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DISTANCE BETWEEN TWO CIRCLES IN ANY NUMBER OF
DIMENSIONS IS A VECTOR ELLIPSE

Author: Asli Pinar Tan®
ABSTRACT

Based on measured astronomical position data of heavenly objects in the Solar System and
other planetary systems, all bodies in space seem to move in some kind of elliptical motion
with respect to each other, whereas objects follow parabolic escape orbits while moving away
from Earth and bodies asserting a gravitational pull, and some comets move in near-
hyperbolic orbits when they approach the Sun. In this article, it is first mathematically proven
that the “distance between points on any two different circles in three-dimensional space” is
equivalent to the “distance of points on a vector ellipse from another fixed or moving point,
as in two-dimensional space.” Then, it is further mathematically demonstrated that “distance
between points on any two different circles in any number of multiple dimensions” is
equivalent to “distance of points on a vector ellipse from another fixed or moving point”.
Finally, two special cases when the “distance between points on two different circles in
multi-dimensional space” become mathematically equivalent to distances in “parabolic” or
“near-hyperbolic” trajectories are investigated. Concepts of “vector ellipse”, ‘“vector
hyperbola”, and “vector parabola” are also mathematically defined. The mathematical basis
derived in this Article is utilized in the book “Everyhing Is A Circle: A New Model For
Orbits Of Bodies In The Universe” in asserting a new Circular Orbital Model for moving

bodies in the Universe, leading to further insights in Astrophysics.
ARTICLE

Consider a system of two circles in three-dimensional space, with the geometry of the system

demonstrated as in Figure 1 in Cartesian (X, J,Z)=(#,4,,1,) coordinates. The two circles
have vector radii # (1) - (2) and 7, (3), with constant magnitudes » (4) and r, (4),
respectively, which are radius vectors at point P, phased at (¢+¢0) and P, phased at (¢) on

the two circles, respectively, phased apart by a constant or time(t) -dependent angle ¢, (1).
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The scalar magnitude 7 (4) of the radius vector 7, (1) - (2) is calculated as the square root of
1’ (4), which in turn is calculated in terms of the Dot Product [# 7] (4) of the F (1) - (2)
vector with itself. In the same way, the scalar magnitude r, (4) of the radius vector 7, (3) is
calculated as the square root of r22 (4), which in turn is calculated in terms of the Dot

Product' [f2 ~?2] (4) of the vector r, (3) with itself. Centers of these two circles are displaced

by a constant or variable vector Z(¢) (5) with magnitude €(¢) (6) at each phase ¢. The
scalar distance between the centers of the two circles at every phase ¢, namely magnitude

l (¢) (6) of Z(gﬁ) (5), is calculated as the square root of €2(¢) (6), which in turn is

calculated in terms of the Dot Product [Z(¢) : Z(¢)] (6) of the vector £(¢) (5) with itself.

More explicitly, in the Cartesian (%,,Z) coordinate configuration of Figure 1, at each
constant or time(t) -dependent phase angle ¢, the location of P, phased at constant or time
(¢) -dependent phase angle (¢+4¢,) is defined by the vector [Fl (9)+ ?(¢)] based on (1) - (2)

and (5), and the location of P, phased at (¢) is defined by the vector F, (¢) (3). Note that the

inclination angle £ (1) between the planes of these two circles is also taken to be constant.

Figure 1 Distance Between Points P, and P, on Two Different Circles in Space (*)
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=7 (¢+¢0) z.ftrlCos(¢+¢o)Cosﬂ+ jzrlSin(¢+¢o)+21*1C0S(¢+¢0)Sinﬂ (1)

i,.=F(¢)=( xr,CosBCosd,+ yrSing,+zrSinCosd,)Cosd+

(=xnrCos fSing, + yr,Cos ¢, —z1,Sin 3 Sin ¢,) Sin ¢ @

P, =F,(¢)=xr,Cosp+yr, Sing 3)

RE=R 5 [B|=n=yRE o RER=R 5 [Rl=n =R “
1=1(g)=2L,(g)+ 50, (#)+2L.(0) 5)

[2(#)=1(9)=\* (#) =\[1(9)- T(9) = 1.7 (¢ )+ (2 (9) (©)

The vector distance d (¢) (7) - (9) between any of these two points P, phased at (¢+¢O) and

P, phased at (¢) on the two respective circles, and its magnitude d (¢) (10) which is also
the scalar distance between P, and P,, is as demonstrated in Figure 1 and expressed in the
following vector equations in (7) - (10), based on (1) - (6). It is important to note that the
scalar distance d (¢) (10) between P, and P, is calculated as the square root of d’ (¢) (10),

which in turn is calculated in terms of the Dot Product! [J (¢)-J(¢)] (10) of the vector

distance d (@) (7) - (9) with itself.
d(¢)=r(p+d,)-r,(8)+1(4)=r,—r,+1 (7)

d (¢)=rCos(p+d¢,)Cos f—r, Cosp+( ()
(j(¢)=)%dx(¢)+jfdy(¢)+%dz(¢) = dy(¢)=quin(¢+¢0)—r2Sin¢+€y(¢) (8)
d, (¢) :rlCos(¢+¢0)Sin,[)’+€z (¢)

= ‘?(¢): _-’A‘(’ECOSﬂCOS% —r2)+;)quin¢0 +2rlSinﬁ’Cos¢O} Cos ¢+

~&1Cos fiSing, + y (1iCos ¢ ~1;) ~z1;Sin B Sind, |Sin ¢+ )

&0 (9)+ 50, (9)+2.(9)]

#)=|d (¢)=a* (¢ J[d d,(0)] +[d.(#)] o)
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Vector distance d ((,15) (9) at any value of the phase ¢, between points P, phased at (¢+¢0)
and P, phased at (¢) on two respective circles, can equivalently be expressed as d ((,15) (11)
in terms of virtual vectors X(¢) (12) and Y(¢) (13), defined utilizing # (1) - (2) and 7, (3).
Based on the definition of 5((¢) (12) from (11), (5) and (9), the virtual vector a (14) is also
defined, and based on the definition of Y(¢) (13) from (11), (5) and (9), another virtual
vector b (15) is also defined.

