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ON THE DISTRIBUTION OF THE NONTRIVIAL ZEROS FOR
THE DIRICHLET L-FUNCTIONS

XIAO-JUN YANG!23

ABSTRACT. This paper addresses a variant of the product for the Dirichlet L—
functions. We propose a completely detailed proof for the truth of the generalized
Riemann conjecture for the Dirichlet L—functions, which states that the real part
of the nontrivial zeros is 1/2. The Wang and Hardy-Littlewood theorems are also
discussed with removing the need for it. The results are applicable to show the
truth of the Goldbach’s conjecture.
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1. INTRODUCTION

The Dirichlet L-function L (s, x) was formulated by German mathematician Jo-
hann Peter Gustav Lejeune Dirichlet in 1837 for the meromorphic continuation of
the function defined by the series [1]

(1) Ls,x)=>_ x(n)s™",

where x (n) is a Dirichlet character (mod ¢ > 1), Re(s) > 1,n € N and s € C. Here,
q is the prime, IN and C are the sets of the natural numbers and complex numbers,
and Re(s) = o € R and Im(s) =t € R are the real and imaginary parts of the
complex variable s = o+it € C, where i = v/—1.

For Re(s) > 1 the Euler product representation for Eq. (1) can be expressed in
the form [2]:

(2) Lis,x)=[]@=x@p™) "

p

Let the primitive character x* with the modulus ¢ > 1 such that [3]

“(n) of ged (n,q) =1,
(3) x(n) = { (>)<z§c z’;cd (7%, q)(;«ré (1])
By Eq. (3) and Re (s) > 1, we rewrite Eq. (1) as [3]:
(@ L(s,x>=L(S,X*)£[(1—Xp—Em),
where
(5) Lisx)=]]Q-x®pr™) "

Let xo be the principal character with the modulus ¢ > 1 such that [2, 3]

(©) L(s) = ¢ ] (1 - é) (Re(s) > 1),

p
plg

where the Riemann zeta function is denoted by [4]

(7) ((s) =) s (Re(s)>1).
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Let x* be a primitive character modulo ¢ with ¢ > 1. Then the product for L (s, x)
can be represented as follows [3]:

s+h(x")

o (4 T 2 5(57x*)
(8) L(s,x") = (;> W
subject to
9) h(X)_{ Lify (1) — 1,
and
(10 E(5x) = £ 0) - 0 ] (1 - p—)/

k

k=1

where s € C, £(0,x*) # 0, B(x*) = €W /£(0,x*), T is the gamma function [5], and
pr run all zeros of & (s, x*).

As the above results, we may present the followings [3]:

Cases 1. For ¢ =1,

(11) L(s,x) =¢(s) (Re(s)>1);
Cases 2. For x = xo with the modulus ¢ > 1,
1
(12) Ls0 =Ll =¢O T (1- ) (e > 1)
plg P
Cases 3. Let x* be a primitive character modulo ¢ with ¢ > 1. Then
s+h(x*) H (1 _ i)es/pk
(13)  L(sx)=L(s.x) =€) (1) 7 epon iz 2
) ) ) T r <S+E(X*)>
2
For Cases 1 it is well known that Eq. (11) has a pole at s = 1 with residuel [6],
the trivial zeros s = —2h with A € IN [7], and the nontrivial zeros s = 1/2 + iwy,

for k € IN (proved proved by author in the different methods [8, 9]), where wy, are
the Riemann-Siegel zeros, confirmed by the Riemann-Siegel formula [10]. Let Z be
the set of the integral numbers. For Cases 2 it is seen that Eq. (12) has the zeros
s = 2mij/ (logp) with plg and j € Z (see [11], p.460) and a pole at s = 1 with
residues v (q) /q (see [2], p.334), where v (¢) is the Euler’s totient function. For
Cases 3 it is shown that Eq. (13) has simple zeros s = —h(x*) — 2h with h € IN
(see [11], p.460; [2] p.333) and the nontrivial zeros pp = oy + ifk, where , are the
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Siegel zeros, confirmed by the Siegel formula [12]. Let N (T, x) denote the number
of zeros of Eq. (13) for Re(s) =1/2, T > 2 and |[Im (s)| < T such that [13]

T, qT T log (¢T")
(14) N (T,x) = - log 5 T o +0 (loglog )

It is clearly seen that the nontrivial zeros of Eq. (13) exist and that Eq. (13) has
infinitely many nontrivial zeros by using Eq. (14).

Conjecture 1. The generalized Riemann conjecture for Eq. (1) states the real part
of the nontrivial zeros is 1/2.

According to Davenport (see [2], p.124), Conjecture 1 was formulated in 1884
by Adolf Piltz. There have been applicable to consider the Goldbach’s conjecture
by Hardy and Littlewood in 1923 [14, 15] and by Wang in 1962 [16]. Hardy and
Littlewood [17, 18, 19] proved that if Conjecture 1 is true, almost all even numbers
are sums of two primes and that every large odd number is the sum of three primes.

