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ABSTRACT The magnetic polarization tensor has a promising capability of determining the geometry and
material properties of metallic samples. In this paper, a novel computation method is proposed to estimate
the magnetic polarization tensors for the metallic samples using the boundary element method. In this method,
the metallic sample is placed in a uniformly distributed magnetic field. Based on assumptions that the
excitation frequency and/or the conductivity of the sample is very high, the metallic sample is regarded as a
perfect electrical conductor (PEC). Therefore, the scattered field at a certain distance can be simulated. By
utilising the boundary element method, the magnetic polarization tensor can be derived from the simulated
scattered field. The theoretical calculation is presented and simulations and experiments have been carried
out to validate the proposed method. The results from the simulation are matched with the analytical solution
for the case of sphere samples. Moreover, there is a good agreement between the simulation results and the
experimental results for the copper cylindrical samples.
INDEX TERMS Boundary element method (BEM), magnetic polarization tensor, magnetic induction, dipole
approximation.
I. INTRODUCTION

Non-destructive testing (NDT) raises an exciting possibility
and is widely applied in many industrial fields including
aerospace, rail transit and pipeline testing [1-10]. In recent
years, researches have been dedicated in utilising NDT
method for the purpose of metal detection. It contains various
category methods which are frequently used with many
applications, i.e., acoustic emission (AE) [11-12], ultrasonic
testing (UT) [13-14] and eddy current testing (ECT) [15-16].
As a non-contact method, the magnetic field would be
disturbed by the presence of the metal sample. Taking the
advantage of this principle, it can monitor the presence of
metal for food quality assessment and landmine clearance in
real time. Compared with the x-ray inspection system using
eddy current coil, Bick et.al proposed the metal detector of
using the HTS SQUID magnetometer to detect the stainlesssteel particles with higher sensitivity [17]. It shows that the
proposed system was highly sensitive compared with
conventional coil system under the condition of premagnetization. The limit of the system is that it can detect the

SS316 hypodermic needle piece with the length of 0.5 mm and
a diameter of 650 μm and a weight of around 0.6 mg. A digital
procession algorithm using dual channels was proposed by Bai
et al. to distinguish the metal and the product [18]. The design
of sensor detector to cancel the coupling between the coils and
balance the background field gives good performance in
differentiating the landmine in mineralized soil [19-20].
However, it is still a challenge for researchers to classify the
harmful metal object from a range of metal objects. Therefore,
the magnetic polarization tensor, as a material characteristic
parameter, plays an essential role in determining the metal
samples.
When the magnetic field is given, the magnetic polarization
tensor describes the variation of the magnetic field due to the
existence of the metal sample, which contains distinctive
information related to the shape, size, material of the tested
sample and orientation of the given field. With the support of
this parameter, the tested sample can be accurately detected
and evaluated from various metallic samples. A range of
mathematical formulations have been proposed and used to
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calculate magnetic polarization tensor for the purpose of metal
detection. Khairuddin et al. proved the first order polarization
tensor of the spheroids and ellipsoids can be used to classify
different conductivities of spheroid/ellipsoid samples [21-22].
Khairuddin et al. using the hp-FEM method to calculate the
polarization tensor of the sample. It is found that, for the threat
and non-threat objects, there is a potential to use the
normalised eigenvalues for real and imaginary parts of the
polarization tensor to classify the objects [23]. Dekdouk et al.
proposed a linear relationship between the dipole moment and
the magnetic polarization tensor, and then the tensor can be
reconstructed. Based on this model, the error of the calculated
tensor is within 12% compared with the correct tensor [24].
An in-line scanning method by using rotation measurements
is proposed to calculate the tensor with singular value
decomposition method and regularized Gauss Newton
method, and for the overdetermined system, it faces less
impact on the determination of the inverse method [25].
In order to reconstruct the magnetic polarization tensor
from the unknown field, a novel inversion method to estimate
the magnetic polarization tensor for the metal sample is
proposed. In this paper, the boundary element method is used
and the metallic sample is assumed to be a perfect electrical
conductor (PEC) due to the high excitation frequency / high
conductivity of the metallic sample. A uniform magnetic field
is generated to the PEC. Based on these settings, it is able to
obtain the scattered field at a certain distance from the
simulations with the aid of the boundary element method.
Then the magnetic polarization tensor can be derived from the
simulation field. The mathematical calculation and
simulations of the scattered field are presented. The simulation
results are compared with the analytical solution for the sphere
case and there is a good agreement between the simulation
results and the experimental results for the cases of cylindrical
samples.
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The test sample is placed in the free space, it is assumed that
the magnetic field in the free space confirms to the quasi-static
field. In the free space, the magnetic field, 𝑯𝑎 , is accorded
with Ampere’s law and Gauss’s magnetic divergence law,
which gives
𝛻 × 𝑯𝒂 = 0
(2)
𝛻 ⋅ 𝜇0 𝑯𝒂 = 0
(3)
It can be noted that the magnetic field is non-rotational in
the free space. Because of this fact, the magnetic field in the
free space can be described by the magnetic scalar potential
𝜆𝑎 , which satisfies the Laplace equation shown in equation (4)
and it should meet the condition shown in equation (5).
𝛻 2 𝜆𝑎 = 0
(4)
(𝛻 2 + 𝑛12 )𝑝1 (𝒓, 𝒓′ ) = −𝛿(𝒓 − 𝒓′)
(5)
Assume that the magnetic scalar potential in the region 1
and region 2 (metal conductor and the free space) is defined as
(𝛻 2 + 𝑛12 )𝜆1 (𝒓) = 𝑞(𝒓)
(6)
(𝛻 2 + +𝑛22 )𝜆2 (r) = 0
(7)
Where: 𝑝1 is a predefined function where the magnetic scaler
potential should be under this condition. 𝑛1 and 𝑛2 are the
parameters to satisfy the green’s equation presented in
equation (5).
Combine equation (5) and equation (6) by multiplying
𝑝1 (𝒓, 𝒓′ ) and 𝜆1 (𝒓) respectively, the equation turns to
−(𝛻 2 + 𝑛12 )𝑝1 (𝒓, 𝒓′ )𝜆1 (𝒓) + (𝛻 2 + 𝑛12 )𝜆1 (𝒓)𝑝1 (𝒓, 𝒓′ ) =
𝛿(𝒓 − 𝒓′ )𝜆1 (𝒓) + 𝑞(𝒓)𝑝1 (𝒓, 𝒓′ )
(8)
Integrate the equation over region 1 (𝑉1 ), which gives
𝜆0 (𝒓′ ) = ∫𝑆+𝑆 𝑑𝑆𝑛̂ · [𝑝1 (𝒓, 𝒓′ )∇𝜆1 (𝒓) −
𝑖𝑛𝑓

