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FOUR DIMENSIONAL CIRCULAR MODEL TO MEASURE
INTERACTION OF TWO ECONOMIES

Author: Asli Pinar Tan®
ABSTRACT

In the book “Everyhing Is A Circle: A New Model For Orbits Of Bodies In The Universe”, and
further in the Article “Distance Between Two Circles in Any Number of Dimensions is a Vector
Ellipse”, it has been mathematically demonstrated that “distance between points on any two
different circles in any number of multiple dimensions” is equivalent to “distance of points on a
vector ellipse from another fixed or moving point”. Using this mathematical methodology, a
method is provided in this Article as a measure for the amount of interaction between two
international economies, which are two countries or economic zones, by modelling each
economy in terms of a “circle in four dimensions”. Based on this method, the proximity of the
two economies at the end of each fiscal period, which is generally a fiscal year, is then measured
by the distance between points at the end of the given period on the two circles in four

dimensions, associated with these two economies in our model.
ARTICLE

Gross National Income (GNI)! is a country’s total domestic and foreign income claimed by its
residents during in a fiscal period, consisting of Gross Domestic Product (GDP)? plus net

receipts of income from abroad.

Gross Domestic Product (GDP)? is the measure of income earned through the production of
goods and services in a country during a fiscal period, or equivalently the total amount spent on
goods and services less imports.

RED

“GNI per capita® is a country’s final income in a fiscal period, divided by its population.

In the book “Everyhing Is A Circle: A New Model For Orbits Of Bodies In The Universe™, and

further in the Article “Distance Between Two Circles in Any Number of Dimensions is a Vector
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Ellipse™, it has been mathematically demonstrated that “distance between points on any two
different circles in any number of multiple dimensions” is equivalent to “distance of points on a
vector ellipse® from another fixed or moving point”. Using this mathematical methodology, in
this Article we aim to provide a measure for the amount of interaction between two international
economies, in other words between two countries or economic zones, by modelling each
economy in terms of a “circle in four dimensions”. The proximity of the two economies at the
end of each fiscal period, which is generally a fiscal year, can then be measured by the distance
between points at the end of the given period on the two circles in four dimensions,

corresponding to these two economies in our model.

As a background, consider a system of two circles in four-dimensions defined in terms of
perpendicular coordinates (i, i, i;, i, ).

The phases ¢l(t) (2) and ¢, (t) (3), respectively, of points P, and P, on these two circles,

moving as a function of time ¢ with respect to the centers of their own circles, and their phase

difference ¢, (t) (4), 1s expressed in (2) - (4), with the moving points P, and P, phased with
fixed but different (1) angular velocities @, (2) and @, (3), respectively, with respect to the
centers of their own circles of revolution, their phase difference being [¢0 (to) = 0] (4) at time
(t =t = 0) , the reference timestamp ¢, taken to be the point in time when points P, and P2 have

a phase of [¢1 ()=, (1) = O] (2) - (3) simultaneously.

 # (e & @, constant)

(1
G(t)=d+4=0()+4,()=¢()+¢(1)=wt ; ¢(f,=0)=0  (Phaseof P,) (2)
b()=¢=9(t)=0t : $(,=0)=0 (Phase of P,) 3)

&, (t)=¢1(t)—¢2 (t) =(a)1—a)2)t ;& (t0 =0)=O ; (Phase difference of P, and P2) 4)

The two circles can be defined in the simplest case to have vector radii 7, (5) - (6) and 7, (7),

with constant magnitudes # (8) and r, (8), respectively, which are radius vectors at point P,

phased at (¢+¢0) (2) and P, phased at ¢ (3) on the two circles, respectively, phased apart by a
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time(t) -dependent angle ¢, (4). Note that S, (5) - (6) is taken to be the constant inclination
angle between these two circles in the #, - &, dimension plane, and £, (5) - (6) is taken to be the
constant inclination angle between these two circles in the #, - &, dimension plane.

