,) if b, = O(a,) with common
asymptotic notation o(-), O(-), and Z[ay, b,) = Q(a,) No(by), Elan, by] = Q(a,)NO(by,). Also, Oy stands
for the identity element of addition of a vector space V Iy : V. — V for the identity operator, and
operator for a linear map. Hereinafter, let (#, (-, )%) be a real, separable Hilbert space. On Hilbert
spaces we assume the norms to be induced by their inner product, and abbreviate ‘complete orthonormal
system’ by CONS. For z,y € H,z L y denotes (z,y)z = 0. We define scalar multiplication and vector
addition on H" = {(z1,...,2n)T |21, ..., 7, € H}, with n € N, componentwise. Then, (H", (-, )3 ) where
(x,y)yn = Z?:1<:ci,yi>% for € == (21,...,2,)%, ¥ == (y1,...,yn)T € H", is a real, separable Hilbert
space. In all respects, our random elements are defined on some common probability space (2,2, P).
X 2 Y means two random variables X ,Y are equal in distribution, and ‘a.s’ denotes almost surely. For
processes (X, ), and (Y,)n, X = Op(Y;,) (for n — o0) means (X,,/Y,), is asymptotically P-stochastic
bounded. For p € [1,00), L}, = L%,(Q,2,P) is the space of (classes of) H-valued random variables X
with v, 3(X) = (E||X|[},)'/? < oo, a process (Xj)yez of H-valued random variables is an L}, -process if
X, € LY, for all k, and centered if E(X})) = 0y for all k& with expectation in Bochner-integral sense, see
22], p.40-45.

2.2 Some basic operator theory

Now, we state important spaces of operators between real, separable Hilbert spaces (H;, (-,)3,) for
i = 1,2. For thorough overviews of operators between Hilbert spaces, see the monographs Dunford &
Schwartz [11], Gohberg et al. [14], Weidmann [47].

The space of bounded operators mapping from H; to Ho will be denoted by Ly, 7,, with Ly, =
L34, 1,, where an operator A: Hi; — Ha is bounded if

1Ay, = sup [JA(@)[[1, < o0
llallaey <1

Such operators are continuous, and (L3, 2,,[| - ||+, »,) i @ Banach space. We denote the subspace
of finite-rank operators of Ly, 1, by Fay 2., With Fry, = Fy, 2, Further, A* denotes the adjoint of
Ace€ ﬁ;{l’yz, where A* € EHz,Hy

A crucial subspace of Ly, 3, is the space of compact operators mapping from H; to Hg, where
A € Ly, 1, is compact if A maps the unit ball of H; to a compact set in Hg. Such operators possess the

singular value decomposition
o0
A= Z sj(e;® fj)
Jj=1

with 2®y = (z, )y, y for v € H1,y € Ha, where (e;) en and (f;)en are CONS of H; and Hs, respectively,
and where (s;);en is the monotonically decreasing zero sequence of non-negative numbers of A which are
called singular values. The decay rate of the singular values of a compact operator A € L4, 3, can be
interpreted as a regularity measure of A, and expressed by the p-Schatten-norm

Allp = ZS , pell,o),

Jj=1
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where the inequality ||A|[, < |[Al|, holds for all p < q. (4], 3, I|p) is a Banach space for all p € [1,00),
where the p-Schatten-class is defined by

y’?‘IZhHQ = {A 6 £H17H2 ‘ ||A||P < 00}7

with A7 5, © A, w, for all p < g. The essential classes are Ny, 3, = Sody iy WIth Nag, = Ny, 0y
1 1y e, = - Nl and Sy, 20, = A7, 5, With Sy, = Spyas |- llsw, s, = || - |2, the spaces
of nuclear/trace class resp. Hilbert-Schmidt operators. The trace of A € Ny, is defined by tr(4) =

Z;’;1<A(ej), €j)#ys and (Syyy 24,5 () Ss, 2, ) 18 @ separable Hilbert space, where

oo

<A7 B>5H1,H2 = Z <A(6j)7B(ej)>H27 A,B € S’HhHm

Jj=1

and where (e;);en is an arbitrary CONS of 71 in both definitions.
On H; == L?[0,1], an integral operator A mapping from H; to H; is defined by the Lebesgue integral

(A(x))(t) = /0 a(s,t)x(s)ds, =€ Hq,te]0,1]

if it exists, where a: [0,1]? — R is a measurable function, the (integral) kernel of A. Such an operator
satisfies A € Sy, iff folfol a’(s,t)dsdt < oo.
2.3 Features of our operators

Here, we define (cross-)covariance operators and their lagged versions on real, separable Hilbert spaces,
and outline some of their features (for a definition and features of these operators on Banach spaces, see
[5]). Thereby, (H;, (-,-)2,) denote real, separable Hilbert spaces for ¢ = 1, 2.

Definition 2.1. Let X,Y be L3, - resp. L3, -valued random variables, and let mx = B(X), my = E(Y).
Then, the covariance operator of X is defined by

Cx = E((X — mx) & (X — mx)),
and the cross-covariance operator of XY is defined by
%X,y = E((X — mx) ® (Y — my))

For centered random variables XY, which is no restriction if X,Y are integrable since X' := X — E(X)
and Y/ := Y — E(Y) are centered in any case, covariance and cross-covariance operators possess the
following main probabilistic features.

Lemma 2.1. Let X,Y be centered L%_Ll- resp. L%Z-valued random variables.

(a) ¥ is a self-adjoint, positive semi-definite operator with 6x € N, and

1 ||, = ElIX I, (2.1)
and Gx possesses the representation
G=> ci(®c) (2.2)
j=1

where (cj)jen s the eigenvalue sequence which is w.l.o.g. monotonically decreasing, non-negative
and absolutely-summable, and where (¢;)jen is the related eigenfunction sequence of €x which is a

CONS of M.
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(b) %X,y S Nyl’yzfg)’;’y = %Y,X S Nyz,yl and

1y [Ny 0o = 16 X NIV 20, < BIX 3 [V ][22, - (2.3)
Furthermore,
independence of X,Y = Cxy = 0ry, 5,» (2.4)
and if H1 = Ha, €xy = O,,, implies E(X,Y)y,=0.

(¢) If H1=Ha=L?[0,1],6x and €x y are integral operators with kernels kx (s,t) == Cov(X(s), X (t))
resp. kx,y (s, t) == Cov(X (s),Y (t)),s,t € [0,1].

Similarly to covariances and variances for real-valued random variables hold the following calculation
rules for (cross-)covariance operators.

Lemma 2.2. Let W, X resp. Y, Z be centered L%{f resp. L%z—valued random variables. Also, let A € Ly,
and B € Ly,.