𝜆1 (𝒓)𝛻𝑝1 (𝒓, 𝒓′ )] + 𝜆1 (𝒓′ ), 𝒓′𝜖𝑉1
(9)
Substitute 𝑟 and 𝑟 ′ with 𝑟 ′ and 𝑟 respectively, which
equals
𝜆1 (𝒓) = 𝜆0 (𝒓) − ∫𝑆 𝑑𝑆𝑛 · [𝑝1 (𝒓, 𝒓′ )∇𝜆1 (𝒓′ ) −
𝜆1 (𝒓′ )𝛻𝑝1 (𝒓, 𝒓′ )], 𝒓𝜖𝑉1 , 𝒓′ 𝜖𝑉2
(10)
Therefore, from the above deviations, the Laplace equation
can be written as a boundary integral equation, express as
𝜕𝑝

𝜕𝜆 (𝑟 ′ )

Boundary element method is a universal analysis method to
simulate the unknown electromagnetic field. It reduces the
computation burden where a three-dimensional problem is
turned to a two-dimensional problem to obtain the solution.
Besides, the test sample is a metallic non-magnetic object with
high conductive. According to the skin depth equation shown
in equation (1), when the excitation frequency is very high, the
eddy current is mainly concentrated in the surface of the
conductor and hardly goes deeper in the conductor. Due to its
characteristic, the conductor sample is regarded as a perfect
electrical conductor with no resistance.
1
𝛿=
(1)

𝑐𝜆𝑎 (𝑟) + ∫𝛤 [𝜆𝑎 (𝑟 ′ ) + 𝑝 𝑎 ] 𝑑𝛤 = 𝜆0 (𝑟)
(11)
𝜕𝑛
𝜕𝑛
Where: c is a parameter related to the measurement position
and 𝛤 is the surface of the test sample with the unit normal
vector 𝑛 positive inwards, 𝜆0 (𝑟) is the magnetic scalar
potential produced by the primary magnetic field, 𝑟 and 𝑟 ′ are
the measurement position and the source position of the
magnetic field respectively.
Since the test sample is a PEC, the magnetic field in the
sample can be ignored and the magnetic field should be
continuous between the surface of the test sample and the air,
therefore the boundary condition should be met with the
following equations,
𝑯𝒂 |𝒏𝒐𝒓𝒎𝒂𝒍 = 𝜇𝑟 𝑯𝒄 |𝒏𝒐𝒓𝒎𝒂𝒍 = 0
(12)
𝜕𝜆𝑎
=0
(13)
𝜕𝒏
Combine equations (11) – (13), the magnetic scalar
potential can be expressed as

Where: f is the excitation frequency, 𝜇0 is the permeability of
the air, 𝜇𝑟 is the relative permeability of the test sample and 𝜎
is the conductivity of the test sample.