K=" (¢+¢0) zﬁlrlcos(¢+¢0)cosﬂl + ﬁz’ﬁSin(¢+¢o)C0Sﬂz

5
+i,1,Cos(p+4¢, ) Sin B, + a,1,Sin(¢+ ¢, ) Sin 3, ©)

i=F(4)=( @nrCospCos@,+ir,Cosp,Sind, +i,1,Sinf,Cos ¢, + ,r,Sin3,Sin ¢, ) Cos ¢ + ‘
(—a,,Cos B,Sin @, + it,r,Cos 3,Cos ¢, — i1, Sin 3, Sin ¢, + it,r,Sin 3,Cos ¢, ) Sin ¢

r, =F (¢) =u,r,Cos ¢+ u,1,Sin¢ (7

S22 o gl [ma - w2 - |Eley = (72
h-nh=n |r1|—r1— nrn o5 hLHL=hL |r2|—r2— nr, (3)
The centers of these two circles in four-dimensions are displaced by a constant vector ¢ (9) with

magnitude ¢ (10) at each phase ¢, defined in terms of perpendicular coordinates (&, &, ,,1, ).
L=l +i,l, +il, +il, 9)

=0=Nt-T 5 02=00=0,2+0,2 40,2+, (10)

As demonstrated in the Article “Distance Between Two Circles in Any Number of Dimensions is
a Vector Ellipse”™, the vector distance between points P, phased at (¢+¢0) (2) and P, phased at
¢ (3) on the two respective circles in four dimensions, at any value of the phase ¢ (3), can be
equivalently expressed as d (¢) (11) in terms of vectors a (12) and b (13), which turn out to be

7

the semi-major’ and semi-minor’ axis vectors of the vector ellipse® that is virtually formed

between the two circles in four-dimensions, defined utilizing 7 (5) - (6) and 7, (7), with

magnitudes a (14) and b (15), respectively, and Dot Product® (d b ) (16).

d(¢)=r(p)-1(4)+1  where  1,(¢)-r,(¢)=aCosp+bSing (11)

a=1n (rCosB,Cos ¢, —1, )+ t,1;,Cos B3, Sin ¢, + iw,1;Sin ,Cos ¢, + i,r;Sin 3,Sin ¢,

= a=[A(#)-7()](#-0) .
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b =—,,Cos B,Sin ¢, + u, (r,Cos B,Cos ¢, — 1, ) — t,r; Sin3,Sin @, + ,1,Sin 3,Cos ¢,

= b=[i(0)-n(0)][ -7 "
a-a=a’ =r’ -2rnCosBCosy+r’ ; la|=a (14)

b-b=b" =1’ ~2rr,Cosp,Cosg+1° ;  |b|=b (15)
ti'l;zrlrz(Cos,b’l—Cos,b’z)Sin¢0 (16)

Square of the focal®’ distance (cz) (17) of this vector ellipse® can be found using (14) - (15), and

its eccentricity® e (18) can be determined using (14) - (15) and (17).

ct= ‘az —bz‘ =2rr, (Cosp, - Cosﬂ1)|C0s ¢50| (Focal Distance Squared ) (17)

(18)

(@h) ¢ \/2r1r2 (CosB, —CospB,)|Cos ¢, ) e \/21”17’2 (Cosp, —Cosp,)|Cos ¢

c
€ =-= 2 2 roe= 2 2
a 1" =2rr,CosfB,Cos ¢, +r, b r” =2rnCosf,Cos ¢, +1,

Using this mathematical basis we have described through (1) - (16), the following “circular
model in four dimensions” with the given parameter mappings is being proposed, to provide a
simple mathematical expression for two individual economies, as well as a measure for the

amount of interaction between these two international economies.

e FEach economy is represented by a circle in four dimensions, namely Economy 1 and
Economy 2 correspond to Circle 1 and Circle 2 in four dimensions, respectively.

e Population of Economy 1 is p, (19), which is used as the radius 7 (8) of Circle 1, and

the population of Economy 2 is p, (19), which is used as the radius 7, (8) of Circle 2.
h=h ) nh=DpD (19)
e For simplicity, the start of every fiscal period is accepted to be a timestamp ¢, point
when points P, and P2 on the two circles have a phase of [¢1 ()= (1)) = 0] 2) -3

simultaneously, hence their phase difference being [¢0 (to) = 0] (4) at time (t =1, = O) .
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e At the end of each fiscal period ( fm,) which is generally a fiscal year, state of

al

t

fiscal

Economy 1 is taken to be positioned at point P, phased at ¢ (t ﬁml) (20) on Circle 1, and
state of Economy 2 is taken to be positioned at point P, phased at ¢, (tﬁscal) (21) on

Circle 2, their phase difference at fiscal period (¢ =1, ) end being ¢, (¢, ) (22).