Recently, author have proposed two classes of the Riemann zeta function, which
can be represented by (the first term was by Hadamard [9, 11, 20] and the second
term was by author [9])

¢ (s)
=£(s) /R (s)

£(0)esS - s s/s
B (1) e

15 £(1/2)e”® = 573
— _&(/2)e” _ 573 s/sk
Py )knl(l )

— E(S)ESJ s/sk
(s—1)I(5+1) kH ¢

provided that there exists the entire Riemann zeta function, given as (the first term
was by Hadamard [9, 11, 20] and the second term was by author [9])

o) 1
Iy S Iy
16)  £(s) =£(0) e (1——) e/ = ¢(1/2) e ( Sz > e/,
(16) (s) =£(0) g 5 (1/2) ]:[ P
where
(17) R(s)=(s—1)7 T (s/241),
(18) %zlog%r—l—%,
and
a 1
(19) %OzlogQW—l—g——logw,

2 2

d0i:10.20944/preprints202105.0072.v1
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with the Euler’s constant a.

As is well known, Conjecture 1 is an unsolved important mathematical problem in
analytic number theory up to now. By inspired by the above results to structure the
variant of the product for the Riemann zeta function, the main targets of the paper
are to propose a variant of the product for Eq. (13), to prove Conjecture 1 for Eq. (1)
and to present a detailed account of applications of the Hardy—Littlewood and Wang
theorems to the Goldbach’s conjecture directly removing the need for Conjecture 1.
The structure of the paper is given as follows. In Section 2, we introduce the results
related to the Riemann zeta function and Dirichlet L—functions. In Section 3, we give
the detailed proof of Conjecture 1. In Section 4 we apply to obtain the properties
via Dirichlet L—functions, get the representations for Wang theorems, and apply the
Hardy-Littlewood theorems to obtain the Goldbach’s conjecture. Finally, we draw
the conclusion in Section 5.

2. FUNDAMENTAL RESULTS

We now consider the variants of the products for the Riemann zeta function and
Dirichlet L-functions.

2.1. A variant of the product for the Riemann zeta function. We now con-
sider the variant of the product for the Riemann zeta function.

Lemma 1. There exists

(20) C(1) 40,

(21) C(0)=—5 #0,

and

(22) c(%) £0,

Proof. See the results of Landau [11]. 0

Remark. Eq. (20) was proved in 1896 by Hadamard [21] and Vallee-Poussin [22].
Egs. (21) and (22) were discussed in Landau [11].
It is proved by Riemann [4] that

(23) C(8) = 7oy
where [11, 20]

@) =R = T (1) e

d0i:10.20944/preprints202105.0072.v1
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and [8, 9]

25) () =€) R(s) = —LUDE ( e

(s=1T(£+1)
where
(26) R(s)=(s—1) 7% (s/2+1),
and
(27) S =log2r —1—a/2

with the Euler’s constant a.

Lemma 2. There exists

(28) £(1)=€£(0) =5 £0,
and

(29 ¢(3) 70

Proof. See the results of Broughan (see [23], p.49). O
Lemma 3. Let Sy =log2mr — 1 — : — = logw where a is the Fuler’s constant. Then

two classes of the entire Riemann zeta functzon are equivalent:

(30) £(s) = es%‘o ] (1 N _) o515

and

(31) £(s) = £(1/2) e H( —)/

where sy, run the zeros for £ (s), s € C and k € IN.
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Proof. According to Hadamard [20] and Landau [11], we have
£ ()
— é’ (0) 550 H (1 _ i) es/sk
k=1

— ER; 0Ous/s
= E(0) e I ==e

k=1

= e T (35 o) e
k=1 \%kT2 Ok
2 [« > S -1 i S1.—8 s/s
(32) = £(0) e [[ 22 ] (254 e
kozol kozol 2
— (O) e530 kl;ll Sk8;§ kl;ll (1 — ;_27) es/sk
e () L (1 ) e
D)So 1 s—3 s/s
= £(0)el) ‘11 (1- 2 e
where
(33) 3 (1) =¢£(0) e% ﬁ <1 - L) el/2sk — £(0) ﬁ (1 — L)
2 Pl 25k b1 28k ’

(34) €)= £0) e ] (1 - i) =] (1 B i>

k=1 k=1
and
(35) e J[e> = 1.
k=1

Thus, the proof of Lemma 3 is completed.

d0i:10.20944/preprints202105.0072.v1

0

Lemma 4. Assume that s € C, k € N, and Sy = log2m — 1 — a/2, where a is the

FEuler’s constant. Then two classes of the Riemann zeta function are equivalent:

(36) C(s) = £(0) e ﬁ (1 B i) o5/
and [5, 9]
(37) Cs) = —£U/2) j% ﬁ (1 _ 5= %1) ooloe
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Proof. By Eq. (23), Lemma 3 and R (s) = (s — 1) 7~%/?I' (s/2 + 1), we obtain the
required results. O

Remark. For the detailed proofs of Lemmas 3 and /4, see [8, 9].
According to Patterson [23] we have

(38) 3(5—1)r<§)g(s):ﬁ(1—8§) (1—1_‘::)

such that [g]
(-5) () —eoll (-3) (- 5),

where s € C, k € IN, and
(40) sy = Re (s) +i|Im (sg)|.
It is proved by author [8] that for s € C,

ay  e@=eoH(-3) (1) —e@ I - )

k=1 %
which implies from Eq. (23) that [§]

® <@=§8:@_§4;+ I0-3) ()

N | —

(39) &(s) =

_E(s) £(0 " s(1—ys)
(43) C(S)_%(s)_(s—l s/2+1 g{ 1—3;;)]’
and [8]

IO ) LaGie = 1 PO Gt N
44 <) = ) = GO TR kH[ ﬁ]
where s € C, s # 1, and
(45) R(s)=(s— 17T (s/2+1).