(a) The covariance operator satisfies
Cwi+x = Cw + 6w.x +Ex.w + €x, (2.5)
where Gwix = 6w + €x if W, X are independent. Further, for the cross-covariance operator holds

CWixy+z =Cwy + Cw,z +Cxy +Cx 2. (2.6)

(b) The covariance operator of the L3, -valued random variable A(X) satisfies
Cax) = ACx AT, (2.7)
and for the cross-covariance operator of the L3, - resp. L3, -valued variables A(X) and B(Y') holds

Cax),B(y) = BtxyA" (2.8)

For the definition of the functional counterparts of the auto-covariance and cross-covariance function
of real-valued processes, which are the lag-h-covariance resp. lag-h-cross-covariance operators, given pro-
cesses do not necessarily have to be strictly, but wide-sense stationary. To reiterate, a process (X )i is
(strictly) stationary if (Xg,+h, .y Xk, +h) A (Xkys ey Xk, ) holds for all kqy,...,kn, h and n € N, and an
L3, -process X := (Xy), is wide-sense stationary if for all k holds E(Xy) = ¢ for some ¢ € H; and if for
all k,l holds (ng,Xl = (gX()’Xl—k‘

Definition 2.2. Let X = (Xp)rez, Y = (Yi)kez be wide-sense stationary L%l— resp. L%Q—pmcesses.
Then, the lag-h-covariance operator of X is defined by

%X;h = %Xo,Xh’ Vh € Z,
with €x = €x:0, and the lag-h-cross-covariance operator of X,Y is defined by

%X,Y;h = (gXO,Y}H Vh (S Z

Remarks 2.1.  (a) Lemmas 2.1-2.2 can be applied to lag-h-(cross-)covariance operators. Thus, €y, =
Gx.—n and %ZY;h = Gv,x;—n for any h. Also, €x;n, = Og,, for h # 0 if X = (Xk)kez consists of
independent variables, and if X = (Xy)kez, Y = (Yi)rez are independent, xy:n = 0240, 20, -
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(b) Since Lemma 2.1 (c) for (cross-)covariance can be transferred to lag-h-(cross-)covariance operators,
it is reasonable that these operators contain the expression ‘(cross-)covariance’ as well.

In the following, we illustrate a specific lag-0-covariance operator. For further, but somewhat more
complicated examples and sketches, see Section 4.
Example 2.1. Let H = L?[0,1], and let € := (x)xez be a process with
_ Zi, + Bi(t)

Vv1i+t

where Z;, ~ N(0, 1), By, = (Bg(t))se[o,1) are Wiener processes, and where ..., Z_1, B_1, Zy, Bo, Z1, B1, . ..
are independent. Then, (g )kez is an i.i.d., centered L},-process with o(t) ~ N(0,1) for all ¢ € [0, 1], and
for the integral kernel ke.o = ke of 6,0 = 6. holds

ek (t) : a.s., VkeZ, vVtel0,1], (2.9)

1 4 min(s, t)

e (s,1) = Covieo(s), 20(0) =\ 13 ans )

. Vs, te[0,1]. (2.10)

Z=k(s.t)

0.95
0.90
0.85
0.80

i~

Figure 3: The integral kernel ke (s,t) in (2.10) for s,t € [0, 1].

2.4 [P-m-approximibility

For deriving asymptotic upper bounds of estimation errors for operators or functionals related to a sta-
tionary process, usually weak dependence of the given process is needed. We impose LP-m-approzimibility,
a well manageable measure of weak dependence developed by Hormann & Kokoszka [21].

Definition 2.3. Let (H, (-, )%) be a separable Hilbert space and let p > 1. Then, a process (Zx)kez s
called LY,-m-approzimable if it is an LY, -process with

Zk :f(Ek,E/cfl,..) (2.11)

for any k, where (ex)rez is an i.i.d. process with values in a measurable space S and where f: S®° — H
s a measurable function, such that

Z VpH(Zm— Zmym) < 00.
m=1

Thereby, v, () == (E|| - ||§’_[)1/p and
Ziym = f(EksEk—1) s Ek—mt1> Ek—miks Ek—m—1Liks ) (2.12)
where (€. )k are independent copies of (ex)r for each n.

L% -m-approximibility of a process thus means it is non-anticipative w.r.t.another process, that is
(2.11), and approximable by an m-dependent process so that the approximation errors measured by the
L% -norm vy 3(-) are summable. Also, (2.11) yields stationarity of (Z)s due to [44], Theorem 3.5.3, and

(Zk;m) 1 are stationary, m-dependent processes for each m with Zj.,, 4 Zy, for all k,m.
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3 Main results

Herein, we discuss the main results of this paper, namely the estimation procedure for lag-h-covariance
and lag-h-cross-covariance operators of U™- resp. V"-valued processes for m,n € N, and for the principal
components of lag-O-covariance operators. Thereby, (U™, (-, )ym) and (V™ (-,-)yn) are real, separable
Hilbert spaces coming from real, separable Hilbert spaces (U, (-, )y) and (V,(,-)y). Throughout this
article, we assume that our processes have the following representations.

Assumption 3.1.  (a) Let X := (Xjy)kgez be an Lj,-m-approximable process and let 2 = (2} )rez be
an U™-valued process with

%m_i_j = (Xm+jp7 ceey X1+jp)T (31)

for any j € Z and some p € N. Further, X1, ..., Xjs is a sample of X with M > m, thus 2, ..., Z;
with 4 = My = [M="| 4 m is a sample of &, and the sample size is A4 = My = My —m + 1.

P
(b) Let Y := (Yi)kez be an L3,-m-approximable process and non-anticipative w.r.t.the same i.i.d.

process (gx)r as X in (a), and let & = (%} )rez be an V"-valued process with
Drj = Yotjgs s Yitja) (3:2)

for any j € Z and some g € N. Moreover, Y1, ..., Yy with N > n is a sample of Y, thus %;,,..., %
with A = My = L%J + n is a sample of %, and the sample size is A = My = Ny —n + 1.

Remarks 3.1.  (a) (Zk)r and (%)) are stationary processes since the underlying processes (X} )k resp.
(Y3) are stationary due to L*-m-approximibility.

(b) The common case in the assumption above is when m = n = 1. This case can always be derived as
a specific example from our results.

(¢) Imposing two different sample sizes M, N for (X)g resp. (Yx)x is useful if more data of one process
can be collected w.r.t. time, but one is not willing to relinquish information by choosing the minimum
of M, N.

(d) Choosing p,q so that 1 < p < m,1 < ¢ < n, enables to reuse the first (m — p) resp. (n — q)
entries of 2} resp. %, for the last (m — p) resp. (n — q) entries of 241 resp. Z11. If one needs
to successively stack (realizations of) X} s resp. Y/s in a vector of length m resp. n, one has to put
p =m,q = n. One could also choose p > m, ¢ > n, which is useful when data is missing, since by an
appropriate choice of p and ¢, the time indices where (realizations of) X} s and/or Y}/s are missing
can be bridged.

(e) (Zk)k resp. (#4)g is i.i.d. for p > m resp. ¢ > n if (Xj)g resp. (Yi)k is.

(f) Whenever large sample sizes of (Z%)r and (%), are needed, and reusing values of (X})x resp.
(Yx)r does not cause issues, p and ¢ should be set as small as possible, to wit p = ¢ = 1. Thereby,
processes (2% )k as in (3.1) with p = 1 were used for estimating the operators of L?[0, 1]-valued AR
in [5], (G)ARCH in [30], and invertible linear processes in [2], [30].

Our model also allows the vector lengths m,n and the numbers describing the ‘degree of reuse’ p,q of
given variables to depend on the sample sizes as follows.

Assumption 3.2. (&) (mar)m, (pam)m € N are sequences with m = mys,p = pyr = E[1, M) = Q(1) N
o(M) where a,, = Q(b,,) means b, = O(ay,).

(b) (nn)n, (gn)n € N are sequences with n = ny, ¢ = qv = Z[1, N).
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From the Assumptions 3.1-3.2 (a) and Assumptions 3.1-3.2 (b) follows
M = My ~p M, (3.3)
resp. A = My ~q IN.

Since the time difference where some variable has a certain effect on another one could also change over
time respectively the sample size, we also allow the lag h € Z to vary w.r.t. given sample sizes as follows.

Assumption 3.3.  (a) h = hy = Z[1,p 1 M);
(b) h=hy =E[1,¢"'N).
Lemma 3.1. Let Assumptions 3.1-3.2 (a) hold. Then,

1 L
e = ) %

is an unbiased estimator for the first moment mg = E(Z27), and for M — oo:
E||rg — mar||fm = O(mtty; ') = O(mpM ™).