The magnitude X (¢#) (12) of the virtual vector X(¢) (12) is calculated as the square root of
X?(¢) (12), which in turn is calculated in terms of the Dot Product' [ X(4)-X(4)] (12) of
the vector X(¢) (12) with itself. The magnitude Y (¢) (13) of the virtual vector Y((,lﬁ) (13)
is calculated as the square root of Y* (¢) (13), which in turn is calculated in terms of the Dot
Product' [ Y (4)-Y(4)] (13) of the vector Y(¢) (13) with itself. The magnitude a (16) of

the virtual vector a (14) is calculated as the square root of a* (16), which in turn is

calculated in terms of the Dot Product' (ﬁ-ﬁ) (16) of the vector a (14) with itself. The

magnitude b (17) of the virtual vector b (15) is calculated as the square root of b* (17),

which in turn is calculated in terms of the Dot Product' (5-5 ) (17) of the vector b (15) with
itself. When the phase difference ¢, (1) is constant for all ¢, magnitudes a (16) and b (17)
are constant for all ¢, and when the phase difference ¢, (1) is time(t) -dependent, i.e. if
¢, =¢,(t), a (16) and b (17) are also time(¢)-dependent for different ¢. Based on the

definitions of @ (14) and b (15), their Dot Product' (@-5) (18) is also defined.

d(¢)=X(9)+Y(g)+1(g) where 1(¢)-r(9)=X(¢)+Y(¢)=aCosg+bSing (11)
X(g)=aCosp ; X(¢)-X(¢)=X’(¢)=a-aCos’p=a’Cos’p ; |X(¢)|=X(4) (12)
Y(¢)=bSing ; Y(¢)-Y(p)=Y"($)=b-bSin’ p=b’Sin’ ¢ ; |Y($)=Y(g) (13)
a=%(rCos BCos ¢, —1,)+ yrSing, + 21Sin fCosg, = a=[r(4)-1,(¢)|($=0) (14)

Z):—fcrlCos,b’Sin¢50wL;/(quos%—1/2)—:7,rlSinﬂSin¢0 = B:[E(¢)_E(¢)](¢:%j (15)
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a-a=a =1 -2r.r,CosBCosd+r, ; |¢7 =a (16)
b-b=b"=r>-2rr,Cos¢,+r’ ; ‘I;‘:b 17
a-b=rnr,(Cosp-1)Sing, (18)

According to the definitions of vectors X(¢) (12), Y((,lﬁ) (13), @ (14), and b (15), as

described in (11) - (17), the relation in (19) is valid and holds for all ¢.

Y(

;{( )_ X2(¢)+Y2(¢) =Cos ¢+ Sin*p =1 (19)

?)
b- a’ b?

- X(¢2{((¢) . Y(¢) ¥(¢) . (Deﬁnm‘on Oj‘( Vect.or Elllpsej 20)
a-a b-b in Multi — Dimensions
X’ Y?
= (2¢) + b(2¢) =1 (Deﬁnition of Scalar Ellipse in 2—Dimensions) 21)
a

Therefore, the relation in (19) reveals the validity of (20) and (21) for the vector pair

[X ] (12) - (13) and its magnitude pair |:X (¢):| (12) - (13), respectively. As
(21) is the defining equation of an ellipse? in two dimensions, where a (16) is semi-major’

axis and b (17) is semi-minor’ axis of the ellipse’ when (@ >b)** holds, and vice versa, with
(21) reducing to the special case of a circle when (a =b) 23 holds, we can claim that (20)
indicates that the vector pair [X(¢),Y(¢):| (12) - (13) defines points on a vector ellipse in
three dimensions in the most general case. In other words, the vector distance J(¢) 9)
between two points P, phased at (¢+¢0) and P, phased at (¢) on two respective circles,
whose centers are displaced by a constant or variable vector Z(¢) (5), can equivalently be

mathematically expressed and interpreted as the distance d (¢) (11) of points on a virtual
vector ellipse, whose locations with respect to a virtual origin at each ¢ are determined by
the sum of vector pair [X(¢),Y(¢)] (12) - (13), from another fixed or moving point
displaced from the same virtual origin of the ellipse by a constant or variable vector

[—?(¢)J (5), where a (14) and b (15) are fixed or variable semi-major® and semi-minor
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axis vectors of the vector ellipse. This result is mathematically valid even when the phase

difference @, (1) is a variable function of time(t), i.e. even if ¢, =¢, (Z) This revelation is

the first finding presented in this Article, where we have also mathematically introduced the
concept of a “vector ellipse” (20) in three-dimensional space based on our analysis

introduced along the lines of (1) - (21).

The meaning of this mathematical finding in physics is that moving points on two circles in
space vector-wise mimic an elliptical path with respect to each other, whether they are
moving with the same angular velocity, or different but fixed angular velocities, or even with
different and changing angular velocities with respect to their own centers of revolution,
virtually seeing each other as positioned at a instantaneously stationary point in space on their
respective virtual ecliptic plane. In the book “Everyhing Is A Circle: A New Model For
Orbits Of Bodies In The Universe™, this finding is used as a basis to analyze the orbits of the
Sun®, the Earth”®, and the Moon’, based on the relative cyclic distances between them, also
proposing a new Circular Orbital Model for moving bodies in the Universe with some

observational proof.

Square of focal®* distance (cz) (22) of the vector ellipse (20) can be found using (16) - (17),

and its eccentricity® e (23) can be determined using (16) - (17) and (22).

c’ = ‘az - b2‘ =2rr, (1 - Cos,B)|Cos ¢0| (Focal Distance Squared) (22)

(a>b) c
e = —_ =
a

c
1’ =2r 1, CosfCos g, +1,’ b 12 =21 1,Cos gy +1,°

\/ 2171, (1-CosB)|Cos ¢ (a<b) \/2 11y (1-Cosf3)|Cos 4|
0 =
Note that a (14) is the vector value of [171(¢)—g(¢)} (11) when (¢=0) ,and b (15) is the

vector value of [171(¢) —E(qﬁ)] (11) when (¢ = %) . Throughout a respective cycle of points

P, and P, moving around their own circles, P, phased at (¢+¢0) and P, phased at (¢), the
[Z(¢)—r§(¢)] (11) vector has a value of (&C0s¢+BSin¢) (11) at each phase ¢, and

moves in the plane formed by the a (14) and b (15) vectors, namely the a-b plane, which

is a variable moving plane in three dimensions if ¢, is a variable function of time ¢, i.e. if

@, =9, (t) , and a fixed plane otherwise.
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We now continue to analyze the situation of the distance between points P, and P, on two

circles in multiple dimensions.