B (g ) = 0+ 0 =05 (g )+ 0 (L) = Ol ps (Phase of Batt=1,,)  (20)
AETET (P S (Phase of P att=t,,,) 1)

)= (* )~ (L) = (@ = @)1,y (Phase difference of P and P, att=t,.,) (22)

Gross National Income (GNI)' of each economy at the end of a fiscal period (t =t ﬁml) is

taken as the area swept by the radius vector of the corresponding circle pointing at

sweeping points on the given circle corresponding to that economy in four dimensions. In

other words, (GNI )1 (23) of Economy 1 is equal to area A4, (23) swept by radius vector
r; (5) - (6) pointing at point P, on Circle 1 from time (t =, = O) until time (t = tﬁml) ,
and (GN] )2 (24) of Economy 2 is equal to area 4, (24) swept by radius vector 7, (7)
pointing at point P, on Circle 2 from time (z‘:t0 :O) until time (t fm,) This
definition leads to an expression of (GNI )1 (23) of Economy 1 as k; (23) times the area
of Circle 1, which is defined in terms of the population p, (19) of Economy 1, and an
expression of (GNI )2 (24) of Economy 2 as k, (24) times the area of Circle 2, which is
defined in terms of population p, (19) of Economy 2, for fiscal period ( ﬂml) where
k, (23) and k, (24) are positive real numbers. The coefficient &, (23) can thus be
obtained using (GNI )1 (23) and p, (19) values, and the coefficient k, (24) can be

obtained using (GNI )2 (24) and p, (19) values.

(GNI), (GNI),

_ 23
wr? zp; )

(GNI)1 =4 =k1(7rr12)=k17rp12 — k =

d0i:10.20944/preprints202104.0684.v2
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GNI GNI
(GNI), = 4, =k, (ﬁrzz)z k,7p; = k= (GN), = ( 2)2 (24)

e Using the definitions for (GNI )1 (23) and (GNI )2 (24), the “GNI per capita®” of the two
economies, which is Gross National Income (GNI)! of each economy divided by its

population, can be calculated and expressed as (GNIpc)1 (25) for Economy 1 and

(GNIpc) , (26) for Economy 2, for the given fiscal period.

GNI
(GNIpc), = ( p )1 = j =kp, (25)
1 1
GNI
(GNIpc)2 = ( p )2 =% =k, p, (26)
2 2

e Based on the given definitions for (GNI )1 (23) and (GNI )2 (24), we can conclude that

the radius vector 7 (5) - (6) pointing at point P, on Circle 1 sweeps a total angle of
s (tﬁm,) (27) between time (t =1, =0) and time (t = tﬁm,) , k, (23) times traversing
(272') radians, and the radius vector 7, (7) pointing at point P, on Circle 2 sweeps a total
angle of ¢, (tﬁml) (28) between time (t:to :0) and time (t fm,) k, (24) times
traversing (27[) radians. This leads to the definitions in (27) - (28), from which we are

able to calculate angular velocities @, (27) and @, (28), as well as frequencies f, (27)

and f, (28), for the two circles corresponding to the two economies in this model.

2(GNI 2 2rk, 1 k
¢(jzscal) P+, = 2”k1:(—2)1:a)1tﬁscal:>a)l=_=27z-fi= = = — (27
p 1 711 fiscal le fiscal
2(GNI 2 27k, | k
¢ ( fscal) ¢ 27Z'k _(—2)2:a)2tﬁscal :>(()2 _2 f‘2 f‘2 =5 = 2 (28)
2 7—'2 fiscal ]—'2 fiscal

e For the given fiscal period, we take the “amount of Gross National Income (GNI)' of

Economy 1 obtained in Economy 27, defined as (GNI )1 , (29), to be the projection of

d0i:10.20944/preprints202104.0684.v2
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(GNI )1 (23) onto plane of Circle 2, where the angle S, (5) - (6) is the constant orbital

inclination angle between Circle 1 and Circle 2 in the #, - &, dimension plane. Similarly,

for the given fiscal period, we take the “amount of Gross National Income (GNI)!' of

Economy 2 obtained in Economy 17, defined as (GNI )2 . (30), to be the projection of
(GNI )2 (24) onto plane of Circle 1, where the angle £, (5) - (6) is the constant orbital
inclination angle between Circle 1 and Circle 2 in the #, -#, dimension plane.