Remarks 3.2. Lemma 3.1 can be generalized to higher moments if the related power of the random variable
of the process is well-defined on the given Hilbert space. Powers of random variables are for instance well-
defined on L2[0, 1]. There, X2 denotes the pointwise product of X and X, X3 e.g. the pointwise product
of X? and X, X% e.g. the pointwise product of X3 and X etc.

3.1 Estimation of lag-h-covariance operators

When estimating lag-h-covariance operators, we distinguish, as for real-valued processes, between centered
processes and those with an unknown first moment.

If the process X = (Xj); in Assumption 3.1 (a) is centered and consequently also & = (Z%)k, we
estimate G, with |h| < . through

1 N
W,h Zk:]n+|h| f%'k: o2y %k+ha h < 07

1 A,
i et X @ Lot h >0,

G = (3.5)

where .4 ), = M — ||, Mary, = Ay — |h|. The operators ‘th are finite-rank operators (‘fgy;h € Fym)
with €a;, = Ga,—»n, and Gg = Ga is self-adjoint and positive semi-definite.

Theorem 3.1. Let Assumptions 3.1-3.3 (a) hold and let X be centered. Then, ‘fy;h is an unbiased
estimator for Ga, with |h| < M, and for M — oo holds

E||[Carn— Ganllgm= O((L+IR)m*pM ). (3.6)

If the first moment mx of X = (Xj); is unknown and thus also mg = (mx,...,mx)? € U™, we
estimate @), with |h| < .4y — 1 by

A A X
m Zk%\ﬁlﬂm(%k—mx) @ (Zh+n—1ng), h <0,

G = (3.7)
; 1 Wiy ~ o
=T 2okmm (Ze—g) © (Zepn—1hg ),  h =0,
with moment estimators
1 '//ZM 1 ,//ZM
fgr i i Yimmiin Zir b <0, o ) i 2 jmmerin Zithy b <0,
'_ 1 M, x 1 Mg,
A1,k Zi:m % h z 0’ A, h Z]:m ‘%"rha h > 0.
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These empirical lag-h-covariance operators satisfy also %;; p € Fum with %?éi‘ b= ‘J;’,f_ po and %@’r = ‘52%_0
is self-adjoint and positive semi-definite.
Theorem 3.2. Under Assumptions 3.1-3.3 (a), ‘é’gh is an unbiased estimator for Car., with |h| < Mhr—1

. M
if ZjJé”:”i’k# Ca.j+h—k = Ozym, and for M — oo,
11— Gl |3y = Or (L [B))m*pM ). (3.8)

Remarks 3.3. (a) Theorems 3.1-3.2 extend the existing literature regarding the estimation of (lagged)
covariance operators in several ways, see e.g. [1], [5], [16], [21] [26], [18], [19], [29], [30]. This is because
the upper bounds in both Theorems are derived for lagged covariance operators of processes with
arbitrary moments having values in arbitrary separable Hilbert spaces, and since the processes’
‘outer dimension’ m and simultaneously the lag h is allowed to grow w.r.t. the sample size M.

(b) The best achievable rates in Theorems 3.1-3.2 are O(M 1) resp. Op(M 1), which apply if h =
hyr, m = mpy, p = py are bounded or even fixed.

(c¢) Using /ﬂ 7 instead of —~— in (3.7) enables to formulate the sufficient condition for unbiasedness
in Theorem 3 2. For h = 0 thls condition holds if @x.;, = 0, for all h # 0 which is due to (2.4)
particularly the case if X is a process of i.i.d. random variables.

(d) In Theorem 3.2, we considered convergence in probability instead of convergence in mean since in
the proof emerge reciprocals of eigenvalues.

Now, we exemplarily illustrate some upper bounds in Theorem 3.1.

Example 3.1. (a) For h=m =p =1, (3.6) is O(M 1), see Remarks 3.3 (b).
(b) For h =0, and m = mys == |[M*|,p = pay = | M3 for all M € N, (3.6) is O(M~3/8).
(¢) Let h = hyy =m = my = p = py == | M'/?] for all M € N. Consequently, Assumption 3.3 (a) is
satisfied, and (3.6) equals O(M~1/2).
3.2 Estimation of lag-h-cross-covariance operators

Herein, we transfer the estimation procedure for lag-h-covariance to lag-h-cross-covariance operators
Caa.p- 1f the processes X = (Xj), and Y = (Y}),, in Assumption 3.1 are centered and subsequently also
Z = (Zi)r and ¥ = (%,)k, we estimate Carp:, With n — My < h < My —m by

1 jM,N,h
Caxyn = % Z Xk @ Dth, (3.9)
k=lm,n,n
where lmnh = max(m,n — h), .,S/”MNh = mm(///M, — h) and where LN = .,QZMNh +1-— lenh

Thereby, ngg‘g/h € Fymy» and %9;@, h= Cﬁg/ Xi—h- When estimating the lag-h-cross-covariance operators,
we also impose the following.

Assumption 3.4. The sequences in Assumptions 3.1-3.3 satisfy Ly, n.n = o(Zrnn)-

Theorem 3.3. Let Assumptions 3.1-3.4 hold and let X,Y be centered. Then, (gng;h is an unbiased
estimator for Caa.p, with n — Ay < h < A —m, and for h = hy, with L = Lyyn = min(M, N),m =
mpr,n = ny holds for M, N — oco:

E|[Caain — Gaanl[g,myn= O((L+|R)mn L ). (3.10)

10
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If the first moments mx and/or my of X,Y in Assumption 3.1 are unknown, thus also mg =
(mx,....mx)T € U™ and/or mg = (my,...my)T € V", Caay with n — My < h < My —m is
estimated by

1 jM,N,h
Loy = —— i —har) @ (P, —, 3.11
ron= gy X (Fiie) © (G i) (3.11)
=btm,n,h
if ,,ZZM Nhp > Zm,n,ha with moment estimators
1 NN R 1 0N,k
Meg '=—— i, My = —— Y. 3.12
LunNn Z ! ¥ LINK Z It (3.12)
1=lm,n,h J=ltm,n,h

Thereby, ‘fég n € Fuomyn and (fgg‘% b= ‘fé, a._p, for all h.

Theorem 3.4. Under Assumptions 3.1-3.4, ngg/;h is an unbiased estimator for Caa.n, with n — My <
h < Ay —m, and for h = hy, with L = Ly n = min(M, N),m = my; and n = ny holds for M, N — oo:

1o — Coanl 3y = Op (L IR)mnLy ) (3.13)

Remarks 3.4. (a) Although estimating (lagged) cross-covariance operators is widely discussed, see e.g.
[36], [5], [2], [18], Theorems 3.3-3.4 are new in many ways. First, both processes can attain values
in arbitrary separable Hilbert spaces which do not necessarily need to match, nor do the drawn
sample sizes M, N. Further, the upper bounds are, as in Theorems 3.1-3.2 for the lagged covariance
operators, derived for centered and for not necessarily centered processes, the lag h is allowed to be
both fixed and varying w.r.t. the sample sizes, as are the Cartesian powers m, n.

(b) The reason that the initial and final value of the sum of our empirical lag-h-cross-covariance oper-
ators in (3.9) and (3.11) are relatively complicated, is, because 2}, and %5, simultaneously have
to be well-defined.

(¢) Assumption 3.4 ensures that the upper bounds (3.10) and (3.13) are zero sequences if the sequences
in Assumptions 3.1-3.3 are chosen appropriately.