Now, from Eq. (42), we see that sg, 1 — s, s; and 1 — s} are the zeros for £ (s) and
the nontrivial zeros for ¢ (s) [8]. Moreover, £ (s) is a meromorphic continuation to
the entire complex plane s with pole of r681due 1 [6], and & (s) is an integral function
of order 1 and simple in the entire complex plane s [8]. By Eqgs. (31) and (44), it is
proved that Re (s;) = 1/2, in other words that the Riemann conjecture is true (for
the detailed proof, see [8, 9]).
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2.2. A variant of the product for the Dirichlet L—functions. In this part we
present the variant of the product for the Dirichlet L—functions. We now denote the
primitive character modulo ¢ with ¢ > 1 by x* = x* (n).

Lemma 5. If x* is a primitive character modulo q with ¢ > 1 and x* (n) # xo, then

(46) L(1,x7) #0,
(47) L(0,x%) #0
and
1 *
(1) L(5x)%0
Proof. For the detailed proof of Eq. (46), see the work of Dirichlet [1, 3]. Moreover,
Egs. (47) and (48) were proved in [25]. O
Lemma 6. If x* is a primitive character modulo q with ¢ > 1, then we have that
s+h(x™) *
. . q s+ h(x
(19) ()= L) ()0 (),
T 2
is an entire function of order 1, where s € C and h(x*) is defined in (9).
Proof. For the detailed proof of Lemma 6, see [3]. O
Lemma 7. If x* is a primitive character modulo q with ¢ > 1, then we have
(50) E(Lx") #0,
(51) £(0,x") #0
and
1 *
(52) e(50) #0
Proof. For the detailed proofs of Egs. (50), (51) and (52), see [11]. O

Lemma 8. Suppose that x* is a primitive character modulo q with ¢ > 1 and py Tun
the nontrivial zeros of L (s,x*). Then there is

(53) € (5.0) =€ 00 P (1 2 )i,
k=1
where s € C and
)
(54) B(x') = (0.x).

§
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Proof. For the detailed proof of Lemma 8, see [3]. O

Lemma 9. Suppose that x* is a primitive character modulo q with ¢ > 1 and py run
the nontrivial zeros of L (s,x*). Then there is

(59 ) =0+ Y ()
— (s,X") =B (") + +— )
§ 1 \S Pk Pk
Proof. For the detailed proof of Lemma 9, see [3]. O

Lemma 10. Suppose that x* is a primitive character modulo q¢ with ¢ > 1 and py
run the nontrivial zeros of L (s,x*). Then we have for s € C,

(56) L(s,x")=BX")®(s,h(x")L(1—sX),
and
(57) E(s,x) =e(x") &1 —s,X%),
provided that
(58) D (5, h(x) = 27T (1= s)sin T (s + B (X)),
where h(x*) is defined in (9),

o T
(59) e(x) = AN
the Gauss sum 7 (x*) of x* is denoted by

q
(60) (X)) =Y X (0) e,
=1

and x* is the complex conjugate character to x*.
Proof. For the detailed proof of Lemma 10, see [2, 3]. d
Lemma 11. Suppose that x* is a primitive character modulo q with ¢ > 1. Then we
have
(61) I (X)) = Va
Proof. For the detailed proof of Lemma 11, see [3]. O

Thus, we see that

(62) T(x") #0

if x* is a primitive character modulo ¢ with ¢ > 1.
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Theorem 1. Suppose that x* is a primitive character modulo q with ¢ > 1 and py,
run the nontrivial zeros of L (s,x*) with k € IN. Then there exist the equivalent

representations:
k=1 Pk
and

(61) ) =¢ (gx ) e H (1 -
where s € C and

€0
(65) B == 0.X).
Proof. From Egs. (51) and (52),

) (s— 1/2)/Pk,
Pk — 5

(66) €< >—§ 0,x") St H( 5 )Hel/(ka)%O.
k=1 Pk
By Lemma 8, we get
£ (s, x7)
25(07X*) eB(X )s H es/l)k H (1 o pik)
ko:01 ko:ol
:§(O7X*) BB(X*)S H e.S/p H (Pk—s)
=¢(0,x*)e” He PkH1<k§ ,;k>
=£(0,x%)e” H 5/ Pk H ( k=3 p’“’f)
k= Pk—3
=£(0,x")e B(x*)s 00 po—3 = oo/ox o0 (pk—s
(67) £(0,x7) I T e T (2
= £(0,x) P07 T 22 [T e/ [ [ﬁ}
[ R | E—1 PE—3
00 1 o0 ~ .
= £(0,x7) PO IT 22 [T ev/ex T (1 _ )
k=1 " k=1 1 Pk—3
o 1 00 . ) .
£(0,x%)e (x)sknlpkpkzk:1< B k%)e/f”k
— * SB ) 1 [e.e] B sfl S/
=£(0,x") e?Pix H (1 zpk)kHI (1 pk%)e o
=€ () el B(X*) ] (1— 222 ets—1/2/
_6(27X)6( 2) H (1 pk7%>6 Pk,