Consider a system of two circles in four-dimensions defined in terms of perpendicular
coordinates (#,,1,, 1,1, ). In this case, the two circles can be defined in the simplest case to
have vector radii 7 (24) - (25) and 7, (26), with constant magnitudes 7 (27) and r, (27),

respectively, which are radius vectors at point P, phased at (¢+¢0) and P, phased at (¢) on
the two circles, respectively, phased apart by a constant or time(t) -dependent angle ¢, (24).
Note that S, (24) - (25) is taken to be the constant inclination angle between these two circles
in the #, -u, dimension plane, and £, (24) - (25) is taken to be the constant inclination angle
between these two circles in the #, -#, dimension plane.

K=h (¢+¢o) :ﬁ1’3COS(¢+¢0)COSﬁ1 + i‘z’iSin(¢+¢o)C0sﬂ2

(24)
+a,1,Cos (¢+¢, ) Sinf3, + ,1,Sin (p+4, ) Sin s,

)
|
=N
—
<
~—
Il

( @r,Cosf,Cos ¢, + it,r;,Cos B3,Sin ¢, +i,1;Sin5,Cos ¢, + w,1,Sinf3,Sin ¢, ) Cos ¢ 25)
+(—a,,Cos 3,Sin ¢, + u,1,Cos 3,Cos ¢, — 1 Sin B,Sin ¢, + iu,r,Sin 3,Cos ¢, ) Sin ¢

P, =F, (¢) =,r,Cos ¢+ ,r,Sin ¢ (26)

sn 2 il = [ - w2 e — [
hh=n |r1|—r1— hn 5 KLhL=rn |rz|_rz_ K, r, (27
The centers of these two circles in four-dimensions are displaced by a constant or variable

vector Z(gﬁ) (28) with magnitude /¢ (¢) (29) at each constant or variable phase ¢, defined in

terms of perpendicular coordinates (&, #,, 1,1, ).

(=1(g)=al, ()+it, (¢)+il, (9)+a,l, (4) (28)

[2(9)|=£(8) =412 (#) =\ 1(2)- 1) =0, (9)+ 1.2 ($)+ 1,2 (#)+ L., (#)  (29)

Similar to the case in three dimensions for d (¢) (11), the vector distance between points P,
phased at (¢+¢0) and P, phased at (¢) on the two respective circles in four dimensions, at
any value of the phase ¢, can be equivalently expressed as 67(¢) (30) in terms of virtual

vectors X(¢) (31)and Y(¢) (32), defined utilizing # (24) - (25) and 7, (26).
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d(p)=X(9)+Y(p)+((p) where r(¢)-r(4)=X(p)+Y(g)=aCos¢+bSing (30)
X(g)=aCosp ; X(¢)-X(¢)=X’(¢)=a-aCos’p=a’Cos’p ; |X(¢)|=X(4) (1)

Y(¢)=bSing ; Y(4)Y(#)=Y>(¢)=b-b Sin*> p=b"Sin’ ¢ ; \Y(¢)\=Y(¢) (32)

a=u, (rlCOSﬁlCos¢0 r)+ u2r1Cos,82Sm @, + w,r,Sinf,Cos ¢, + u,1,Sin3,Sin ¢,
= a-[7(0)-n(#)]6- o
b =—u,5,Cos3,Sing, + i, (1,Cos B,Cos ¢, —r, ) — u,1,Sin 3, Sin ¢, + it,1;Sin B,Cos ¢,
= b=[7(9)-7 ()] ¢-5] o
a-a=a =r; -2rr,CosfCosd+r, ; |ﬁ| =a (35)
b-b=b>=r>—2rr,CosfB,Cos @+, ; ‘I;‘ =b (36)
ab=r r, (Cos 3, —Cos 3, ) Sin ¢, 37)

Based on the definition of X(¢) (31) from (30) and the definition of Y((,lﬁ) (32) from (30),

a (33) and b (34) vectors can be defined, which turn out to be semi-major’ and semi-minor?

axis vectors of the relative ellipse’ formed based on the distance d (¢) (30) between points
P, and P,, with magnitudes a (35) and b (36), respectively, and Dot Product' (ﬁ b ) (37).
According to the definitions of vectors X(¢) (31), Y((,lﬁ) (32), @ (33), and b (34), as
described in (30) - (37), the relation in (19) is valid and holds for all ¢. Thus, the relation in
(19) reveals the validity of (20) and (21) for the vector pair | X(¢),¥(¢)] (31) - (32) and
their magnitude pair |:X (¢).Y (¢):| (31) - (32), respectively. As (21) is the defining equation

of an ellipse? in two dimensions, where a (35) is the semi-major’ axis and b (36) is the

semi-minor’ axis of the ellipse’ when (a >5)>? holds, and vice versa, with (21) reducing to
the special case of a circle when (a =b) 23 holds, we can claim that (20) indicates that the
vector pair [X(¢),Y(¢)} (31) - (32) defines points on a vector ellipse in four dimensions in

the most general case. In other words, the vector distance d (¢) (30) between two points P,
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phased at (¢+¢0) and P, phased at (¢) on two respective circles in four dimensions, whose

centers are displaced by a constant or variable vector Z(¢) (28), can equivalently be

mathematically expressed and interpreted as distance of points on a virtual vector ellipse,

whose locations with respect to a virtual origin at each ¢ are determined by the sum of

vector pair [X(¢) Y (¢)} (31) - (32), from another fixed or moving point displaced from the
same virtual origin of the ellipse by a constant or variable vector [—Z(¢)] (28), a (33) and

b (34) being the fixed or variable semi-major® and semi-minor® axis vectors of the vector

ellipse. This result is mathematically valid even when the phase difference ¢, is a variable
function of time(l), ie. evenif ¢, =4¢, (t) This is a finding presented in this Article for two
circles in four dimensions.