(d) The best possible rates in Theorems 3.3-3.4, O(M 1) resp. Op(M 1), hold if h = hy,m = mpr,n =
ny,p = Pv,q = gy are bounded, and if M =< N.

(e) By following the lines in the proof of Theorem 3.4, it becomes clear that omitting the estimation
of Zk resp. @4, in (3.12) if X is centered and my is unknown resp. if mx is unknown and Y is
centered, has no positive effect on the convergence rate (3.13) in Theorem 3.4.

(f) The condition for unbiasedness in Theorem 3.4 is for instance for h = 0 satisfied if X,Y are
independent, subsequently also 2, % .

As in Example 3.1, we state several possible upper bounds in Theorem 3.3. Such examples can also be
applied to Theorem 3.4.

Ezample 3.2. (a) Let h = m =n =p = ¢ = 1and N = Ny = |[M'/2] for all M. Then, with
L = min(M, N), (3.10) becomes O(L~1) = O(M~1/2).

(b) Let hy = | k3], my = | k3], m, == |EYS],pp == [V, q1 == |EY/?] for all k, and N = Ny; =
| M*/2] for all M. Then, h = hy, ~ M6 m =my ~ MY8 n=ny ~ MY12 p=py ~ MY g =
av ~ M8 hence, Iy pp ~ max(MY8 MY/12 — MVI6Y ~ MY® and Gy np ~ min(MO/10 4 MU/E
M0 4 MY/& — M/16) ~ M4/, Consequently, all Assumptions in Theorem 3.3 hold, and (3.10) is
O(MV/16+1/8+1/12-4/9) — O(p[~25/144),

11
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3.3 Estimation of principle components

Herein, we examine the estimation procedure of the principle components of lag-0-covariance operators

Ca = Cao of the U™-valued processes & = (Zi)kez in Assumption 3.1 (a). Thereby, (¢;);en, (€5);en

resp. (¢)jen are the eigenfunction and (c;)jen, (¢j)jen resp. (¢)jen the associated w.l.0.g. monotonically

decreasing eigenvalue sequences of Gar, Car = ‘fg;o in (3.5) resp. ‘(a”;f = .;é;o in (3.7). Also, since the vector

lengths m of the elements of & = (£%), can vary w.r.t. M, we occasionally write ¢; = ¢; ,, and ¢; = ¢ .
At first, due to [5], Lemma 4.2, for any j € N holds

& —cjl < l|Car — Carllcym, 185 —¢j] < |1%q — Carllym- (3.14)
Corollary 3.1. Let Assumptions 3.1-3.2 (a) hold. Then,

sup (& — ¢;) = Op(m*pM 1),
jeN

and if X = (Xy)r in Assumption 3.1 (a) is centered,

E(sup (¢; — ¢;)?) = O(m*pM ).
JEN

We proceed with estimating the eigenfunctions ¢; of 6 by ¢; if & is centered and by ¢} if the first
moment of & is unknown. Eigenfunctions are unambiguously determined except for their sign, why it is
reasonable to estimate c; by

¢; == sgn (¢, ¢j)um; resp. ¢ = sgn(t], ¢)ym (3.15)

where ‘sgn’ is the sign function.

Figure 4: Estimation of ¢; by ¢;, exemplified in R?

However, using ¢; resp. E; as estimator for ¢; is problematic, since ¢; £ ¢; a.s. resp. E;- L ¢; as., thus
sgn(c;, ¢j)ym # 0 a.s. and sgn(c}, ¢j)ym # 0 a.s. is not guaranteed for fixed j, M, so if ¢; L ¢; resp. ¢ L ¢;,
one is not able to allocate a unique estimator for c¢;. This feature, though, was inevitable in various
conversions leading to asymptotic upper bounds of the estimation errors for operators of L?[0, 1]-valued
(G)ARCH and linear, invertible processes in [29] resp. [30].

We bypass this problem by modifying ¢; and ¢, as follows. Let (u;)ien be a CONS of U™ and let
(¢i)ien be a sequence of i.i.d., N(0,1)-distributed random variables, independent of the observations of
X. Then, for all j, M,

o A Git; . ” G Giug
cj. =t + Z : and c;»T =+ Z E3Yi (3.16)
i i=1
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are well-defined with E;r- L ¢ as. resp. E;-T L ¢; as., thus sgn(E;r-7 ¢;)um # 0 a.s. and sgn(E;-T, ¢hum # 0 as.
Hence, we estimate ¢; by

E;F = {1]1%\{0} (sgn(E;, Cj>z,{m) sgn(E;, Cj>um + 1{0} (SgII(E;-, Cj>um)i| Ej, (317)
Ot = [IR\{O}(Sgn<E2‘T7 ¢;)um) sgn (€, ¢j)um + 1oy (sgn (e, Cj)Mm)} [ (3.18)

where 1 4(-) stands for the indicator function of a set A. These estimators satisfy
E;L- = sgn(E},g}umﬁj as.  resp. & =sgn(&l c;)ymc) as. (3.19)

For stating upper bounds of estimation errors when using the estimators in (3.16), following technical
preliminaries are needed. Due to [5], Lemma 4.3,

16 — ¢jlleem < 35| %ar — Carllcom:  1IE; = ¢jllem < 75l |Car — Carll cogm (3.20)
for any j € N if the eigenspace of ¢; is one-dimensional, where 4, := 2v/271, q; = 2V/2 max(yj_1,7;) for
j > 1, and where

v = (c;j —cjp1)"Y, jEN, (3.21)

Assumption 3.5. €g is injective, and the eigenvalues of € satisfy ¢; # ¢j11 and k(j) = ¢; for all j € N
where k: R — R is a convex function.

Under Assumption 3.5 holds both
c1>cg > >0, (3.22)
and for any sequence (k;); € N with k=/ky =Q(1),

Supy; = Vk. (3.23)
i<k

Lemma 3.2. Let Assumptions 3.1-3.2 (a) and 3.5 hold. Further, let (kj); € N be a sequence with
k=ky = Q1), and let vjm = 1/(¢jm — ¢j+1,m)- Then,
€] — ¢[|Zm = Op(v3,,m*pM "), VjeN, (3.24)

sup I[€] = ¢]|Zm = Op (V2 ympM ), (3.25)
1S

and if X = (Xg)r in Assumption 3.1 (a) is centered,
El[¢; — ¢j|[Zm = O(y],,m*pM™"), Vje€N, (3.26)

E(S‘il]z 1€ = ¢j|[Zm) = O um®pM 7). (3.27)
]

These statements for the ‘classical’” eigenfunction estimators (3.15) can be transferred to our advanced
estimators (3.17), (3.18).

Theorem 3.5. Let Assumptions 3.1-3.2 (a) and 3.5 hold, and let (k;); C N be a sequence with k =
ka = Q(1). Then,
||E;i— ¢j||Zm = Olp('y]%mmsz_l), Vi eN; (3.28)

sup 1€ = ¢5|7m = Op (77 ,ym*pM ~1). (3.29)
]

Moreover, if X = (Xj)r in Assumption 3.1 (a) is centered,
E|[¢ — ¢j|[Zm = O(72,,m*pM "), VjeN; (3.30)
E(sup [1€] = ¢llin) = OO mm*pM ™). (3.31)
i<
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Remarks 3.5. (a) Theorem 3.5 and also Lemma 3.2 can be seen as generalizations of results in [5], [21],
[26], [28] dealing with estimating eigenfunctions of centered L?[0, 1]-valued processes.

(b) If m = my, is bounded, the sequences of reciprocal spectral gaps (vjm)m are bounded for any j.
Consequently, (3.28) equals Op(M 1), and (3.30) is O(M ~1). Moreover, (Y, )y is guaranteed to
be bounded if k = ky; and m = my, are bounded. Then, (3.29) is Op(M 1), and (3.31) is O(M ~1).