https://doi.org/10.20944/preprints202105.0072.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 May 2021

GENERALIZED RIEMANN CONJECTURE 12
which is the required result. ]

Theorem 2. Suppose that x* is a primitive character modulo q with ¢ > 1 and py
run the nontrivial zeros of L(s,x*) with k € IN. Then there exist the equivalent
representations:

0,x*) - (L) 2 .eBs X
(68) L(s,x") = £0x)- () ; - 11 (1 - i)es/’)’“,
r (%) Pl Pk
and
_sth(x) 1
1) (2) 2 L e(s3)Bl) = 1
(69) L(S,X*) _ 5(27X ) (ﬂ') — € . H (1 _ S 21> 6(571/2)/,0;@’
F(s+2(X )) el 1% — 3
where s € C and
(70) B(X):?«)a)()‘
Proof. With use of Lemma 6 and Theorem 1, we present [11]
” 7s+h(X*) B( *)
07 *) . (4 2 . x*)s o0
(71) L(s,x") = £0.x) - (5) - c : (1 _ i)es/ﬁ’k,
r (%(X)) Pl Pk
and
_s+ﬁ(X*) 1
1%\ . (4a > . (s-3)BKx") > 1
(72) L(S,X*) _ 6(27X ) (7r) — € H (1_ S 21> 6(8—1/2)/pk’
T (SJFT(X)) Pl Pk — 5
which are the desired results, where s € C. O
Remark. There exists (see [2], p.83)
¢ ¢ . 1 1
73 B(x")=>—7—(0,x")=—>—(1,x") = —B(x*) — +—.
(73) ()5() §() ()gl—pkpk

Lemma 12. Let x* be a primitive character modulo q with ¢ > 1. L (s, x*) has an
infinity of zeros py in the critical strip 0 < Re(s) < 1.

Proof. See the result of Davenport (see [2], p.82). O

d0i:10.20944/preprints202105.0072.v1
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2.3. The Goldbach’s problems. We now introduce the Hardy-Littlewood and
Wang’s theorems with the need of Conjecture 1.

Lemma 13. (Hardy-Littlewood Theorem 1) [14]
If Conjecture 1 is true, then every odd number m > 5 is the sum of three primes.

Proof. See the work of Hardy and Littlewood [14] and the paper of Deshouillers and
coauthors [15] under the condition of truth of Conjecture 1. Lemma 13 was proved in
2013 by Helfgott [26] without Conjecture 1 and a detailed account of the numerical
verification for Lemma 13 was shown by Helfgott and Platt in 2013 [27]. O

For the sake of brevity, we denote the following proposition by (1,X) [16, 28]:
Every sufficiently large even integer is a sum of a prime and an almost prime of at
most X prime divisors.

Lemma 14. (Wang Theorem 1) [16]
If Conjecture 1 is true, then (1,4) is valid, where do > 3.237/2.237.

Proof. See the work of Wang [16]. O

Lemma 15. (Wang Theorem II) [16]
If Conjecture 1 is true, then (1,3) is valid, where §; > 2.475/1.475.

Proof. See the work of Wang [16]. O

In fact, Chen proved in 1973 and 1978 that (1,2) is true [28, 29]. The records of
verification of the strong Goldbach’s conjecture holds to Ny =4 x 10 A 18 [30].

Lemma 16. (Hardy-Littlewood Theorem II) [17]
If Congecture 1 is true, every even number m > 2 is sums of two primes.

Proof. See the work of Hardy and Littlewood [17]. Based on it, the work of Granville [18]
gives the detailed proof of Lemma 16 on the condition of truth of Conjecture 1. [

3. A DETAILED PROOF FOR THE GENERALIZED RIEMANN CONJECTURE

We now apply the variant of the product for the Dirichlet L—functions to present
the complete proof for Conjecture 1.

3.1. Family 1: x = xo and ¢ = 1. When y = xo and ¢ = 1, we have [3]

(74) C(s) =) s (Re(s)>1).

d0i:10.20944/preprints202105.0072.v1
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According to Lemma 3, we have the representation

¢ (s)
— M - (1 _ i) s/sk
(s—1)T(5+1) kl;ll s ) €
(75) _&(1/2)esS T (1 . 5‘%) s/sk
T (s— 1)F<2+1) knl skfé €

_ E(S)es‘s s/ 8k
(s—1)I(5+1) kH1 €

where s € C and s # 1, and so we have

(76) £®)=£“Dfi(1_'?>_ :U2§1<

k=1

and

() E(ﬂ)Zf(%HB)=£(0)ﬁ<1—%—£—w):5(1/2)§(1— 7).