Square of the focal?* distance (cz) (38) of this vector ellipse? can be found using (35) - (36),

and its eccentricity® e (39) can be determined using (35) - (36) and (38).

c’ = ‘az —bz‘ =2nr (Cos,B2 —Cosp, )|C0s ¢0| (Focal Distance Squared) (38)

(39)

(a>b)£_ 2rr, (Cos,B2 —Cosﬂl)|C0S¢0| (aib)g_ 2rlrz(Cosﬂ2 —Cosﬂ1)|Cos¢0|
a 1> =2rr,CosB,Cos ¢, +r,’ b

e = or e = 5 >
r” =2rr,Cos3,Cos @, +1,

Consider a system of two circles in five dimensions defined in terms of perpendicular

coordinates (#,&,, iy, 1,,1; ). In this case, the two circles can be defined in the simplest case
to have vector radii 7, (40) - (41) and 7, (42), with constant magnitudes 7 (43) and r, (43),
respectively, which are radius vectors at point P, phased at (¢+¢0) and P, phased at (¢) on

the two circles, respectively, phased apart by a constant or time(t) -dependent angle ¢, (40).
Note that £, (40) - (41) is taken to be the constant inclination angle between these two circles
in the #,-u, dimension plane, S, (40) - (41) is taken to be the constant inclination angle
between these two circles in the #, -#, dimension plane, and f, (40) - (41) is taken to be the

constant inclination angle of these two circles between the #, - #, dimension plane and the

dimension.

do0i:10.20944/preprints202104.0632.v1
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n=r (¢+¢0) ZﬁlquOS(¢+¢O)C0s,BIC0s,B3 + ﬁz’iSin(¢+¢o)C0Sﬂz

(40)
+i,1,Cos (¢+¢, ) Sinf,Cos B, + ,r,Sin(¢+ ¢, ) Sin B, + w;r;Cos (p+ ¢, ) Sin 3,

o u,1,Cos 3,Cos 3,Cos ¢, + u,1,Cos 3,Sin @, + u,1,Sin 3,Cos 3,Cos ¢,

A=r(d)=| . o Cos g+
+u,1,SinfB,Sin @, + u.r,Sin 3,Cos ¢, @)
—u,1,Cos 3,Cos f,Sin ¢, + u,r,Cos 5,Cos @, — u,1,Sin 3,Cos 3,Sin ¢, Sin ¢

in
+u,r,Sinf3,Cos @, — usr,Sin 5, Sin ¢,
P, =F, (¢) =,r,Cos ¢+ ,r,Sin ¢ (42)

222 L glep = 77 - 5m—p? - il = [7.2
FF=nt s [Bl=n=\RE 5 BR=R" 5 |B|=n=\RT (43)
The centers of these two circles in five-dimensions are displaced by a constant or variable

vector Z(¢) (44) with magnitude /¢ (¢) (45) at each constant or variable phase ¢, defined in

terms of perpendicular coordinates (&, &, iy, 8, U ).

C=10(p)=utl, (p)+il, (8)+ust, (p)+a,l, (¢)+asl, (¢) (44)

[2(9)|=1(8)=\0* () =J1(9)- 1(8) =17 ($)+ 1. ($)+ 1, ($)+ 1, ($)+ 1, ($) (45)

Similar to the case in three dimensions for d (¢) (11), the vector distance between points P,
phased at (¢+¢0) and P, phased at (¢) on the two respective circles in five dimensions, at
any value of the phase ¢, can be equivalently expressed as d (¢) (46) in terms of virtual
vectors X(¢) (47) and Y (¢) (48), defined utilizing # (40) - (41) and 7, (42).
d(4)=X(4)+Y(8)+1(¢) where 1(¢)-r(¢)=X(¢)+Y(#)=aCos¢+bSing (46)
X(g)=aCosp ; X(¢)-X(¢)=X’(¢)=a-aCos’p=a’Cos’p ; |X(¢)|=X(4) (47
Y(¢)=bSing ; Y(¢)-Y(p)=Y"(p)=b-bSin’ p=b’Sin’ ¢ : |Y($)|=Y(g) (48)

a=1n (r,CosB,Cos B,Cos ¢, —r, ) + it,1;Cos B,Sin ¢, + it,1;Sin 8, Cos 3,Cos ¢,

S (49)
+u,r.SinB,Sing, + ugrSinB,Cos¢, = a= [rl (¢)-r, (¢)}(¢ =0)
b =—i,1,Cos 3,Cos 3,Sin ¢, + i, (1;,Cos 3,Cos ¢, — 1, ) — ;1,Sin 3, Cos 3, Sin ¢,
- - — 7 (50)
+u,rSinf,Cos ¢, —ur,Sinf,Sing, = b= [”1 (¢)-r, (¢)} (¢ = EJ

10
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a-a=a =1 -2rr,CospCosp,Cos @ +1, ; |¢7| =a (51)
b-b=b"=1>-2rr,CosB,Cos g, +1, ; ‘5‘ =b (52)
a-b=r,r,(Cosp,Cosp,—Cosf,)Sin g, (53)

Based on the definition of X(¢) (47) from (46) and the definition of Y(¢#) (48) from (46),
the a (49) and b (50) vectors can be defined, which turn out to be the semi-major’® and semi-
minor® axis vectors of the relative ellipse* formed based on the distance d (¢) (46) between
points P, and P,, with magnitudes @ (51) and b (52), respectively, and with Dot Product'
(a@-b) (53). According to definitions of vectors X(¢) (47), Y(¢) (48), @ (49), and b (50),
as described in (40) - (53), the relation in (19) is valid and holds for all ¢. Therefore, the
relation in (19) reveals the validity of (20) and (21) for vector pair [X(¢),Y(¢):| (47) - (48)
and their magnitude pair [X (9),Y (¢):| (47) - (48), respectively. As (21) is the defining

equation of an ellipse? in two dimensions, where a (51) is the semi-major® axis and b (52) is

the semi-minor® axis of the ellipse? when (a >b)?? holds, and vice versa, with (21) reducing
to the special case of a circle when (a =b)%* holds, we can claim that (20) indicates that the
vector pair [X(¢),Y(¢)] (47) - (48) defines points on a vector ellipse in five dimensions in
the most general case. In other words, the vector distance d ((,15) (46) between two points P,
phased at (¢+¢0) and P, phased at (¢) on two respective circles in five dimensions, whose

centers are displaced by a constant or variable vector Z(¢) (44), can equivalently be

mathematically expressed and interpreted as the distance of points on a virtual vector ellipse,

whose locations with respect to a virtual origin at each ¢ are determined by the sum of

vector pair [X(¢) Y (¢)} (47) - (48), from another fixed or moving point displaced from the
same virtual origin of the ellipse by a constant or variable vector [—Z(¢)J (44), a (49) and

b (50) being the fixed or variable semi-major® and semi-minor® axis vectors of the vector

ellipse. This result is mathematically valid even when the phase difference ¢, is a variable

function of time(l), ie. even if ¢, =4¢, (t) This is a finding presented in this Article for two
circles in five dimensions.
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Square of the focal** distance (cz) (54) of this vector ellipse? can be found using (51) - (52),

and its eccentricity? e (55) can be determined using (51) - (52) and (54).