4 A simulation study

Herein, we simulate realizations and estimators of lagged covariance and cross-covariance operators of
specific processes. To avoid unnecessary complexity, and to ensure vividness of the derived results, we

discuss centered processes whose underlying processes attain Values in H# = L?[0,1]. In our calculations

with the program language R, any x E H is evaluated at t = 0, 5= 5555 s 350, and (z,y)y with z,y € H is

approximated by the Riemann sum 555 32220 z(4=1)y(L21).

4.1 Setup

For some m,n € N, let Z = (Z})rez and & = (%) rez be processes with
L= Xy ooy Xpms1)T vesp. %= (Y, oo, Yorni1)', VE€EZ, (4.1)
where X = (Xi)rez and Y = (Yi)rez are processes which satisfy a.s.

X, = Oz(Xk_1) +eéep, VkeZ, (4.2)
Y. = ﬂ(Xk) + ek, VkeZ.

Thereby, ¢ are defined as in Example 2.1 for any k € Z, and «,3: H — H are assumed to be integral
operators with kernels

a(s,t) = ke(s,t) resp. b(s,t) = 2ke(s,t), Vs, te€][0,1], (4.4)
where ke, = ke is the integral kernel of 4.0 = . in (2.10). Since the kernel a(s,t) is bounded, we obtain

after ||a||%, = fo ! a®(s,t) dsdt and its definition,

lalls =/ 5 = n(2). (4.5)

Also, |||z, < ||els,, < 1 implies that (4.2) has the unique stationary solution
X, = Zaj(ffk—j)v Vk € Z, (4.6)

where o = I, is the identity operator, and where the series converges in L}, and a.s., see [5]. Thus (X))
is a stationary, centered L;li—valued AR(1) process, and it can be shown it is even L;L_l—m—approximable,
see Lemma 2.1 in [30] for functional (G)ARCH processes. Further, due to (4.3), (Y%)x is a stationary,
centered L%L—m—approximable process as well.

After [5], for our AR(1) process X holds %x,0 = éx = Z;io Al C.ar with €0 = 6., and Cxp, =
aéx for h € Ny. Further, %}; n = Ex.—p for h € Z, since a = %, is selfadjoint and commutes with &
and due to the series representation of ¥x also with éx, and ||a||s,, < 1 lead to the Neumann series

_ g lhlt Zaza — oM (1 —a?) !, VhezZ (4.7)
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Moreover, (4.2), (4.3), Lemma 2.2, and (4.7) yield
(gX,Y;h: ﬂcfx;h, Vh € Z. (4.8)

For the lag-h-covariance operators €a.;, = IE(Zo,x)ymZ) and the lag-h-cross-covariance operators
Caa.n= E(Z0o, x)3m %, holds for any h € Z and x = (21, ..., xm) T € H™,

(gx§h(x) = (Z %X;h+i*1(xi)7 sy Z %X;thifm(xi))T S Hm; (49)
=1 i=1
Cfg};,g;h(m) = (Z %X,Y;h-‘ri—l(l:i)a RN Z %X,y;h_ﬂ‘_n(xi))T cH"™ (4.10)
=1 =1

Remarks 4.1. For extensive works dealing with functional AR(MA) processes, we refer to [5], [43] and
also [16], [1], [7], [8], [34], [18] from a technical point of view, and [10], [25], [40] for methods combined
with applications.

4.2 Simulation of realizations of our processes

Hereinafter, we simulate realizations of (Z%)x and (% )k in (4.1). To do this, we firstly simulate innova-
tions in (2.9).

Figure 5: Realizations of the innovations ey, ..., €5 in (2.9).

These simulated realizations then can be plugged into the equations (4.2) and (4.3) of the underlying
AR(1) process (Xi)x of (Z%)r and the derived underlying process (Yi )i of (#)k. But before we do so,
an initial value of Xy has to be simulated which can be approximated sufficiently well as follows.

Lemma 4.1. Let A € Ly with ||Al|z,, < 1, let (ex)rez be an i.i.d., centered LY, -process for v > 0, and
let Z), = A(Zp_1) +er and Zy = A(Zy_1) +ex for any k € Z hold, where Zy € H is a deterministic value.
Then, for some p € (0,1),

E||Zx — Znll5 = O(p™). (4.11)

Remarks 4.2. Lemma 4.1 can be shown for functional AR(MA) processes with arbitrary order(s) in any
separable Hilbert space, see [30], Corollary 4.1 for functional (G)ARCH processes.
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Figure 6: Six consecutive realizations of (X} ), (bordeaux) and (Yj) ( ) in the first two rows. Xo was approximated

by Z100 in Lemma 4.1 with A = o, g, for k = 1,...,100 as in (2.9) and Zo := 03, and X1, ..., X5 and Yp, ..., Y5 were obtained
by applying (4.2) resp. (4.3) with the innovations in Fig 5. Then, Xo, ..., X5 and Yo, ..., Y5 were plugged into the equations
in (4.1) with m = 3 and n = 2, leading to three consecutive realizations of (Z3)r = (Xk, Xx—1, Xx—2)T)x (third row) and
of (Z)r = (Ya, Ye—1)T)x (fourth row). The first resp. the second components of both the realizations of (2% ), and (%)
are highlighted in black resp. green, and the third component of (£%)x in blue.

4.3 Simulation of our operators

In this section, we illustrate certain lag-h-covariance operators €g;, and lag-h-cross-covariance operators
Cacav), of the centered processes £ = (Zx)r and # = (%), in Section 4.2 with Cartesian powers m = 3
resp. n = 2, and also simulate estimators for these operators for fixed as well as increasing h, m, n.

Due to the infinite series (4.7) consisting of operators, precisely calculating the lag-h-covariance and
lag-h-cross-covariance operators éx.j, resp. 6x,y:, of the processes X = (Xj); andY = (Y})y, is impossible.
However, ¢x.,, and €xy:» can for sufficiently large K € N and any h € Z be well approximated by

K K
Cfx;h;;( = qlPt1 Z a?  resp. (g;(,Y;h;K = Balht! Z a?d, (4.12)
3=0 7=0
This is due to the fact that submultiplicity of || - ||s,,, [|a||s,, < 1 and the formulas of the geometric sum

and series lead with ¢ :== (1 — [|a]|3,) ™" for any h, K to

| Cacniie — Cxenllsy < cllel|E57° and  ||Gxyink — Cryinlls, < 2c||allZh T,

where 8 = 2« after (4.4) was used in the second inequality. Also, the components of 6g;, and Gza.),
cannot be expressed independently of any argument @ := (z1,...,2,,)7 € H™, except when all of the
argument’s components match. With (A;(x), ..., Ap(x)) == (A1, ..., A ) () for operators Ay, ..., A,, with
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domain H™, €x;;, = ¢x.—n and Cxy.n = Cxy.—n for any h, for, e.g., € and Caa.—1 with m =3,n =2
holds for any = (z,z,z) € H* due to (4.9), (4.10),

T
Caro(x)= ((‘fx;o%—(fxu-k‘fx;z, Cx.0+2%6x1, ng;o+<5x;1+cfx;2)($)) ; (4.13)
T
Coa—1(T)= ((‘KX,Y;O +2%xy:1, ‘fx,y;o-i-‘fx,m-k%xy;z)(fﬂ)) : (4.14)
k) )(s) K® )s) K& )s)

0.050 0.052 0.050

N 0.048 N\ 0.050 N 0.048

0.046 0.048 0.046

0.044 ® 0.046 ® 0.044

(1 )
zZ= kX,Y,-1 (S,t) zZ= kX,Y,-1 (S,t)

0.095
0.090

0.090
0.085

0.085
0.080

0.080

Figure 7: The integral kernels k;)o, kgf)o’ k(3) (first row) and kéé.)g » kg)g, , (second row) of the operators in the three

resp. two components of €. in (4 13) resp. %}g@, 1 in (4.14). These kernels result by the associated sum of the integral
kernels kX,O,kX,lang and kX,Y,OakX,Y,lv kxyyyg of the operators (fx;o,(fx;l,(gx;g resp. Cfx,y;o,(gxﬁ/;l,(gxyy;g which were
approximated by their respective operators in (4.12) with K = 100.