(GNI) , =(GNI), Cos f3, = k,z p; Cos j, [Amount of (GNI ), obtained in Economy 2] (29)

(GNI)Z,1 = (GNI)2 Cosf3, = k,z p;Cos 3, [Amount of(GNI)2 obtained in Economy l] (30)

As a result, for the given fiscal period, the definitions in (29) - (30) would allow us to

determine the values of £ (31) and f, (32) in this two-circle system in four dimensions,

which we use to model the inter-relation of Economy 1 and Economy 2.

Cosp = (GNI)I’Z
B, =Cos™ {—(GNI)I’Z } =Cos™' l:—(GNI)l’Z :l = " (6M), (31)
1 (GNI), k7 p; Sing — 1{(GN])L2 T
e
Cospf, = (GN1)2’1
S, =Cos™ {—(GNI)M}COSI {—(GNI)”} = ' (o). (32)
’ (GNI), k,7p; Sing.— 1_|:(GN1)21:|2
’ (GNI),

In order to express the import-export relation of the two economies for the given fiscal

period, in the corresponding two-circle model in four dimensions, we define /7, ., as the
amount of exports from Economy 1 to Economy 2, or equivalently as the amount of
imports to Economy 2 from Economy 1, and we define 7, ,, as the amount of exports
from Economy 2 to Economy 1, or equivalently as amount of imports to Economy 1 from

Economy 2. In vector notation, we define ¢ (33) vector corresponding to ¢ (9) vector

7
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between centers of the two circles in four-dimensions, for convenience taken to be in #,

dimension only, whose magnitude ¢ (34) is determined by the absolute value of the

difference (f N 2 ) .

251 _6142) (33)
{= m = |£2—>1 _£1—>2| (34)

As a result, based on our “two-circle model in four dimensions”, the amount of

interaction between Economy 1 and Economy 2 at the end of each fiscal period

(tztﬁm,) can be measured by the distance d (35) vector to point P, on Circle 1

positioned at angle of 4 (t fml) (27), from point P, on Circle 2 positioned at angle of

@, (t ﬁmz) (28), based on d (¢) (11). In determining d (35), we use the value of radius
vector 7 (5) with magnitude » (19) pointing at point P, on Circle 1 at ¢, (t ﬁml) (27), the
value of radius vector 7, (7) with magnitude », (19) pointing at point P, on Circle 2 at
@, (tﬁm,) (28), the 7 (33) vector from center of Circle 2 to center of Circle 1, as well as
values of 3 (31) and B, (32), all obtained via the known values of p,, p,, (GNI),,

(GNI),, (GNI),,, and (GNI ),, at the end of each fiscal period (t = tﬁscal) for these two

8
international economies. The magnitude d (36) of d (35) is a scalar measure for the
amount of interaction between these two international economies, and calculated by

taking the Dot Product’ of d (35) vector with itself.

d0i:10.20944/preprints202104.0684.v2
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[¢1( ) |72 () |+
= {rCos[g/ﬁl fiscal }Cos,Bl—rCos[ (fm,)}}
[ (1)

+, {’iSm D\ pcar ) | COS P, = rlen[ ( fiscal )}}
+ {’ECOS [¢1 (tﬁscal ):| Sinf, + (fz—n L1 )}
i1 Sin| (¢ ) | Sinp,

GNI [ 2(GNI) | 2(GNI
= u P1( )1’2 Cos ( > ) — p,Cos —( 5 ).
(GNI)1 s 2
GNI [2(GNI) | 2(GNI
+, pl( )2’1 Sin ( > ) — p,Sin —( > ),
(GN1)2 P P
(6N, T . [2(6nr)
i 1— 2| c Lly(e,  —¢
+u, P1\/ [(GNI)I os p12 +( 2551 Hz) (35)

) (Gn1),, T [2(GNr),
+u4pl\/1|:(GNI)2 } Sm{ plz }

(GNI)l,z Z(GNI)l Z(GN1)2 2
{pl (GN])I COS|: p12 i|—p2C0S|: p22 :I}
(GN1),, o [2(GNT) ] [2(GNT), 2
+{p "(GNI), Sm{ P } - { P }}
d=|d|=\ld-d = [(GND),, T . [2(GNr) 2 o
+ P1\/1— (GNI;;Z_ Cos{p—lzl}"'([z»l (1)