S —_ =
k=1 k k 2

where £ (0) # 0 and £ (1/2) # 0 (for the details, see Lemma 2).
It is well knows that Eqgs. (76) and (77) are the entire functions of order 1.
By Egs. (75) and (76), we have

(78) ((s)=0
such that
(79) s— 140,
(80) §(s) =0
and
(81) ﬁ 0.
With use of Eq. (77), we have [8, 9]
= o) = i _ Z?ﬂk -0
(52 =@ =ca [ (1- %) =0

Since Eq. (76) is an entire function of order 1, it follows that

(83) 1 - 1= 0,

where k£ € IN.


https://doi.org/10.20944/preprints202105.0072.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 May 2021 d0i:10.20944/preprints202105.0072.v1

GENERALIZED RIEMANN CONJECTURE 15

From Eq. (83), we have

(84) sk = 1/2 + iwy,
and [8, 9]

~ 1
(85) sk:§:|:z|wk|,

where k € N, i = v/—1, and wy, are the Riemann-Siegel zeros.
Putting Eq. (76) into Eq. (84), we get

(56) 9 =cum]] (1-°22).
Substituting s; = wy, + iwy, into Eq. (87), we get

. ad Wi + iwk -1
(s7) tlontim) =c1/2) ] (1-222) o

Since Eq. (77) is an entire function of order 1, it follows that

: 1
Wi + 10, — 5

(88) 1-— P =0,
which leads to

(89) wr = 1/2,

or, alternatively,

(90) sp = 1/2 + iy,

With use of Eq. (79), Eq. (75) has a pole at s = 1 with residue 1 [6]. By Eq. (81),
Eq. (75) has the trivial zeros s = —2h with h € IN [6]. In view of Eq. (89), we find
that Eq. (75) has the nontrivial zeros sy = 1/2 + iwy, [8, 9].

3.2. Family 2: x = xo and ¢ > 1. When y = o and ¢ > 1, we get [3]

(01) L(svo) = ¢ ] (1 - é) (Re(s) > 1).

p
plg
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By Lemmas 3, 4, (75) and (91), we show that

L(87X0)
—CI1(1- %)
plg
__&0es T (1_i> /s (1_L>
o S L0202
__£1/2e% T (1_ S*%>es/sk (1_L>
S () 0

__E)es (1 _ L) IT o5/5n
(s—1)T(5+1) ola p® kl;ll ’
where s € C and s # 1.

By Eq. (92) and Lemma 2, we have

(93) L(s,x0) =0
such that
1
1-—=0
(94) p
and
(95) ((s)=0.

By Family 1, it is clearly seen that Eq. (95) has the nontrivial zeros s = 1/2 + iy,
for k € IN [8, 9] and the trivial zeros s = —2h with h € IN [6], and a pole at s = 1 with

residue v (¢) /g =[] (1 - %) ([3], p-334), where v (¢) is the Euler’s totient function.
plg
From Eq. (94) it is shown that Eq. (93) has the pure imaginary zeros s = 2mij/ (logp)

with p|g and j € Z (see [11], p.460).
3.3. Family 3: y = y*and x*(—1) = 1. When x # xo and x (—1) = 1, we write [3]

(96) E(s,x*) = L(s,x")T (%(X)) @)W
o o=t () ()
with

(98) Es ) =e () E(L— 5, 7).

where s € C,

(99) k(x") =0,
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oo TX)
100 e(x’) = ,
(100) (x") NG
and the Gauss sum of x* by
q
(101) (X)) =D x(0) .
=1
Since € (s, x*) is an integral function of order 1, we have
(102) (5. =€ 0.0 20 T (1= 2 Yol
Py Pk

such that (see Theorem 1)

£ (s,x")

= O’ * eB(X*)S es/pk (]_ — i)
(103) £0.x) = kl;ll . Pr

= f <O7x) eB(X)S kl;ll 1 — ﬁ) kl;ll (1 _ psk_27> es/pk‘
By Eq. (102), we have

1 e 1\
(104) () =o)L (1 5 ) TTeve
k=1 Pk/ o
such that
x\ ,B(x*)s T 1 o _ S_% s/
vy Sy SO 1 (=) (1 -5=) e
105 ’ = ——— — )
(%aX*) S(O,X*) BB(;(*) H < N ﬁ) H 61/(2pk)
k=1 k=1

where (see Lemma 7 for the details)

(106) £(0,x") #0
and
(107) f(gv)%o

By Theorem 1, we arrive at

(108) E(s,x")=¢ (Lx*) B (5-3) ﬁ (1 _ L%) o=1/2)/p1

2 k=1 Pk =3
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From (97), (108) and Theorem 2, we suggest that
L (s, X*)s
-3