In order to illustrate estimators for the operators in the components of €g:o(x) in (4.13) and €aa.—1(x)
n (4.14), and to estimate €., and €a.a:, for fixed and varying h, m,n in general, where h > 0 is imposed
w.l.o.g., we generate Xi,..., Xy and Yi,..., Yy of the processes X resp. Y in Section 4.1 with M = N.
This leads to the values 25, ..., Z; of Z and %}, ..., % of % with M = My =M and N = My = M,
thus with # = My = M —m + 1 resp. &/ = My = M —n + 1. Due to centeredness of X and Y, the
operators Ex:p in (4.13) and Cxy., in (4.14) with h = 0, 1,2 are estimated by the classical estimators
‘(fx n resp. by %Xy}b with integral kernels

E

lzix;h(s, t) =

($)Xnpn(t), Vs, tel0,1], (4.15)

;_»—\

resp.  kxyin(s,t) = (8)Yitn(t), Vs, te]0,1]. (4.16)
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0.054 0.056 0.054
0.052 0.054 0.052
0.050 0.052 0.050
0.048 0.050 0.048
0.046 0.048 0.046
0.044 0.046 0.044
zZ= QQ,LM (s.) zZ= /Rg(z,i(ﬂ (s,t)
0.105 0.100
0-100 0.095
0.095
0.090
0.090
0.085
0.085

(1? £2 I%g;)o (first row) and @%@,;71 i

VYW —1

Figure 8: The estimators 1%3!,’,0’ 0 (second row) for the integral kernels
1) 2.2 (3 (1) (2)

kar.0r karor kario 1P Karay 1> kara,

in (4.14). These estimators result by the associated sum of the estimators kx;o, kx;1, kx;2 in (4.15) and kx y.0, kx,v:1, kxv:2

in (4.16) with M = 1000 for the operators €x;0, €x;1, €x;2 1€SP. CX,v:0, 6X,Y:1, CX,Y;2-

1 of the operators in the three resp. two components of €. in (4.13) resp. Cam,—1

Finally, in Table 1, we list estimation errors for the operators ¥z, and %za:., of the processes
X = (Zi)rez and ¥ = (%) ez defined in (4.1) for several sample sizes M = N and also various
h, m,n which may depend on M, with h > 0 w.l.o.g. Due to centeredness of £ and %, as estimators for
Ca.p, and Cxan, ‘fgg;h in (3.5) resp. ‘fxg/;h in (3.9) are used, which, due to our processes’ definition and
h > 0 are represented by

M—h
5 1
Cah = [y p—— k_z Lk ® Zith, (4.17)
) M—h
resp. Caan= Y ——— Z Zie @ Bt (4.18)

k=max(m,n—h)

In order to calculate the estimation errors, the equations

m m
|Carin — Carnl| Gy = D D 1 Cxcnrioj — Coxcnrivjlld,s (4.19)
i=1 j=1
m n
| Cacan — Coranl|Z,mrn = D D 1Cxvintioj — Cxyinriojlls, (4.20)
i=1 j=1

are utilized, where ‘fx;hﬂ_j and ?X’Y;thifj equal %Agy;h in (4.17) resp. %Axg/;h in (4.18) with 2y, Zk+n
and %1y, replaced by Xyt1-i, Xgtnt1—j resp. Yiynt1—; for all 4, j. Thereby, the equations (4.19) and
(4.20) follow from the definition of the given norms and operators (see also (4.9), (4.10)).
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|[Carn — Carn %, m || Cazain — chﬂ/;hH?SHm;Hn
m=mpr, n=mnp m=3 m= | M4 m=3,n=2 m=n=|MY4|
h=h,
u M o 1 MY o 1 MY o 1 MY o 1 |MYY
100 .0223 .0216 .0187(.0223 .0216 .0187|.0084 .0083 .0079|.0126 .0125 .0118
200 .0058 .0055 .0043|.0058 .0055 .0043|.0010 .0009 .0008|.0014 .0014 .0012
500 .0141 .0132 .0083|.0498 .0475 .0313|.0044 .0039 .0026 |.0303 .0289 .0198
1000 .0126 .0118 .0060|.1137 .1101 .0628|.0036 .0032 .0017(.0773 .0747 .0435
2000 .0125 .0118 .0050|.2331 .2271 .1163|.0036 .0032 .0015(.1714 .1670 .0873
5000 .0105 .0099 .0027|.5825 .5712 .2236.0028 .0024 .0007 |.4597 .4509 .1785

Table 1: Simulation of ||<£_%';h — (gx;hl%ﬂm in (4.19), ||‘fqu;h — ngg/;hH%HmHnin (4.20) for various sample sizes M, lags

h and Cartesian powers m,n, with €x;;1;—; and €x y:n4;—; approximated by %{;h+i—j;100 resp. %~X7Y;h+i—j;100 in (4.12).

Remarks 4.3. All parameters in the simulation study with estimation errors in Table 1 are chosen so that
the prerequisites of Theorems 3.1 and 3.3 are satisfied. These errors run for growing sample size M below
or as the asymptotic upper bounds in Theorems 3.1 and 3.3. Up to M = 200, probably due to fortunate
random errors, the calculated errors decrease for fixed resp. increase for increasing m = my;,n = nyy
and any h = hy; as expected. That the errors for increasing m = mys,n = nys not yet visibly approach
zero could be because M is either too small, or that small values of the estimators or the operators to
be estimated are rounded to zero, leading to larger estimation errors. Also, the estimation errors for the
lag-h-cross-covariance are smaller as for the lag-h-covariance operators due to their definiton.

5 Conclusions

This article proposes estimators for lagged covariance and cross-covariance operators and the principle
components of (lag-0-)covariance operators of processes with values in (Cartesian products of) separable
Hilbert spaces where the focus lies on the asymptotic upper bounds of the estimation errors. All estimators
are stated for centered processes and for those with an unknown mean. The asymptotic upper bounds
allow both the processes’ Cartesian powers and the lag to be fixed or to increase w.r.t. the sample size,
and the principle components are estimated individually as well as uniformly. Our findings are useful
whenever one is concerned about the dependence within one or between two processes having values
in (Cartesian products of) Hilbert spaces, or one has to derive asymptotic upper bounds of estimation
errors where the given estimators rely on empirical (lagged) covariance or cross-covariance operators, see
[2], [30] for latter. These findings can also be applied to covariance and cross-covariance operators of
random variables in separable Hilbert spaces, and since R™ endowed with the canonical inner product is
a separable Hilbert space for any n € N, also to conventional (lagged) covariance and cross-covariance
matrices.