ct= ‘az —bz‘ =211, (Cosf3, — Cos f3,Cos 3, )|C0s ¢0| (Focal Distance Squared) — (54)

c_ 25, (Cosﬂ2 —CosB,Cosp, )|Cos ¢O| i asb
a 1> =2rr,CosB,CosB,Cos ¢, +1,’ ’ o
e= (Eccentrlczty) (55)
c_ 2nr, (Cos,b’2 —CosﬂlCosﬁ3)|C0s¢0| i a<b
b 1> =2rr,Cos B,Cos ¢, +1,° ’

Based on the sequence of reasoning and mathematical derivation through (1) - (53), we can

reach the general conclusion in (56) - (73) for the case of two circles in multiple dimensions.

For the case of two circles in multiple dimensions, in matrix notation, for one of the circles

we can define the vector radius as 7 (56) in odd (2n+1) number of dimensions defined in
terms of perpendicular coordinates (ftl,ﬁz,ﬁ3,ﬁ4,...,ﬁ(2n),ﬁ(2n+l)) ,oras F, (57) in even (2n)
number of dimensions defined in terms of perpendicular  coordinates
(ﬁl,ﬁz,ﬁ3,ﬁ4,...,ﬁ(2n4),ﬁ(2n)), (n > 1) being a positive integer, and we can define the vector
radius 7, (58) for the other of the two circles, in the simplest case, with constant magnitudes
r, (59) and r, (59), respectively, which are the radius vectors at point P, phased at (¢+¢0)
and P, phased at (¢) on the two circles, respectively, that are phased apart by a constant or

time () -dependent angle ¢, (56) - (57).

Note that S, (56) - (57) is taken to be the constant inclination angle between these two circles
in the &, -u, dimension plane, S, (56) - (57) is taken to be the constant inclination angle
between these two circles in the #,-#, dimension plane, £, (56) - (57) is taken to be the
constant inclination angle of these two circles between the #, - #, dimension plane and the
dimension, £, (56) - (57) is taken to be the constant inclination angle of these two circles

between u,-u, dimension plane and the #, dimension, ﬁ( | (56) - (57) is taken to be the

2n-1

A A

constant inclination angle of these two circles between the #, - u,-...- i)~ dimension

2n-1)

complex and the ﬁ(zm) dimension, and [3( ) (56) - (57) is taken to be the constant

2n-2

12
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inclination angle of these two circles between the -, -...-#,, -, , dimension
complex and the ﬁ(2n) dimension.
[ @,Cos(p+4,) | [ Cospp,Cosp,Cos f;...Cos 3, (2n+1)
,Sin(p+4¢,) Cosf,Cos f,..Cos By, o) odd
i,Cos(¢+4¢,) Sinf3,Cos B,Cos f;...Cos 5 number
3 0 1 3 5° 2n— 1 f
.o )
a,Sin(p+4¢,) Sinf,Cosp,..Cos 5, 2 dim.si
R im.sions
iu;Cos(p+4¢,) Sin,Cos f;...Cos i,
u Sin(g+ i
7‘127'1(¢+¢0)=l”1 Ae (¢ ¢o) SinB,Cos f;.. CosﬂZn 2 n>1 (56)
it,Cos (p+4¢, ) Sin,BSCosﬁ7 Cosf,, integer
ﬁ(2n72)Sin(¢+¢0) Sinf3,, 4 Cosﬂ 2n2) Only
ﬁ(zn_l)Cos(¢+¢o) Sinf,, 5Cosf,, te}’f;‘is
fl(h)Sin(¢+¢0) Smﬂ 2n-2) with
_u(2"+1)C0S(¢+¢0 )_lx(2n+1) L Sm'B 2n-1) Jenspa i>0
iwCos(p+4,) [ Cos f3,Cos 3,Cos ;.. CospB,, s (2n)even
i, Sin($+ ¢, ) Cosp,Cosp,...Cos B, ) ’"]f
0
u3Cos(¢+¢0) Sinp,Cos B,Cos f;.. COS,B 20-3) dim.sions
u,Sin(p+4,) Sinf3,Cos ,...Cos 3, »
uSCOS(¢+¢O) Sinf,Cos f.. COSﬂ 2n-3) nzl
n=r (¢+¢0) =7 ﬁsSin(¢+¢0) Sznﬂ4C0sﬂ6...C0sﬂ(2n_2) integer (57)
ﬁ(2n73)Cos(¢+¢0) Szn,B Cosﬂ 20-3) Only
ﬁ(Zn_z)Sin(¢+¢o) Sinf,,, 4, Cosp,, » B,
R terms
u(2n71)Cos(¢+¢0) Sinfs,-s with
L ﬁ(Zn)Sln(¢+¢0) Jixan) & Slnﬂ 2n- 2 J(2n)x1 > 0
P, =F, (¢) =it,r,Cos ¢+ iu,1,Sin ¢ (58)

D R P L = S S I B
PR = |B|=n=RE 5 BE=R 5 |B|=n=\RH (59)
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In odd (2n+1) number of dimensions, # (56) can be restated as 7 (60) in terms of Cos ¢

and Sin¢g terms. In even (Zn) number of dimensions, 7 (57) can be restated as 7, (61) in

terms of Cos¢ and Sin¢g terms.

u,1,Cos 3,Cos 3,Cos f;.. Cosp,,, \Cos ¢,
+u2r1C0s,32Cosﬂ4...C0s,B 202 ST ¢0
+u,1,Sinf,Cos 5,Cos f3;.. Cos,B yCos &,
+u4rSlnﬂ2C0s,6’4...Cosﬂ2 _y)Sin ¢0
+ur,Sinf,Cos ff;.. Cosf,,,\Cos ¢,

Cos ¢+
+ﬁ(2n 2 T’iSlnﬁ 2n— 4 COSﬂ 2n—2 Sl”l ¢O (2n ;l)o;l‘d
- number o
Uy, ) rSin ﬂ Cos ,B Cos &, Jimensions
151 Ban 2 Sm % withn > 1
(2 )iSinf,, . Cos ¢, integer

