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Abstract

The closed forms of the non-resonant thermonuclear function in the Maxwell-Boltzmann
and Tsallis case with depleted tail are obtained in generalized special functions. The
results are written in terms of H-function of two variables. The importance of the
results in this paper lies in the fact that the reaction rate probability integrals in
Maxwell-Boltzmann and Tsallis cases are not obtained by the conventional method of
approximation or by means of a single variable transform technique but by means of
a two variable transform method. The Behaviour of the depleted non-resonant ther-
monuclear functions are examined using graphs. The results in the paper are of much
interest to astrophysicists and statisticians in their further work in this area.

Keywords: Thermonuclear function, pathway model, reaction rate probability inte-
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1 Introduction

Thermonuclear reactions taking place in Sun like stars has got considerable interest
in the past few years. The reaction rate probability integrals were obtained in closed
forms by using generalized specials functions by many authors, see for example [21, 22,
14, 15]. The evaluation of the reaction rates for low-energy non-resonant thermonuclear
reactions in the non-degenerate case is done using the principles of nuclear physics and
kinetic theory of gases [13]. A nuclear reaction in which a particle of type i strikes a
particle of type j producing a nucleus p and a new particle ¢ is symbolically represented
ast+j — p+q. If n; and n; are the number densities of particles ¢ and j respectively
and if the reaction cross section is denoted by o(v) where v is the relative velocity of
the particle and f(v) is the normalized velocity distribution, then the thermonuclear
reaction rate r;; is obtained by averaging the reaction cross section over the normalized
distribution function of the relative velocity of the particles given by [21, 16, §].
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Tij = NN, /000 vo(v) f(v)dv = nin;(ov);;. (1.1)

The bracketed quantity (ov);; is the probability per unit time that two particles of type
¢ and j confined to a unit volume will react with each other. For a non-relativistic,
non-degenerate plasma of nuclei in thermodynamic equilibrium, the particles in the
plasma possess a classical Maxwell-Boltzmann velocity distribution given by [16].

fo\: pv?

d :(—> PN gre?d, 1.2
upp()dv =507 ) exp ( 2kT> e (1.2)
where g is the reduced mass of the particles given by u = T::TT:Z], T is the temperature,
k is the Boltzmann constant. Writing in terms of the relative kinetic energy £ = “7”2

we get the Maxwell-Boltzmann energy distribution as [3, 15].

3
fupp(E)dE =2 L) b\ VEdE (1.3)
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MBD "\mer ) P\ kT

Using (1.1) and (1.3) we have,

o () () [ emmen((E)as s

For a non-resonant nuclear reactions between two nuclei of charges z; and z; colliding at
low energies below the Coulomb barrier, the reaction cross section has the form [3, 8].

o(E) = @exp |:—27T (g)é Z};Zf] , (1.5)

where e is the quantum of electric charge, h is the Plank’s quantum of action and
S(F) is the cross section factor which is often found to be constant or a slowly varying
function of energy over a limited range of energy given by [21, 9].
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Substituting (1.5) and (1.6) in (1.4) we get

1 3 2
8\2 /1 SW(0) [ E Uz 2262
o (B (L P [E o (2) 55 g
Tij = Tl (7T,U> (kT) Z V! /0 P [ kT "2 hE3 ] d

N

v=0
(1.7)
1 2
Putting y = % and © = 27 (545) 2 “2= we have
1 2 _,/+l
8?2 1 2 SW(0) [ -1
S = VY=Y
Tij = NN, (Wﬂ> ; (kT) ” /0 y’e dy. (1.8)
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Thus the reaction rate probability integral in the Maxwell-Boltzmann case is given by

1 0 .
L(v, 1, z, 5) = / y e VT 2 dy. (1.9)
0

Let us consider a general form of the integral as

L(y—1,2z,2,p) = / Y e 'y, veC, 2>0, >0, peRT. (1.10)
0

Physical situations different from the ideal non-resonant Maxwell-Boltzmann case can
be obtained by modification of the cross section o(FE) for the reacting particles and/
or by the modification of their energy distribution. Some of the non standard physical
situations are as follows [7, 22, 17]:
Non-resonant case with high energy cut-off

If the thermonuclear fusion plasma is not in a thermodynamic equilibrium then
there is a cut-off in the high energy tail of the Maxwell-Boltmann distribution function,
then the thermonuclear function to be evaluated takes the form

1 ¢ -3
w1z, 5) = / y’e V" “dy, >0, d<oo. (1.11)
0

The general form of the integral in this case can be taken as
d —
Izd(’Y —1,z,2,p) = / Yy lem Ty, veC, 2>0, x>0, d< . (1.12)
0