It would be interesting to deduce our results also on separable Banach spaces, see, e.g., [39] who
dealt with the estimation of AR operators in Banach spaces, to derive the asymptotic distribution of our
estimation errors (see [36]) as well as their asymptotic lower bounds.
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6 Proofs

Proof of Lemma 2.1. See [5], and [22], sections 7.2-7.3. O

Proof of Lemma 2.2. Both parts follow from the definition of the lag-h-(cross-)covariance operators
and elementary conversions, where the assertion regarding independence in (a) holds due to (2.4). O

Proof of Lemma 3.1. rig is an unbiased estimator for mg due to its definition. X = (Xj); and
Z = (Zk)r are stationary, and X5, X115 are independent for all h. Thus, similar to [20], due to
ma = (mx,...,mx)T € U™ (2.4), Cauchy-Schwarz inequality, 25 = 2} — mg and Z = X}, — mx for
any k, holds with .# = .y, # = My in Assumption 3.1

E|[rg — mar||fm = A4 Z (25, 25 um = mt—? Z (Ziy Zj)u

i,j=m i,j=1

)
M

zm//l7 [VQM(ZI +2 Z

E(Z1, X14n— X1+h;h>u}

<mdl " vou(Z) [ 1+2 Z vou(Xin — X1+h;h)}
h=1

O(m.a#~") = O(mpM~")
where the last two steps hold due to Lj},-approximibility of (Xj)x and (3.3). O

In various conversions when deriving the upper bounds of the estimation errors for our operators, we
use the following two Lemmas.

Lemma 6.1. Let (H,]|| - ||ln) be a separable Hilbert space. Also, let (Sk)rez be a stationary Lj,-process,
and for some | € N, .7}, := (Sg(1,1), ...,Sf(k’l))T for all k and some function f: 7 x {1,...,1} — Z. Then,

Vi (F) < Vivan(S;), Vi, k. (6.1)

Proof. From the definition of . and vy 4, (-), from stationarity of the L3,-process (Sy); and Cauchy-
Schwarz inequality follows
!

Vi (70) = [(Z 1Srwml3) ] < D2 BIIS; I, = Prias). O
m,n=1
Lemma 6.2. Let Assumption 3.1 hold. Moreover, we define Zmyju = (Xm+jp;l7...7X1+jp;l)T and

%‘i’j;l = (Y”+jQ§l7 Tt Y1+jQ;l)T fO’F any ja la m,n,p,q.

(a) The processes (Zx)kez and (%)kez satisfy
Z Vo Ly — L) < 00 resp. Z Vg (P — Do) < 00. (6.2)
k=1 k=1

Thereby, (Z%)k is Liym-m-approzimable for p =1, and (%), is LY. -m-approzimable for g = 1.
(b) For the process (Wi.n)kez, with h € Z and Wi = £k @ Ptn, holds with Wi, i = Zia @ Pheynu:
o

Z V2, Symypn(Wieh — Wi, hik)

k=1

< vimn | 3 v (Q)vag(X = Xigk) + vau(X1)vap (Vi = Yiew)|. (6.3)
k=1

Moreover, (Wi+n)k is Lamyvn-m-appromimable forh<0ifp=q=1.
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Proof. (a) From the definition of 2%, Zi.k, %k, P for all k follows vy ym( 2k — L) <vmvau (X —
X)) and vy (@ — D) </nvay(Yi — Yii), and thus (6.2). Hence, since (2%)x and (%)) are non-
anticipative w.r.t. (ex); for p =1 resp. ¢ = 1, (2%)r and (% )k are Liy.-m- resp. Lén—m—approximable.

(b) Bilinearity of @: U™ x V"™ — V", Minkowski inequality, ||u®v||s,myn= [[w|[eym |||y for uw € U™ v €
V" Cauchy-Schwarz inequality and (6.1) yield

Z V2, Sympn( Wi — Whonik) < Z V2, Sympn (2 — L) @i n) + V2,85myn( 2k @ (Zhtn — Phernsk))
k=1 k=1

< Z Vo X — Xk )Va v D4) + vaym( Z1)va v — Poke)
=1

oo
< vmn [Z va,y (Y1) vau(Xe — Xigr) + vau(X1)va v (Ve — Yk;k)}-
k=1

This is finite due to L*-m-approximability of (Xj)x and (Y% )x. Moreover, since (2% )k, (Zksn)r and thus
(#i+n)r, are non-anticipative w.r.t. (ex) for h < 0if p = ¢ = 1, (#h4n)k is indeed Lgumvn—m—approximable
forh<0ifp=gqg=1. O

Proof of Theorem 3.1. We use ideas from the proof of [21], Theorem 3.1. (fg;;h is an unbiased estimator
for Gar, with |h| < .4 = .y due to its definition. Since |G, — Carnllsym = ||Car—n — Carinl| sy
for all h, we show (3.6) for h > 0 w.l.o.g. Stationarity of £ implies for any h with 0 < h < .#j; where
Zieh =W — ng;h with W4 5 = Xk © Ziyn, and A = M — |h:

EH%\%-JL_ ng;hnéum = %1\2,2,1 Z (%M,h - |T|> ]E<gm7h’ D@fm+r,h>8um
|7 < Ari,n

o0

S 2’%]\2,1}1 E(D%pm,ha gm+r,h>sum . (64)
r=0

Let o(Ty, k € I) be the o-algebra generated by the random variables T}, with k € I where I C Z is
some index set. From Assumption 3.1 (a), the definition of 2}, for any k for some p € N, and of %}, 5, for
any h, k follows for h > 0:

me,h = Wm,h - %‘%";h S U(Xh ceey va X1+hpa [EE) Xerhp) - U(5m+hp; Em+hp—1, )
where (g1)x is an i.i.d. process, and for any r € N,
gm-i—r,h = Wm—i—r,h - (gﬂf;h € U(5m+(h+'r)pa€m+(h+r)p717 )

Consequently, gm,h and gm-i—r,h;r—h = Wm—f—’r,h;r—h - Saﬂ‘%';h with Wm-}-’r,h;r—h = %m+r;r—h Y %m—i-h—k'r;r—h
(see Lemma 6.2 with %, = 2%, % = Zk,) are independent for r > h for any m,p. With that being
said, and since 25, and 25,4y pr—n are centered for all h, k,r, Cauchy-Schwarz inequality, (2.4) and
Lemma 6.2 with %, = 2k, %y = Ziy for all k, 1, yield for the sum in (6.4):

Z E<gm,h7 gm+r,h>sum
r=0
h
= Z E<gm,h7 D@pm+r,h>8um + Z E<w@€m,h7 Wm+r,h - Wm+r,h;T7h>$u1n
r=0 r>h
< Vo (L) [ (L 1)V, (Zn) + 3 V2,5 W= Wik (6.5)

k=1
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< 2y (Lo ) (L) V2,8 ( Lo ) + 2mwa g (Xin) D vaga (X _Xk;k)} : (6.6)
k=1
V3 sym(Znn) =Bl 2o |3, = Bl g, — [1€2nll3,,.. after [22], Theorem 7.2.2, and ||#4,,
|| 2ol [ || Zontn| [m - Henee, (2.3), ||+ |lsym < ||+ ||Azm » Cauchy-Schwarz inequality, stationarity of (2% )
and (6.1) yield

s Zon) < 2| Lol < 2mvi (X0). (6.7)
From (6.4), (6.6), (6.7) and L},-m-approximibility of (Xj)j follows
El|Can— Carnl |5, < al+-R)m A,

for some constant a independent of h = hy;,m = mys,p = ppyy in Assumption 3.2 (a) and thus also of
Myp = Ay — |h] with Mg ~ p~tM after Assumption 3.3 (a) and (3.3). Hence, (3.6) is verified. O

Proof of Theorem 3.2. From stationarity of Z~ = (Z%), and bilinearity of ® : U™ xU™ — U™ follows
for h with 0 < h < .#; — 1, and ///M,h = My — |h|:

1 A1, h A1, n 1 A1, h
E(%g};;h) = m Z E( g}fk,7 Z % %Ic—&—h /// Z %—&-h )
’ k=1 =1
1 A1, h
=—  (.#2, % 6:
%M,h(%M,h*]-) ( M,h OZ;h — Zkzl X;k+h— )
1
=Cop— ——————— Cartorh—i- 6.8
P =y 1<i7kz<://[M)h Xikth (6.8)
ik

Hence, ‘féﬁ;h is an unbiased estimator for €gj, for h with 0 < h < .#; — 1 if the sum in (6.8) equals Oz,
which can also be shown for h with 1 — . < h < 0.