—u,r,Cos B,Cos 3,Cos f;.. Cosp,,.,Sin ¢,
+u2VC0Sﬁ2COSﬂ4...C0Sﬂ2 _yCos ¢,
—u,1,Sinf,Cos 3,Cos f;.. Cosf,,.,,Sin ¢, Only
terms with
+u,rSinf3,Cosf,.. Cosf,, ,Cos ¢,
—uS;"lSznﬂ3C0sﬁ5 Cos,B - 1Sm¢50

i>0used
Sin ¢

+it(2n WhiSinp,, ,Cosp,, 5 Cosd, (60)

20m1) rlSmﬂ CosﬂZn 1Sm¢0
2SI, 5 Cos ¢,
rlSzn,B 20y ST P,

(2n+l
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i,1,Cos B, Cos ,Cos f5;...Cos 3,y Cos ¢,
+i,1,Cos B,Cos f3,...Cos 35, Sin ¢,
+u,1,Sinf,Cos 3,Cos f;.. Cosf,, 5 Cos ¢,
+u,r,Sinf3,Cosf,.. Cosff,, ., Sing,
+u5rlSznﬂ3C0sﬂ5 Cosf,, 5 Cos ¢,

Cos ¢+
+ﬁ(2 iSO Paror 05 o (2n)even number
+ﬁ(2n 21511204 COS Py ) Sin o of dimensions with
+ﬁ(2n )iSinf,, 5 Cos ¢, n>1 integer
rlSzn,B Sm P,
= (¢): uquosﬂ1C0sﬁ3C0sﬂ5 COS,B Sm @, =
+u,r,Cos 3,Cos 3, .. COS,B »Cos ¢0 Only S,
—u,1,Sinf,Cos 3,Cos f;.. Cosﬂ 2n3) Sin ¢, tzeinZ)Suv;;Zl
+u,rSinf3,Cosf,.. Cosfj,, ., Cos ¢,
—us1Sinf,Cos Ps..Cosp,, 5 Sin g, Sin ¢

By, 31iSinf,,, Cosp,, ySing, (61)
+ﬁ(2n—2 rSlnﬁz _4 COSﬁ(znfz)COS ¢0
_ﬁ(2n 1 rSlnﬁzn 3) Sing,

+i,, Sinf3,, , Cos ¢,

Centers of these two circles in multiple dimensions are displaced by a constant or variable

vector ?(¢) (62) with magnitude /¢ (¢) (63) at each constant or variable phase ¢, defined in

terms of perpendicular coordinates (ﬁl,ﬁz,ﬁ3,ﬁ4,...,ﬁ(2n),it(Ml)) in odd (2n+1) number of

dimensions, or defined in terms of perpendicular coordinates (ul,uz,u3,u4,...,u(2n71),u(2n)) in

even (2n) number of dimensions, (n>1) being a positive integer.

- (¢) _ ﬁlﬁul (¢) + ftzﬁuz (¢) ..t ‘A’(zn)gum) (¢) + ﬁ(znﬂ)ﬁu(w) (¢) ,odd #of dim.sions )
wl, (p)+il, (9)+..+ i, 0, Yo (9)+ ii(Zn)gu(z,,) (@) ,eventof dim.sions

_ _ ‘0’ (¢)+£u 2(¢)+---+5u< )2 (¢)+fu( )2(¢) ,odd #of dim.sions
gz — /g '/g — 1 2 2n 2n+1 63
(¢) (¢) (¢) 1 2(¢)+€u22(¢)+...+€u(m)2(¢)+£u(2n)2 (¢),even#0fdim.si0ns (63)

u
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Similar to the case in three dimensions for d ((,15) (11), we see that the vector distance

between points P, phased at (¢+¢0) and P, phased at (¢) on the two respective circles in
any number of multiple dimensions, at any value of the phase ¢, can be equivalently
expressed as d (¢) (64) in terms of virtual vectors X(¢) (65) and Y(¢) (66), defined
utilizing 7 (60) - (61) and 7, (58).

d(9)=X(9)+Y(9)+1(9) where 1(9)-r(9)=X(§)+Y(§)=aCosp+bSing (64)

X(g)=aCosp ; X(¢)-X(¢)=X’(¢)=a-aCos’p=a’Cos’p ; |X(¢)|=X($) (65

Y(¢)=bSing ; Y(¢)-Y($)=Y"($)=b-bSin’ p=bSin’ ¢ : |Y($)=Y(g) (66)
Based on the definition of X(¢) (65) from (64) and the definition of Y(¢#) (66) from (64),

a (67) - (68) and b (70) - (71) vectors can be defined, which turn out to be the semi-major’
and semi-minor’® axis vectors of the relative ellipse? formed based on the distance d (¢) (64)
between points P, and P,, with magnitudes a (69) and b (72), respectively, and having the
Dot Product! (dﬁ ) (73). According to the definitions of the vectors 5((¢) (65), Y(¢) (66),
a (67) - (68), and b (70) - (71), as described in (56) - (73), the relation in (19) is valid and
holds for all ¢. Therefore, the relation in (19) reveals the validity of (20) and (21) for the
vector pair | X(¢),Y(¢)] (65) - (66) and their magnitude pair [ X (¢),Y(4)] (65) - (66),
respectively. As (21) is the defining equation of an ellipse? in two dimensions, where a (69)
is the semi-major® axis and b (72) is the semi-minor’ axis of the ellipse? when (a>b)*?

holds, and vice versa, with (21) reducing to the special case of a circle when (a = b) 23 holds,

we can claim that (20) indicates that the vector pair [X(¢),Y(¢)] (65) - (66) defines points

on a vector ellipse in multiple number of dimensions in the most general case.
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—2rn,Cosf,Cosp;..Cos B, Cos ¢, + 1, ,odd number of dimensions

u, (rlCosﬂlCos,B3Cosﬂ5 Cosp,, ., \Cos ¢ =,

+u2iqC0sﬂ2Cos,34...C0Sﬂ2 )Sing,
+u,1,.Sinf,Cos 3,Cos f;.. Cosf,, Cos ¢,
+u4rSlnﬂ2Cosﬂ4...Cos,B 202 ST ¢0
+usrlSzn,33C0s/i’5 Cosf,, ,\Cos ¢,

iy, 2 iSinf, o Cosp,, 5 Sing,

+ft(2 i rlSm,B Cos,B 201y COS &,
(1S, ) Sin g,
(2 )iSing,,  Cos ¢,

u, (nCos,BﬁCos,@Cosﬁs CosﬂZn ) Cos¢,—r,

+u,1,Cos 3,Cos .. Cos/i' 2 Sin &,
+u,1.Sinf,Cos 3,Cos f;.. Cos,B 20-3)COS &y
+u4r1Sm,B2Cos,B4...Cosﬂ(zn_z)Sm @,
+us1;Sin,Cos f;...Cos f3 5, 5 Cos ¢,