— (2)72 )
(109) ~ ) ) (o-3)
-1 B(x* S—35 00 1
(@) tela)e (1= ) eovm,
() k=1 P2

Since Eq. (108) is an integral function of order 1, Eq. (109) is an integral function of
order 1.
Substituting s = 1/2 + i into Eq. (108), we have [11]

(110) E(ﬁ,x*):§(1/2+i6,x*):§(1 ) ZBB(X)H( k__)em/pk_
2

It is shown that Eq. (66) is an integral function of order 1.
Taking 8 = (5, we have from Eq. (66) that

(111) E (B, x7) =¢ @x) OB )H (1 _ s > eiPr/er — (),

Pk — 3
By Eq. (67) and Lemma 7, we may arrive at

(112) - Py,
Pk — 3
and by Eq. (112) we get
Lo
By Eq. (113), Egs. (108), (109) and (110) can be rewritten as
o 1
(114) E(s, ") =¢ 1 ") B0 (3) H 1 272 Js-1/2)/(1/2+iB)
Y 27 k:1 Zﬁk )
(O F () P s
(115) L(S,X*) _ Am 2 . (1 _) (s— 1/2)/(1/2+25k)
m o HU
and
- % . * L, iBB(x*) M B iB/(1/2+iB)
(16) 2(3.x) =€ (/2481 = (5 ) 0 T (1= 2 ) sz

where s € C.

d0i:10.20944/preprints202105.0072.v1
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From Eq. (60) and Lemma 6, we observe that

(117)

which leads to

(118)

and

L(s,x") =0,

L)

k=1

Making use of Eq. (118), we find that [2, 3, 11]

(120)

s = —2k,

11 V=€ ooxt) PO T (1 - T2 ) el vRrazsy — g,
( 9) 5(87X> 5(27X>6 2 Z/Bk €

which are the trivial zeros of Eq. (109), where k € N U {0}.

Inserting p, = oy + i into Eq. (119) implies that

¢ (o + 1B, X¥)

(121) =¢ (%7 X*) B0 (antiBi—3)

=0.

—8

1B

k=1

With Eq. (121) and Lemma 6, we arrive at

(122)
and we get
(123)

Thus,
(124)
or, alternatively,

(125)

1—

o+ i — %

=0,
1B

ap =

N —

pr=1/2+ B

Re (pr) = 1/2.

(1 _ ak+iﬂk—%> elar+iBy—1/2)/(1/2+iBy)

Y
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3.4. Family 4: y = x* and x*(—1) = —1. When y = x* and x*(—1) = —1, we

write [3]
« Hk(X")

(126) O I e [
(127 )= (S5 ()
with
(128) §(S7X*) :E(X*)g(l—S,F),
where s € C,
(129) (X)) =1,
(130) e(x") = T\%),
and the Gauss sum of x* by [3]
(131) T(X) =D X (0) .

=1

Since £ (s,x*) is an integral function of order 1, by Theorem 1, we have from
Egs. (102) and (108) that

€(s,x7)
= £(0.v*) eBX)s (1 — i) s/ P
(1) BOO(-1) T ( _ s ) (s-1/2)/p
$(zx)e ’ kl;ll 1 1) € "
Since Eq. (132) is an integral function of order 1, L (s, x*) is an integral function of
order 1.
Taking s = 1/2 4 if into Eq. (132), we get
=6,x7)
=&(1/2 4148, x7)
(133) = €(0,x) P00 T (1= 2 e/
k=1
— e (L y*) B0 TT (1 — =2, eifle
g(gaX)e kl;ll (]- pk7%>€ k.

We may find that Eq. (133) is an integral function of order 1.
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Substituting 5 = (G into Eq. (133), we have

1\ s T - |
(134)  Z(Bux") =¢ (—,x*) (B0 T (1 _ Lkl) (Blon

2 el Pk — 3
By the virtue of Eq. (134) and Lemma 6, we give
(135) - Py,
Pk — 3
and by Eq. (135), we arrive at
L.
(136) p =5 + ibr.
Combining Egs. (127) and (132) and (136) and using Theorem 2, we have

L(s,x7)

_ s+1

=377 iy

(137) _S2+1 B(X*)(s—l)
_aa)(f) ® e 11 (1 _ ;%) e(s=1/2)/(1/2+iBe).
r(=H) Pl Bk
In view of Eq. (137), we obtain
1
(138) =0
r(s)
and
oo 1
(139)  £(sx) =€ (37 ) - POEDT] (1= 22 ) etmmiorzng — g,
2 iy i

By Eq. (138), we present [2, 3, 11]
(140) s =—2k — 1,

which is the trivial zeros of Eq. (137), where k£ € IN U {0}.
Substituting pr = oy + 6 into Eq. (139) we obtain

€ (o + 1Bk, X¥)

(141) =€ (L, x?) - PO omrind) I] (1 _ aﬁﬁﬁ) o +iBL=1/2)/(1/2+i8)
k=1 .
=0,
which implies, by Lemma 6, that
o + ik — %
(142) TRl R

1O

d0i:10.20944/preprints202105.0072.v1
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Thus, by Eq. (123) we have

(143) a =1/2
such that
(144) pe = 1/2+iBy.