Non-resonant case with depleted tail

If we consider an ad hoc modification of the Mawell-Boltzmann distribution which
looks like a depletion of the tail of the Maxwell-Boltzmann distribution as suggested by
Eder and Motz [4], Clayton et al. [2] and Mathai and Haubold [21] which is given by

1 o0 1
I3(v,1,1,0, z, 5) = / y”e_y_yé_xy *dy, © >0, 6 € R, (1.13)
0

We will consider here the general integral of the type

[ee]
Li(y—1,t,2z,0,x,p) = / gﬂ_le_ty_zyé_L”yfpdy7 (1.14)
0

where v e C, t >0, 2>0, z>0, pe R, 6 € RT,
Non-resonant case with screening

The electron screening effects for the reacting particles can modify the cross section
of the reaction. The reaction rate probability integral in this case will take the form

1 o 1
I4(u,1,b,t,§) :/ e VW Ty x>0, t>0 (1.15)
0
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where t is the electron screening parameter. Here we consider the general integral as

L(y—1,zz,tp) = / Y le W gy 4y eC, 2>0, >0, t>0,peRT.
0

(1.16)
The evaluation of the integrals I, I¢, I3 and I, in the physical and astrophysical liter-
ature are by approximating the integrals by means of the method of steepest descent
[5, 6, 8]. The closed forms of the integrals I, I¢, I3 and I, in terms of Fox’s H-function
and Meijer’s G-function can be seen in a series of papers by Mathai and Haubold, see
for example Haubold and Mathai[16], Mathai and Haubold [17, 22| etc. In the present
paper we will consider the integral I3 in the depleted case in detail and obtain the closed
form evaluation of the function by a different method. Also we extend the integral to
a more general case than the Maxwell-Boltzmann case using the pathway model intro-
duced by Mathai in 2005.

The paper is organized as follows: In the next section we consider the general form
of the non-resonant reaction rate probability integral in the Maxwell-Boltzmann case
with depleted tail and obtain the closed form via the H-function in two variables. A
more general form of the depleted non-resonant thermonuclear function is obtained by
using the pathway model in section 3. Section 4 is devoted to study the behaviour of the
depleted non-resonant thermonuclear function in the Maxwell-Boltzmann and Tsallis
case and compare the Maxwell-Boltzmann energy distribution with a more general
energy distribution. Concluding remarks are included in section 5.

2 Standard non-resonant thermonuclear functions with de-
pleted tail

In this section we evaluate the integral I3(y—1,t, 2,0, x, p) and give a representation
for it in terms of H-function in two variables. For non-negative integers my, ms, ms,
n1, N2, N3, P1, P2, P3, 1, q2,q3 such that 0 < my < g, 0 < my < ¢2,0 < m3 < ¢3,0 <
ny < p270 < n3 < ps, for aiabjacjadjaejafj € C and for ajaﬁjaAjaBjacjaDjanaF} €
R* = (0,00), the H-function in two variables is defined via a double Mellin-Barnes
type integral in the form

I [ x } _ i Oima ngims g [ x| (g, 05, Aj)1p05 (65, Ci)1pes (€55 Ej)1py
(65, 85, Bj)1ars (djs Dj)1,gas (5 Fi)1as

1
:W/L /L hi(s1, s2)ha(s1)hs(se)z "1y~ *2dsdsy (2.1)
1 2

Yy T TTPp1,91:p2,92:P3,93 Y
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where
{ﬁ I'(bj + Bjs1 + Bj32)}
hl(Sl, 82) = ) =1 ” (22)
{ H F(l — bj — Bjsl — BjSQ)} {H F(Clj + ;S + AjSQ)}
Jj=m1+1 Jj=1
{ﬁ I'(d; + Djsl)} {ﬁ I'l—o¢ — stl)}
ha(s1) = o = (2.3)
{ H F(l - dj - DjSl)} { H F(Cj + CjSl)}
j=ma+1 j=na+l
{H I(f; + Fjsz)} {H I'(l—e; - Ejsz)}
i=1 =1 (2.4)

has2) = 7 z
{ H F(l — fj — .FjSQ)} { H F(ej + EjSQ)}

Jj=ms+1 J=n3+1

and x and y are not equal to zero, and an empty product is interpreted as unity. The
contour L; is in the s;-plane which runs from 0; — ‘oo to d; + i0co, which separates
all the poles of I'(b; + Bjs1 + Bjs2) and I'(d; + D;s1) to the left and all the poles of
I'(1—c¢;—Cjs;) to the right. The contour L is in the sy-plane which runs from d; —ico
to 0y + 900, which separates all the poles of I'(b; 4+ ;51 + Bjs2) and ['(f; + Fjs2) to the
left and all the poles of I'(1 — e; — E;s2) to the right. The H-function in two variable
given in (2.1) will have meaning even if some of these quantities are zeros. For details
about the contours and existence conditions see Srivastava et al.[28], Mathai and Sax-

ena [27]. The details of the H-function and G-function in one variable can be seen in
[19, 25, 26].