+ﬁ(2 3rlSmﬂ Cos/i' Cos¢0
+ft(2 o hSinp,, yCosp,, 5 Sind,
+ly,, 1SN, 5 Cos

+u(2n)r1Slnﬂ(2n72)Sm &,

d0i:10.20944/preprints202104.0632.v1

(2n+1)
odd
#of

dim.sions

n=1

integer (67)

Only
B,
terms
with
i>0

(2n)
even

#of

dim.sions

n=1

integer (68)

Only
B,
terms
with
i>0

;|a|=a (69)

—2rn,Cosf,Cosp;...Cos B, 5 Cos ¢y + r ,evennumber of dimensions
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—u,1,Cos 3,Cos 3,Cos f.. Cosf,, Sing,

+il, (lflCosﬂzCos,B4...Cos,6’ 202 COS By = rz) (2n+1)odd

—u,1,Sinf,Cos 3,Cos f;.. Cosf3,, \Sin g, number of

+u,rSinf3,Cosf,.. Cosﬁzn 2 Cos ¢, dimensions
Sind.C c 8 withn =1

b=[in(0)-r(0)][ 9= | BB O oS ieger 0

: A Only B,

Uy, K SINf,, 1 Cosp,, 5 Cos d, torms

_f’(z -1) rlSlnﬂ COS:B Sm %, withi>0
rlSm,BZn »Cos &, used

\iSinf,, ) Sin ,

(2n+1

—u,1,Cos 3,Cos 3,Cos f.. Cosf,, Sing,
+i, (rCos,BzCosﬁ4...Cos,6’ 20-2) Cos ¢, — rz) (2n)even
—u,1,Sinf,Cos 3,Cos f;.. Cos,B Szn¢0 number of
+u,r,Sinf3,Cosp,.. Cosf,, ., Cos ¢, dimensions
Sing.Cosi....C. ,3 Sing withn2>1
= — V4 —u,r,Sinf3,Cos os in '
b:["l (¢)_"2 (¢)][¢:5): > : > 2n-3) 0 < 1 integer (71)
. . Only B,
U3 rlsmﬁ 21-5) COS:B 2-3) Sing, terms
+ft(2 hSing,, Cosp,, 5 Cosdy withi>0
—ft(2 WhSing,, ,\Sing, used
rlSln,BZn 2 Cos ¢,

b-b=b" =1 -2rr,Cosf,Cosp,.. Cosp,, ., Cos ¢, +r,"  (multipledimensions) ; ‘I;‘ =b (72)

odd number

K, ([CosﬁlCosﬂ3 COS,B2 X } [CosﬂzCosﬂ4 Cosﬁ2 5 ])Sin(,/ﬁo . .
. " " of dimensions 73)
a-b=

) even number
K, ([CosﬁlCosﬂ3 ...Cos,BQH) ] - [CosﬂzCosﬂA‘...Cosﬂ(sz) ]) Sin ¢, of dimensions

In other words, the vector distance d (¢) (64) between two points P, phased at (¢+¢0) and
P, phased at (¢) on two respective circles in multiple number of dimensions, whose centers

are displaced by a constant or variable vector Z(¢) (62), can equivalently be mathematically

expressed and interpreted as the distance of points on a virtual vector ellipse, whose

locations with respect to a virtual origin at each ¢ are determined by the sum of vector pair
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[X(¢),Y(¢)} (65) - (66), from another fixed or moving point displaced from the same

virtual origin of the ellipse by a constant or variable vector [ (¢)J (62), a (67) - (68) and

3

b (70) - (71) vectors being the fixed or variable semi-major’ and semi-minor’ axis vectors of

the vector ellipse. This result is mathematically valid even when the phase difference ¢, is a

variable function of time(t), i.e. evenif ¢, =g, (t) This is the main significant finding which

we had aimed to obtain in this Article for two circles in multiple number of dimensions.

Square of the focal®>* distance (cz) (74) of this vector ellipse? can be found using (69) and

(72), and its eccentricity? e (75) can be determined using (69), (72) and (74).
c’ = ‘az —bz‘

2nr, (CosﬂZCosﬁ4...Cosﬁ(2n_2) —Cosf,Cosp;...Cos 3., )|C0s &,

odd number
"\ of dimensions (74)

even number
2 . .
of dimensions

ZI’IFZ(CosﬂZCOSﬁ4 CosﬁZn 2 CosﬂlCos,B3...Cosﬂ(2n_3))|Cos¢0

25, (CosﬁzCos,B4 Cosp,, ., Cos,BlCos,HS...Cos,B(zn X )|Cos¢0 odd #
o (@) r —2r1r2C0Sﬁ1Cos,83...Cosﬁ(zn_l)Cos ¢, +1,° "\of dim.s
¢ 25, (CosﬂzCos,B4 Cosf,, ) CosﬂlCosﬂ3...C0S,B(2n ) |C0s ¢0 even#
—2nr,Cos f,Cos 3;...Cos j3,,,,_, Cos ¢, "\of dim.s
e= (75)
2nr, (COS,BZCOS,B“...COSﬂ(ZnJ) —CosfCosj;..Cos 3, |Cos ¢0 odd #
o (a<b) 7 - 2rr,Cos p,Cosp,...Cos 3, _, Cos ¢, + r’ "\of dim.s
Z =
2nr, (Cos,ﬁ’zCos,B4 Cosﬂzn ) CosﬂlCosﬂ3...C0sﬂ2n ) |C0sgz$0 even#
—2nnr,Cos f,Cos f,...Cos 35, , Cos ¢, + r’ "\of dim.s

The vector distance d (¢) (64) at any value of the phase ¢, between points P, phased at
(¢+¢0) and P, phased at (¢) on two respective circles in any number of multiple
dimensions, can equivalently be expressed as (¢) (76) in terms of function vectors f (77)
and ]72 (77), which are equal to a (67) - (68) and b (70) - (71) vectors, respectively, and

have magnitudes f, (78) and f, (78), in the direction of unit vectors fl (77) and fz (77),

respectively.
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t?(¢):flC0s¢+fzSin¢+Z(¢) where r1(¢)—g(¢)=flCos¢+f2Sin¢ (76)

h=hfi=a [(67) - (68)] : fi=hfi=b [(70) - (71)] (77)
Loh=12 s \Bl=h=NA g o Ah=rt s |Bl=h=NA A (78)

The vector distance d (¢) (76) can also be expressed as (¢) (79), in terms of virtual vectors

X(¢) (80)and Y(¢) (81), defined utilizing /(¢) (62) and f, (77).