By Lemma 12 and using the above results, we clearly see that the real part of the
zeros in the critical trip is 1/2 .

It is shown that Conjecture 1 is true.

Hence, we finish the proof of Conjecture 1.

Remark. In short, we easily see the followings:

e When x = xo and ¢ = 1, L(s,x) = ((s) is extended to be a meromorphic
continuation to the entire complex plane s, and has a pole at s = 1 with
residue 1, the trivial zeros s = —2h with h € IN, and the nontrivial zeros
s, = 1/2 +iwy, with k € IN, which lie on the critical line s = 1/2 and in the
critical trip 0 < Re(s) < 1.

As shown in Section 1, Case 1 has been proved by authors in [8, 9].

e When x = xo and ¢ > 1, L (s, x) = L (s, xo) is extended to be a meromorphic
continuation to the entire complex plane s, and has a pole at s = 1 with
residue v (q) /¢ = [] (1 —p~'), the pure imaginary zeros s = 2mij/ (logp)

pla
with p|q and j € Z, the trivial zeros s = —2h with h € IN, and the nontrivial

zeros s = 1/2 + iwy, for k € IN.
It is seen that Cases 2 and 1 have the same as the nontrivial zeros s, =
1/2 + iwy, a pole at s = 1 with different residues, and trivial zeros s = —2h
with A € IN. Its nontrivial zeros for L (s, x) = L (s, xo) lie on the critical line
s =1/2 and in the critical trip 0 < Re(s) < 1.

As shown in Case 3 of Section 1, we have followings:

e When y = x* and x*(—1) =1,
L(s,x)=L(s,x") = (¢/m) 2 £ (s,x) /T (5/2)

is an integral function of order 1, and has the zeros (all zeros are the nontriv-
ial zeros) pr = 1/2 4 S with k € IN.

e When y = x* and x* (—1) = —1,

L(s,x) = L(s,x") = (¢/m)"F €(s,x) /T (s/2+1/2)

is an integral function of order 1, and has the zeros (all zeros are the nontrivial
zeros) pr = 1/2 4P with k € IN. It is observed that in Case 3 of Section
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1, they have the nontrivial zeros py, = 1/2 4+ i), with k € IN, which lie on the
critical line s = 1/2 and in the critical trip 0 < Re(s) < 1.

4. NEW RESULTS AND APPLICATIONS

In this section we report the new formulas associated with the Dirichlet L—functions.
Then we also give the new representations for the Wang theorems. Main target of the
part is to present the applications of Conjecture 1 and Hardy-Littlewood theorems
to obtain the Goldbach’s conjecture.

4.1. New formulas for the Dirichlet L—functions. We now give the properties
for the Dirichlet L—functions.

Theorem 3. Suppose that x* is a primitive character modulo q with ¢ > 1. Let P
be the Siegel zeros for the Dirichlet L—functions with the primitive character x* with
k € IN. Then there exist the equivalent representations:

145 s, X") = esB(x") ( )es/(1/2+i,3k)7
(145) E(s,x") =€(0 H TS
and

1 ad .
146 N=¢€( =, v 3) B (s—1/2)/(1/2+iBr)
(146) £(s:X") 5(2,X) g( Zﬁk>e :
where s € C, and

. €M .

(147) B(X):T<07X>‘
Proof. By Conjecture 1 and Theorem 1, we give the desired results. Il

Theorem 4. Suppose that x* is a primitive character modulo q with ¢ > 1 and [y
run the Siegel zeros for the Dirichlet L—functions with the primitive character x* with
k € IN. Then there exist the equivalent representations:

s+h X*)

0,y (2) 2 .eBs =< |
(148) L(S,X*) _ g( X ) (TI‘) € H (]_—1;.)65/(1/2"‘2519)7
r (—S+h2(x*)) k=1 3 + Bk
and
(149)

L(s,x") = § 2 ) ( )_ ) ﬁ 1— ST % e(5=1/2)/(1/2+iBy,)
X T (M) iBy ’

d0i:10.20944/preprints202105.0072.v1
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where s € C, h(x*) is defined in Eq. (9), and

* 6(1) *
(150) B(X):T«LX)‘
Proof. By Conjecture 1 and Theorem 2, we give the desired results. U

Theorem 5. Suppose that x* is a primitive character modulo q with ¢ > 1 and [y,
are the Siegel zeros. Then there exist the equivalent representations:

00 1 .
(151) Z(B,x*) = €(0, x*) eM/2HABO) H <1 — ?L_w) e(1/2+i8)/(1/2+iB)
P 7 T 0k

and

(152) =Z(6,x") =¢ (1 *) iBB(x") H ( _) B/ (1/2+iB)
k=1

where € C, h(x*) is defined in Eq. (9), and

(153) B(X):?(O,X)-
Proof. By Theorem 3 and Conjecture 1, we obtain the desired results. O

We now define the function by
(154) & (s:x0) =R (s) L(s,x0) = (s = )@ **I'(s/2+ 1) L (s, x0)
where s € C and s # 1.