Let the function f(z1,22) be defined in R2 = (0, +00) x (0, +00). Then the Mellin
transform of a function f(x1, ) in points (s1, s2) € C? is defined as

81,82 / / sl L 82 1 l’l,l'g)dl‘ldl'g (25)

with the inverse

01+i00 92 +zoo

f (1, x2) £(s1,82)71 "y 2 dsydss. (2.6)

27‘” 01 —100 02 —100

The conditions under which the (2.5) and (2.6) are valid have been discussed by Fox
[10] and Hai and Yakubovich [12]. Now consider the integral I3(y —1,t, 2, d, z, p) given
n (1.14). We evaluate this integral by using the Mellin transform technique for two
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variables. Using (2.5) and

f(t, Z) = 13(")/ — 1, t, Z, 5, x, p) = / y’y—le—ty—zyé_ggy*pdy,
0
we have,
My (s1,52) = / / t8112321/ y’Yfle*tyfzy‘Lmy_pdydtdZ.
0 0 0

Changing the order of integration due to the uniform convergence of the integral, we
get

My (s1,82) = y”‘le_xyp/ tsl_le_tydt/ z”‘le_zyédzdy
0 0
— T (s1)T(s5) / IRy R(sy) > 0,R(ss) > 0. (2.7)
0

Putting xy~" = u we get,

y—s1—0s9
My(sy, 8) = prr(sl)r(SQ)r (W%) R (%) >0, (28)

Taking the inverse Mellin transform using (2.6) we obtain,
e =" A [ [ rrr () s asa
2)= ——= s1)[(s — | (wr Tz s1ds
7 p (2mi)? Ji, Jp, ' ’ P o
i

1
Tr 101,010 | TPt
= —Hj0001 s (2.9)

1Y xTrz

where Hol”ffé,’?f&’? is an H-function in two variables defined as in (2.1). If /1) is an integer
then put % = m,m = 1,2,---. Then using the multiplication formula for gamma
function defined by [19, 25]

D(mz) = (27) - mm=30()T (z + %) T (z + m—_1> (210

m

where z € C,z # 0,—1, -2, ... and m a positive integer, we have (2.9) as

Vm(2m) =™

mmy

f(t,2) =

™t
m,0:1,0:1,0 mm -
X Homio/1:01 [ 2™ ‘ (=7, 1,0), (=y+ 1,1,8),-- , (—y + ™1,1,4),(0,1), (0,1) ]

mmo
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For the non-resonant case with depleted tail we have vy =1+ v, p = %, then by using
the duplication formula for gamma functions we obtain

1 92 :L_Q v+1
I 1,1,6,x,=) = — | —
3<V7 s Ly 7'Ta2> ﬁ(4)

‘ (_—1/ - 1,1,8),(-v—3,1,6),(0,1),(0,1) |
(2.12)

SROLE

Next we obtain the extension of these results by using the pathway model of Mathai.

3 Extension of the non-resonant thermonuclear function with
depleted tail

In this section we try to extend the non-resonant reaction rate probability integrals
to a more general case. The extension is done by using the pathway model introduced
by Mathai in 2005 [20, 23]. This model was first introduced for the matrix variate case
but here we make use of the scalar case of the model for extension of the results. By
the pathway model one can move between three different functional forms namely the
generalized type-1 beta form, generalized type-2 beta form and the generalized gamma
form. The pathway model for the real scalar case is defined as follows: The generalized
type-1 beta form of the pathway model is given by

fi(z) = clxv’l[l—a(l—a)x‘;]ﬁ, a>0,6>01-a(l—a)’>0,v>0,a<1 (3.1)

where « is the pathway parameter. This is the case of right tail cut-off. For a = 1,7y =
1,0 =1 we get the Tsallis Statistics for a < 1 [11, 29, 30]. For a > 1

fo(®) = a2 1 + ala — 1)x6]_ﬁ, 0<z<o0 (3.2)

is a generalized type-2 beta form of the pathway model. Here also fory =1,a =1, =1
we get the Tsallis Statistics for v > 1 [11, 29, 30]. Superstatistics of Beck and Cohen
[1] is obtained for a = 1,0 = 1. As o — 1 the functions given in (3.1) and (3.2) will
reduce to the generalized gamma form of the model given by

f3(x) = 327 e 1> 0, (3.3)