(GNT),, T [2(GNT)
+ pl\/l— (GNI)2 _ Sm[—z}

e Having determined the scalar radii 7 (19) and r, (19) based on populations p, and p,

of the two economies, respectively, as well as the angular velocities o, (27) and o, (28)

for the given fiscal period between time (t =1, =O) and time (t =tﬁm,) , we can also
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w =

w, =

102(37) - (38) of each economy in terms of “kinetic energy

calculate the “specific energy
per mass” as in physics, as a measure for the “energy density!!” (37) - (38) of each

economy, providing a means for comparison of income capacities of Economy 1 (37) and

Economy 2 (38) in terms of (GNIpc)1 (25) and (GNIpc)2 (26), respectively. Here, we
use (E = %mvzj for kinetic energy of each economy system, where m is taken as the

virtual mass and (v = ra)) as the velocity of the system. As a result, the ratio of Gross

National Income (GNI)! of each economy to its population at the end of each fiscal

RED

period (t =t ﬁml) , namely “GNI per capita®, provides a measure for the income capacity

of that economy, for comparison with other international economies. Further, we

2

understand that twice the “GNI per capita’ of an economy is analogous to the velocity v
of an economy for a unit fiscal period, such as a fiscal year, in this circular model in four

dimensions that we use.

L
2(GNI 2(GNI) Eft, (mmj 2(GNI)"  2(GNIpc);
( 2)‘:>v1:rla)1: ( )1:> 1(1‘”“11): 2 :lVIZZ (2 2)1: ( . pC)
tﬁscal pl tﬁscal pl ml ml 2 tﬁscalpl tﬁscal
(3] : 2
2(GNI 2(GNI E,\t, 5272 2(GNI 2(GN]
( 2)2:>v2:r2a)2: ( )2:> Z(ﬁswl): 2 :lvzzz (2 2)2: ( ; pc)
t fiscal p 2 t fiscal p 2 m 2 m 2 2 t fiscal p 2 t fiscal

Based on definitions of ¢, (4), B, (31), and S, (32) above, the magnitudes a (14) and

7

b (15) of the semi-major’ and semi-minor’ axis vectors of the vector ellipse® formed

between the two circles in four-dimensions become a (39) and b (40), respectively,
whereas the Dot Product® (ﬁ -5) (16) of vectors a (12) and b (13) becomes (ﬁ b ) (41).
Comparing a (39) and b (40), based on £, (31) and g, (32) defined above in terms of
(GNI )1, , (29) and (GNI) ,1 (30), we can reach the conclusion that the semi-major’ and
semi-minor’ axis magnitudes provide a measure for comparing the amounts of Gross

National Income (GNI)! of each economy obtained in the other economy. In other words,

10
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(GNI)L2
(GNI),

(GNI)! of Economy 1 obtained in Economy 2” within total (GN] )l (23) of Economy 1, is

if the ratio l: ] (31), which is the portion of “amount of Gross National Income

GNI ) 2
(@),

Income (GNI)! of Economy 2 obtained in Economy 1” within total (GNI )2 (24) of

greater than the ratio [ } (32), which is the portion of “amount of Gross National

Economy 2, in this fiscal period, a (39) becomes semi-minor’ axis magnitude and b (40)
becomes semi-major’ axis magnitude of the virtual ellipse formed by the two circle
system in four-dimensions representing these two economies, or vice versa. Therefore,
comparing the semi-major’ and semi-minor’ axis magnitudes of the vector ellipse®
formed between the two circles in four-dimensions corresponding to our two

international economies, one can determine which economy benefits more from the other
economy in a given fiscal period. Further, the Dot Product® (d b ) (41) of semi-major’

7

and semi-minor’ axis vectors a (12) and b (13), or equivalently their projection onto

each other, reveals the gap between the amount of benefit each of these two economies

obtains from the other. More explicitly, the greater the Dot Product® (ﬁ-l; ) (41), the

more is the gap between the amount of benefit each of these two economies obtains from

the other, or equivalently, one economy obtains more benefit from the other economy.