Remark. Suppose that yq is the principal character modulo ¢ with ¢ > 1. Then we

have that
(155) (s, x0) 0) e*30 H (1 — —> e/ I (1 — pl>
k=1 plg
and
w6 sl =ce (12 ) (1),
k=1 S 2 pla b

where s € C and s # 1.
Because Conjecture 1 is true, 1 — pg, pr and 1 — p; are the nontrivial zeros for
the Dirichlet L—functions, which is in agreement with the results of Montgomery and

Vaughan [3].
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From Eq. (152), we have

(157) E(B,x*) =¢ (1 *) iBB(x )H ( ) iB/(1/2+iB).

and
(158) E(=8,x") =¢ (1, X*) e~ PB(X") ﬁ <1 + ﬁ) e*iﬁ/(1/2+i/5k)’
2 k=1 B
such that
(159) =(6,x") 2 (=B,x") = ( X ) (1 _ —).
k=1
Let
(160) pr. = Re (pr) +ilIm (py) |

such that 1 — p; are the nontrivial zeros for the Dirichlet L—functions.
By Lemma 8 and Eq. (160), we have

£(s,x")
= £(0.v*) eBX)s (1_%) s/p
(L ) pls—1/2)B() _ 575\ J(s=1/2)/p
) (1 e
and
§(s,x)
_ *) B(X")s (1_ s ) s/(1-0})
(162) €<O7X )e ]gl;ll ].—p;; €
_ (L %) p(s—1/DBO) T ( ;1> (s=1/2)/(1-p})
Ex)e IL {1+ 57T )e
such that
& (s,x7) .
_ ¢ ¥\ 25B(x*) s T (1 s \.ei(
(163) =& (0.x) e H<1 pk>kH1<1 l—p:)ek< k)
L 9 s—1/2
_ 1 . s— * ) w(1—0f
_ 52 (E’X )62( 1/2)B(x )kl;ll (1 — (PZ‘%) > epk( pk)_

According to Lemma 11 and Conjecture 1, we set up the following result.

d0i:10.20944/preprints202105.0072.v1
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Corollary 1. Let x (n) be a Dirichlet character (mod g > 1). Suppose that N (T x)
denotes the number of zeros of the Dirichlet L—function (1) for Re(s) =1/2, T > 2

and 0 < Im(s) < T and N(T, X) denotes the number of zeros of the Dirichlet
L—function (1) for 0 < Re(s) <1, T >2 and 0 < Im(s) <T. Then we have

(164) N(T,x)=N(T,x).

Proof. From the obtained results in Section 3, we find the followings:
When x = xo and ¢ = 1, Eq. (164) is true (see [8, 9] for further details), where

L(s,x)=¢(s).
When y = xo and ¢ > 1, we have

(165) N (Tv XO) =N (T> XO) )

where L (s,x) = L (s, xo)-
When x = x* and x* (—1) = 1, we conclude that

(166) N(T,x")=N(T,x").

where L (s, x) = L (s,x*) = (a/m) 2 & (s,x) /T (5/2).
When x = x* and x* (—1) = —1, we arrive at

(167) N(T,x*) = N (T, x*),
_ s+1
where L (s, %) = L (5, ") = (a/m)" " € (5, ) /T (/2 + 1/2).
Thus, we finish the proof. O

4.2. The truth of the Goldbach’s conjecture. We now give new representa-
tions for the Wang theorems and present the applications of the Hardy—Littlewood
theorems to the Goldbach’s conjecture because Conjecture 1 is proved and true.

Theorem 6. (The weak Goldbach’s conjecture)
Every odd number m > 5 is the sum of three primes.

Proof. By Lemma 13, we have show the required result since Conjecture 1 is true. [J

Theorem 7. (Wang Theorem I)
(1,4) is valid, where §y > 3.237/2.237.

Proof. By using Lemma 14 and considering the fact Conjecture 1 is proved and true,
we get the result. U

Theorem 8. (Wang Theorem II)
(1,3) is valid, where §; > 2.475/1.475.
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Proof. Similarly, by using Lemma 15, we have the result because Conjecture 1 is
true. U

Theorem 9. (The strong Goldbach’s conjecture)
Every even number m > 2 is sums of two primes.

Proof. By Lemma 16, Theorem 9 is true because of true of Conjecture 1. U

Remark. By the work of Deshouillers and coauthors [15], we have that that the
weak Goldbach’s conjecture is true because Conjecture 1 is valid. By the work of
Granville [18], we also see that the strong Goldbach’s conjecture is true because
Congecture 1 is valid. Thus, the Goldbach’s conjecture is true.

5. CONCLUSION

The present paper has proved that Conjecture 1 is true with the variant of the
product for the entire function related to the Dirichlet L—functions. We have pre-
sented the applications of it to the Wang theorems for the Goldbach’s problems.
By using the Hardy—Littlewood theorems, we have shown that every odd number
m > 5 is the sum of three primes and that every even number m > 2 is sums of two
primes. The obtained result is proposed to solve the mathematical problems under
the assumption of the truth of Conjecture 1.
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