Here ¢y, co and c3 are the normalizing constants if we consider the above functions as
statistical densities. Many statistical densities come as particular cases of the above
three functional forms, see Mathai[20] and Mathai and Haubold [23, 24] for details. By
using the principles of pathway model we can obtain a new energy distribution given
by
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a—1

dE,  (3.4)

Coma—1): T(55) B
frp(E)dE = T T D) VE [1 + (a 1)kT}

«

for a > 1, ﬁ . % > 0, which is more general than the Maxwell-Boltzmann energy

distribution defined in (1.3). As a — 1 we obtain the Maxwell-Boltzmann energy
distribution. Substituting the pathway distribution (3.4) in (1.1) and using (1.5) and
(1.6) we obtain the reaction rate probability integral in the extended form denoted by
fij as

(8N (a1} T(EH)
Mg = Ty T kT r (E — %)

2 1
SW) [~ E | ot Nz zizje’
X E o /0 E [1 + (a — l)ﬁ} exp [—27? <§> = } dE.  (3.5)

v=0 2

This is the extended non-resonant thermgnuclgar function in the Maxwell-Boltzmannian
form. Putting y = % and @ = 27 (5£5) 2 2%, we obtain the above integral in a more
simplified form as

N
Njw

TH B v=0
)
L 50)

a—1
v!

o0 _1
| v -y tay, (3)
0

for a > 1, a%l — % > (0. The integral to be evaluated in this case is of the form

1 0 -1
ha(v,1,2,5) = / YL+ (a— 1)yl =e™ dy. (3.7)
0
A more general integral to be evaluated in the extended Maxwell-Boltzmann form can
be taken as
holy = Lzap) = [ 571+ (0= Dzl 1o "y (38)
0

Other general integrals to be evaluated are

d
I (v—1,z2,p) = / y 1= (1—a)zy]Tae ™ "dy, d < oo, (3.9)
0
Lo(y = 1,t,2,0,2,p) = / YL (o — )ty]"mTe v "y, (3.10)
0

Lia(y—1,z,2,t,p) = / Y+ (@ = D)zy) @ 1e @Dy, >0, (3.11)
0
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which are the extended cut-off case, extended depleted case and extended screened case
respectively. Among these integrals the closed form representations of I1,(y—1, 2, z, p)
and I¢ (v — 1, 2,2, p) in terms of Fox’s H-function can be obtained as in [14, 15].

1
plz(a = DPT (35)

1 _ 1
Loly—1,2,2,p) = HY, (z(a - 1)gc;|(1 0—1”’1)) (3.12)

(1), (0,1)

and

Iga(’y - 1,2,1:,,0) =

P (g +1) oo (2(1 —a)bs }(Hﬁll"’l)) -

plz(1 — ) 12 (v, (0,3)

P
For the case of astrophysical interest, the extended Maxwell-Boltzmann case or the
Tsallis reaction rate can be obtained as

_ 8\ 1 2 fa—1\ """ SW0) 41 [(a—1)a? 2- L 40
v () s () e[Sy

v=0
(3.13)
and the extended cut-off case can be obtained as
8\ T (R + ) &1\
~d 2 11—« 2
7’23 nn] <7TM) ( Oé) F(ﬁ‘i‘l) VZ:O (k?T)
S(V) 0 d 1
X‘_%l/@fﬂ—ﬂ—&whiewiw
v! 0
1 2 _,,_|_l
8\ _; 1 b 1 -« 2
= nn; | — r he
o () () S ()
SW0) 50 (1 —a)z? vl 2

where GD7 is the Meijer’s G-function, see Mathai [19], Mathai and Saxena [26] or
Mathai and Haubold [25] for details. The detailed evaluation of the integrals in terms
of H-function and their special cases in Meijer’s G-functions can be seen in Haubold
and Kumar [14, 15], Kumar and Haubold [18]. The integral I, (y — 1, 2, z,t, p) can be
obtained in terms of I1,(y — 1,2, 2,p) and I (v — 1,2, 2, p) by some basic arithmetic
procedure. Here we will evaluate the integral I3,(y—1,t, 2, d, x, p) and obtain the closed
form representation in terms of H-function in two variables. For, let us consider the
integral

t2) = Lo = [y Lk (@ - tylFre dy,
0
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We will evaluate this integral also by using the Mellin transform technique as in the
case discussed in the previous section. We have,