Sing ﬂ

d(p)=FiCosg+J;Sing+7(p)= COS‘”{f *F2 Cosg " Cosg

} Cosg| 1, +X(4)+Y(4)] (79

X(¢):z(¢) : X(¢)X(¢):X2(¢):z(¢)z(¢):€2(¢) : ‘X(¢)‘:X(¢) (80)

Cos ¢ Cos2¢ Cosz¢
Sing o v Sm¢_ , Sin*g | B
V(0)=Fs oy YOYO)=Y (0)=Lo i nr=F Goag ¢ [Y@I=7(9) @D
Cos ¢ = k = constant (miniscule part of a cycle of ¢) (82)

Within a miniscule part of a cycle of ¢, under special circumstances when the variation in

(Cos ¢) is negligible compared to other parameters involved such that (C0s¢ = k) (82) can

approximately be taken as constant in this limited part of a cycle, d ((,15) (79) would behave
like the distance of points on a hyperbola!® (83) - (85), whose locations are determined by the

[X(¢)+?(¢)] (80) - (81) sum vector, from a point whose location is determined by the
vector [—fl] (77), multiplied by a near-constant coefficient k (82). The semi-major'® axis of

this hyperbola'® (83) - (85) would be /(¢) (63) and its semi-minor'® axis would be f, (78).

KO K6) YGYG_XW) FO_ 1 s
E(¢)E(¢) L fs 62(¢) 1 Cos’ ¢ Cos’¢
X(¢)-X(4) Y(¢) Y(9) [Deﬁnition of Vector Hyperbola ]
= | . o . (34)
0(4)-L(9) 5t in Multi — Dimensions
= )22 ((Z)) - Yf(2¢) =1 (Deﬁnition of Scalar Hyperbola in 2—Dimensions) (85)
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Hence, due to the validity of the relation in (83), we have defined a “vector hyperbola” (84)
for the vector pair [X(¢),Y(¢):| (80) - (81) based on a “scalar hyperbola'® (85) equation

for its magnitude pair |:X (¢).Y (¢):| (80) - (81), respectively.

The near-hyperbolic trajectories of some comets'! when they approach the Sun could

possibly be explained with this d (¢) (79) pattern obeying (83) - (85), considering that the

comet might in fact be moving around an individual circular orbit with radius and period
which is extremely large compared to that of the Sun, such that the duration it spends around
the Sun is a miniscule part (82) of the total individual cycle of the comet, based on the new
Circular Orbital Model for moving bodies in the Universe asserted in the book “Everyhing Is
A Circle: A New Model For Orbits Of Bodies In The Universe.”

Another special case is when the Z(¢) (62) vector, which is between the centers of these two
circles in multiple dimensions, is a function of (C0s2¢) and cancelling out the (ﬁSz’n ¢) term
in the distance vector (¢) (76) as in €(¢) (86) [or equivalently a function of (Sin2¢) and
cancelling out the (flCos ¢) term in the distance vector d ((,15) (76)], in which case the

distance vector d (¢) (76) takes the form of d (¢) (87).

1=1(¢)= f(f Cos’p+1)~ /,Sing (86)
d(p)=f,Cos¢+ f,Sing+((9)
_h 2 fiCos’ ¢+fCos¢+i i(fCos¢+1) f[ X(¢)+1] = /Y (9)=Y(9) &7
X(¢)=£,X(8)= 1, flcos¢=flcos¢ Definition of Vector Parabola

coordinates in Multi — Dim.sions : | (88)

S f
Y(¢) = le(¢) (fC0S¢+ 1) [ + l:l Focus distance f & vertex [1,0]

1 21 5 1 1 1
V)= [ @)] = X @O 1] = @) X @)y = S )

(Deﬁnition of Scalar Parabola in 2 — Dimensions with focus distance f* & vertex [1,0])

As a result, in this special case, the distance vector d ((,15) (87) at any value of the phase ¢,

between points P, phased at (¢+¢0) and P, phased at (¢) on two respective circles in any

21
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number of multiple dimensions, would behave like the ?(qﬁ) —coordinate (88) of points on a

“vector parabola'?” (88) formed by the vector pair [X(¢),Y(¢):| (88), with a focus'?
distance of ( f= %} (89) and vertex'? [1,0], based on the scalar parabola'? equation (89) that
the magnitude pair [X(¢),Y(¢)] (88) - (89) obeys.

Considering the new Circular Orbital Model for moving bodies in the Universe asserted in
the book “Everyhing Is A Circle: A New Model For Orbits Of Bodies In The Universe”, the

parabolic'® escape trajectories that moving objects follow while moving away from Earth or
other bodies asserting a gravitational pull could possibly be explained with this d ((,15) (87)
pattern obeying (88) - (89), as these objects are originally moving together around the same
individual circular orbit of the pulling body, and the parabolic'® escape trajectory is based on

a shift of Z(¢) (86) vector between their centers of revolution, with some cancellation of the

dependance of escaping object from original trajectory of the pulling body.

CONCLUSIONS

The main result presented in this Article is that the vector distance between two points on two
respective circles in multiple number of dimensions can equivalently be mathematically
expressed and interpreted as the distance of points on a virtual vector ellipse from another
fixed or moving point. This result is mathematically valid even when the phase difference of
the two points on their respective circles is a variable function of time. The conditions for the
special cases of parabola and hyperbola are also investigated and demonstrated. Alongside

this mathematical derivation and proof, concepts of “vector ellipse”, “vector hyperbola”, and

“vector parabola” are also introduced and mathematically defined.
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