(GNI),, OS((GNI)l (GNI),

(i) - +1r’ (39)

2 2 2
a:\/rl —2n1r,CosBCos gy +r," = 1" —25r, 5 5
D P,

1

2

GNI GNI GNI
b :\/7’12 —2rr,CosB,Cos ¢, +r," = |1’ =2rr, ( )2’1 Cos (GN), - ( 2)2 +r°  (40)
GN. p p,

G G
a-b=rr, (Cos,B1 —Cosﬁz)Sin% =N, l:( NI)I’Z ( Nl)z’l }Sin((GNl)l - (GN])zj (41)

(GNI)1 - (GNI)2 7rp12 ﬂpf

11
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e Similarly, focal®’® distance ¢ (42) of this vector ellipse® can be obtained using (02) (17),

and its eccentricity® e (43) can be determined using e (18), again utilizing the definitions

of ¢, (4), B (31),and B, (32) above. Subsequently, from the focal®® distance ¢ (42) of

the vector ellipse formed by the two circle system in four-dimensions representing these

two economies, one can infer the gap between the amount of benefit each of these two

economies obtains from the other, similar to what the Dot Product® (ﬁ-l; ) (41) reveals.

The eccentricity® e (43) of the vector ellipse between the two circles in four-dimensions
representing these two economies also provides a ratio which is greater when this benefit

gap is bigger, and vice versa.

o \/2’/1’/2 (Cosﬂ2 —Cosﬁ1)|C0S¢o| _ \/21’11’2 [(GNI)ZJ B (GN1)1,2] COS((GNIZ)I _ (GNIZ)zj (42)
(GN[)2 (GNI)1 p, P,
; [(GN]) _(Gn1),, } COS[(GN[)I _(Gn), j‘
¢ @ 21, (Cosp, —Cosf3,)|Cos ¢,| ~ (GNI),  (GNI) zp, 7p,
a \/ i =2nnCosfCosg+rl 4, (GMI) ( NI, (GNI)ZJHZ
1 (GN] zp; ’
o= (43)
(GNT),, (GMI),, (GNI _(onr), j‘
¢« 2rr, (Cosp, —Cos,Bl)|C0s¢O| B { (GNI (GNI :| zp zp,
b \/ > =2rr,Cosf,Cos ¢, +r,’ - ) (GN] (GNI) 1 GN]) 2
T (o), e G-

12
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CONCLUSIONS

In this Article, a method is provided as a measure for the amount of interaction between two
international economies, which are two countries or economic zones, by modelling each
economy in terms of a “circle in four dimensions”. Based on this method, the proximity of
the two economies at the end of each fiscal period, which is generally a fiscal year, is then
measured by the distance between points at the end of the given period on the two circles in
four dimensions, associated with these two economies in our model. The radius of the circle
corresponding to each economy is taken to be the population of the economy, whereas the
Gross National Income (GNI)! of each economy at the end of a fiscal period is taken as the
area swept by the radius vector of the corresponding circle for the given economy. For every
fiscal period, the portion of Gross National Income (GNI)! of each economy obtained in the
other economy is used to determine the orbital inclination angles between the circles
corresponding to these two economies in our model. Further, the import-export relations
between these two economies are used to determine the distance between the centers of the
corresponding circles of the two economies. As a consequence, angular velocities and
frequencies of the two-economy system are determined, leading to an understanding that
twice the “GNI per capita®” of an economy is analogous to the velocity of that economy for a
unit fiscal period, such as a fiscal year, in this circular model in four dimensions that we use,
whose square provides a measure for the income capacity of each economy in terms of

110

“energy density'"” of the system, for comparison. Moreover, comparing the semi-major’ and

7 axis magnitudes of the vector ellipse® formed by two circles in four-dimensions

semi-minor
corresponding to our two international economies, one can determine which economy
benefits more from the other economy in a given fiscal period, the economy corresponding to

7

the semi-minor’ axis being the one that relatively benefits more. The focal®® distance of the

virtual ellipse formed by the two circles in four-dimensions corresponding to our two
international economies, as well as the projection of its semi-major’ and semi-minor’ axis
vectors, reveal the gap between the amount of benefit each of these two economies obtains
from the other. Eccentricity® of the vector ellipse between the two circles in four-dimensions
representing these two economies also provides a ratio which is greater when this benefit gap

is bigger, and vice versa.
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