Mi(s1, s2) = / / tsl_lz”_l/ YL+ (- 1)ty]_ﬁe_zy6_xy7pdydtdz.
o Jo 0

Changing the order of integration and simplifying using suitable substitution we get
get

My (sy, s2) :/ y”lezy_p/ t511[1+(a—1)ty]_alldt/ 227 e dzdy
0 0 0

F(sl)r (Ozll B 51) F<S2> /OO y—s1—8s2—1 ,—xy ="
= Y e “dy,
(-0 T (L) o

(3.15)

1

a—1
where R(s1) > 0,R(s2) > 0,% (-5 —s1) > 0. Then simplifying exactly as in the
previous case we get,

y—s1—0s2
T P

pla—1)T (ﬁ)r(sl)r <a i 1~ 31) ()07 (%) , (3.16)

where R(s1) > 0,R(s2) > 0, R (X5 —s1) > 0, R (%) > (. By using (2.6) we get,

(1-331)
(_%7%7%)7(071)’«)71) ] (3.17)

Mf(sl? 52) =

xe 1,0:1,1:1,0 xpt(a—l)
f(t,2) = —~Ho1i01 l s
ol (55)
1

where H&’fﬁi’i&’? is an H-function in two variables defined as in (2.1). If 5 =m,m =
1,2,--- then by using (2.10) we get

Vi(n) ' o
m™ T (35)
m,0:1,1:1,0 &%_1) (1 - ﬁ’ )
X Ho w1 1:01 [ b ‘ (=7, L,0), (=y+ L,1,8),- -+, (= + =1,1,6),(0,1), (0, 1) ] '

g(t7 Z) =

x

mmo
(3.18)
For the extended non-resonant case with depleted tail we have v =1+ v,p = %, we
have,
1 2 22\
IaV7171767x7_ = =7 1 \ 7
sal > N (4)

77777

)7(_V_ %717 )7(071)7(071) ] '
(3.19)

10
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In the next section, we compare the standard non-resonant thermonuclear function
with depleted tail with the extended non-resonant thermonuclear function with depleted
tail.

4 Comparison of the extended results with the standard re-
sults

Here we try to compare the results obtained in the standard and extended non-

resonant thermonuclear functions in the standard and extended case. In the Mellin-
Barnes integral representation of (3.19) given by

— a—1
x ['(s2)l <81+5%) [x%t(a - 1)]_51(:v%z)_82d51d32, (4.1)

if we take the limit as @ — 1 then by using the asymptotic expansion of gamma function
[5, 19].

T(z+a) ~ (2m)22°T% 2e 7, 2 — oo, larg(z + a)| < 7 — €, € > 0, (4.2)
where the symbol ~ means asymptotically equivalent to, we get (2.12). Next we com-
pare the Maxwell-Boltzmann energy distribution with the Pathway energy distribu-
tion. Figure 1.(a) shows the Maxwell-Boltzmann energy distribution for the value of
kT = 100,200, 300. As we increase the value of kT it is observed that the function is

heavy tailed and less peaked. Figures 1.(b),(c) and (d) show the pathway distribution

for kT = 100, 200, 300 respectively. fpp(FE) is plotted fora =1, a =1.1, a = 1.2, a =
1.3, a=1.5and a = 1.6.
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Figure 1.(a) farp(E) for KT = 100, 200, 300.
(b) fpp(E) for kT =100, =1, a=11, a=12, a=13, a=15and a=1.6
(¢) fep(E) for kT =200,a=1, a =11, a=12 a=13, a=15and a =1.6
(d) fpp(E) for kT =300, =1, a=1.1, a =12, a=13, a=15and a =1.6

From the graphs it can be observed that the pathway energy distribution (fpp(E)) is
more general than the Maxwell-Boltzmann energy distribution (fasp(E)). We can re-
trieve the Maxwell-Boltzmann energy distribution from pathway distribution as a@ — 1.
As we increase the value of kT in fpp(E) we observe that the function becomes thinker
tailed and the peak is reduced.

5 Conclusion

An attempt has been made to change the energy distribution of the ions in the
plasma from the Maxwell-Boltzmann case. By this change of using the pathway energy
distribution, more unstable and chaotic situations are covered whereas the standard
Maxwell-Boltzmann situation is retrieved by letting o — 1. It may be noted that even
a small deviation of the energy distribution with o produce a dramatic effects on those
nuclear reaction rates whose main contribution comes from the high energy tail of the
distribution which can be observed from the Figure. The standard and extended non-
resonant thermonuclear functions with depleted tail are evaluated by using the Mellin
transform technique helped to obtain more convenient closed form representations. The
figures are plotted by using Maple 14 under Microsoft Windows XP platform.
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