Now, we verify (3.8). Since ||<€;$fh = Cainllsym= H%;%;_h — Car.—n||sym for all b, let h >0 w.lo.g. For
h < . — 1 holds

M) 1 e
5 M .
Carp = fhl(mﬁx g ) ® (mar — gy ) + ———— in—1 Zm Uy, @ Uyosn
MM . . 5
= i (g = g} @ (mar — ) + Fac| (6.9)

with ‘fq/;h as in (3.5) based on a sample %y, ..., %;  of % = (%)rez where %, == 2}, — mgr. (6.9),
Car:n = Gar.p, A-inequality, (a+b+c)? < 3(a? +02+ 2 ) for a,b,c € Rand [|lu@u!||s,m = ||u||lum || ||ym
for u, u’ € U™ yield

5 1 . ~ N 2
G~ Gl By = || [t (mar — har) @ (mgr = 1ty) + G — Gaen] + G|
'M,h — Sym
3 . A
< (lin=1)? {//{J\Q/[,hHm% — gz |[Gym || — e |[pm
M [, — + 16l 0 |-

We have ||ihgr — mar |[Zm |1y — mar ||Zm = O]p(m%///]\zi) after Lemma 3.1, ||Gazp — Caunll%,. = Op((1+
|h))m*pM ") after Theorem 3.1, and ||6ap||%,,.. < m* E|| X1l due to || -||s,m < [|-[|nzem > (2.3), Cauchy-
Schwarz inequality and (6.1). Then, under Assumptions 3.1-3.3 (a), thus ., ~ p~'M after (3.3), and

1~ Carnl| 5, = O (m ity }y) + Op (1 |Rl)m*pM ™) + O(m’ )
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= Op((L+[h))m*pM~1). 0

Proof of Theorem 3.3. ‘fgg@xh is an unbiased estimator for €4, for h with n — My <h< My—m
by definition. From deliberations in the proof of Theorem 3.1, especially (6.4) and (6.5) with 2%, =
Wien — Carap, and W = 25 @ Doyns

1/2
U3 Syomyn(Zi0) < 2 (Bl 2 [l B\ 2l [$0)' % < 2mmisd 1 (X1)13 (Vi) (6.10)
similar as in (6.7), and Lemma 6.2 follows
El[Czain— Carainl (3, mpn

S 23]\2]1\r’h1/2,8um7vn(«%,h) |:(1+h)y2,3um’vn('gp1,h) + Z VQ,Sumyvn(Wk,h - Wk,h;k‘)}
k=1

<2V2 mnfjvz}v,hm,u(Xl)M,v(Yl)

. [\/5 (I+h)vay(X1)va v (Y1) + Z vay (Y1) vau (X — X)) + vau(Xa)vay (Y — Yk;k):|
=1

< b(+h)mnZy n (6.11)
for some constant b independent of M, N, and thus of all given sequences. O

Proof of Theorem 3.4. For h with n — //ZM <h< «/‘17\[ — m holds

A 5 1
E(Cxan) = Caan — 2, Groin
/8 %7N)h($M,N,h_1) 1<i,k<ZunNh l
itk

similar as in the proof of Theorem 3.2. Thus, ‘5;’59, ,, is an unbiased estimator for Gg 4., for these h if the
sum above is Og,m ,,» - Moreover, as in Theorem 3.2,

AN

Coan = Znn—1 [(m.% — g ) ® (Mg — g ) + Car v

with Cf%y;h defined in (3.9) based on samples %, ..., %; of U = (U )rez and Yy, ..., Vz of ¥ = (Vi) rer
with %, = %, — mar resp. ¥, = %, — ma . Arguments in the proofs of Theorem 3.2-3.3 imply together
with the assertions of Lemma 3.1, Theorem 3.3, (2.3), (6.10) and €ay.;, = Caa:, as claimed:

. 3 N .
||Cg3/r,@/;h_ Cfx%hn?sum,vn < m [D%\%,N,h”m.%’_ mxllimllmfg— mg||$,n

+ LinallCayin— Guynl dympn + 1€yl Eympn
= Op(mnZy ) + Op((L+|hl)mn Ly ) + O(mndy )
= Op((1+|h)mnLy § p)- 0

Corollary 3.1. Follows from (3.14), || - ||zym < || - ||s,m and Theorems 3.1-3.2 with h = 0. O

Proof of Lemma 3.2. The assertions are a consequence of (3.20) as well as Theorems 3.1-3.2 with
h =0, where (3.25) and (3.27) also include (3.23). O
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Proof of Theorem 3.5. From the definition of ¢/ in (3.16) follows
y 1y Cz u“c
(€51, ¢3uam(@, e)um = 1= |16 = ¢;lfzm + 711E = 51 lzm + umz Yy

where for the last term holds due to independence of given random variables, E|(¢}, ¢;)ym| < 1,§ ~
N(0,1) for all ¢ and the monotone convergence theorem:

1\ Yy m| i mEl _
B[|(@, umz'“w'} E( J,cjum@'“f“' <= o).

Thus, with (3.28) and 1 — sgn(1 + X,,) = o(ay) for real-valued processes (X,), with X,, = op(1) and
real-valued zero sequences (ay),, for any j indeed holds

& — ¢ |[Zm = (18— ¢jl|Zm + 2[1 — sgu((&], ¢;)um(E), ¢j)um)]
= Op(3} um’pM ™) + 2[1 = sgn(1 + Op (3 mpM ") + Op (1 ym'pM %) + Op (M) |
= OIP(meM_l).

Similarly, with (3.25), we also obtain

sup |[€F — ¢[7m < sup |[¢) — ¢;1|Zm + sup 2[1 — sgn((&, ¢j)em(&}, ¢j)em )]
i<k J<k J<k

= Op(m*pM~1).
Moreover, due to the definition of E}L- in (3.16),

2 A o . o [Gi(ui, ¢ )uem
E[1 (&, ¢jumt, ¢)un] < EIE — ¢l + E[K% ¢un |y %}
i=1

=0O(m*pM™1).
Thus, for any j holds due to the definition of ¢; and E;E, and because of (3.26):
y o y R 2
E|[¢ — ¢l1Zm < 2B|[¢; — ¢;]1Zm + 2E([sgn(e], ¢j)um — sgn(@j, ¢ ]”)
< O(mZpM ) + 4P(1— (& ¢s)umless¢s)um > 1/2)
= O(m*pM™1).
Hence, (3.30) is verified, and a similar procedure leads with (3.27) to (3.31). O

Proof of Lemma 4.1. The definition of Zy and Zy for any N € N yields Zy — Zy = AN(Zy — ZO),
and submultiplicity of the operator norm thus

Bl Zx — Znll < [1AIIZ, Bl Zo — Zolly-

Since (Zk)kez, (Zk)kez are LF -processes because (ek)kez is one and due to the definition of Zj and Zk
for all k, the expected value on the right is finite. Thus, by choosing p = ||A]|z,, and because ||A||z,, < 1,
the assertion is proven. O
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