𝑐𝜆𝑎 (𝒓) + ∫𝛤 [𝜆𝑎 (𝒓′ )
] 𝑑𝛤 = 𝜆0 (𝒓)
(14)
𝜕𝒏
Where: c is defined as 0.5 since the measurement position is
fixed in the paper.

II. Mathematical calculation of the tensor based on
boundary element analysis
A. The scattered field based on the PEC assumption

√𝜋𝑓𝜇0 𝜇𝑟 𝜎

𝜕𝑝(𝒓,𝒓′ )
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Then, to simplify the whole system, it can be approximated
as a linear system
𝑖
𝑖
∑𝑁
(15)
𝑗=1 𝐴𝑖𝑗 𝜆𝑎 (𝑟𝑗 ) = 𝜆0 (𝑟𝑖 ) 𝑖, 𝑗 = 1,2, … , 𝑁
Where: N is the point number from the discretization of the
surface of the test sample.
Consequently, the magnetic scalar potential on the surface
of the test sample can be obtained by solving the solution from
equation (15).
After obtaining the potential value of the sample surface,
the magnetic field in the free space can also be calculated by
utilising equation (14) and can be expressed as
𝑯𝑎 (𝑟) = 𝑯0 + 𝑯𝑠 = 𝑯0 + ∑𝑁
𝑖=1 (∫𝛤 ′

𝜕(𝛻𝑝(𝒓,𝒓′ ))
𝜕𝒏

𝑑𝛤 ′ ) 𝜆𝑖𝑎 |𝑐

(16)
Where: 𝑯0 is the primary magnetic field, 𝑯𝑠 is the scattered
magnetic field, and 𝜆𝑖𝑎 |𝑐 is the magnetic scalar potential on the
surface of the test sample.
B. Relationship between the tensor and the scattered
field

Once the magnetic field at a certain distance is obtained, the
tensor of the test sample can be deduced. The magnetic
polarization tensor is a 3 by 3 matrix, denoted as 𝑀, and the
magnetic dipole moment, denoted as 𝒎, is determined by the
tensor and the magnetic field produced by the excitation coil,
shown in following equations.
𝑀𝑥𝑥 𝑀𝑥𝑦 𝑀𝑥𝑧
𝑀
𝑀 = ( 𝑦𝑥 𝑀𝑦𝑦 𝑀𝑦𝑧 )
(17)
𝑀𝑧𝑥 𝑀𝑧𝑦 𝑀𝑧𝑧
𝒎 = 𝑀 ⋅ 𝑯𝒆
(18)
Here 𝑯𝒆 is the incident magnetic field produced by the
excitation coil at the test position. When the current is injected
into the excitation coil with the magnitude of 𝐼𝑒 , the voltage
detected by the receiving coil can be given as
𝑖2𝜋𝑓𝜇0
𝑖2𝜋𝑓𝜇0
𝑉𝑟𝑥 = (
) 𝑯𝒓 ⋅ 𝒎 = (
) (𝑯𝒓 ⋅ 𝑀 ⋅ 𝑯𝒆 )
(19)
𝐼𝑒

𝐼𝑒

Where: 𝑯𝒓 is the incident magnetic field at the test position
produced by the receiving coil with the injected current
magnitude of 𝐼𝑒 .
It can be found that the magnetic field at the test sample is
𝜋𝑅𝑒 2 𝐼𝑒 𝑧⃗ when the receiving coil satisfies the following
conditions:
a) The coil should be small and its radius is 𝑅𝑒 .
b) It should be located on the Z-axis and parallel to the Zaxis.
c) The distance between the coil and the centre of the test
−1
sample is ( 3√2𝜋) .
Hence, apply the uniform magnetic field on the Z-axis and
substitute 𝑯𝒓 with 𝜋𝑅𝑒 2 𝐼𝑒 𝑧⃗, the received voltage equals
𝑖2𝜋𝑓𝜇0
𝑉𝑟𝑥 =
𝜋𝑅𝑒 2 𝐼𝑒 M𝑯𝒆 = 𝑖2𝜋𝑓𝜇0 𝜋𝑅𝑒 2 𝑀𝑧𝑧
(20)
𝐼𝑒

Besides, from Faraday’s Law, the received voltage can also
be calculated as
𝑉𝑟𝑥 = 𝑖2𝜋𝑓𝜇0 𝜋𝑅𝑒 2 𝑯𝒔𝒛
(21)
Combining equation (20) and equation (21), it can be
noticed that 𝑀𝑧𝑧 of the tensor is equal to the z-component of
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the scattered magnetic field. Besides, from the similar
deviations, 𝑀𝑥𝑥 and 𝑀𝑦𝑦 also have this property, which can
be obtained by the x and y components of the scatted magnetic
field respectively.
C. The scattered field based on the dipole
approximation

Based on the assumption that the conductor is regarded as a
magnetic dipole, the tensor then can be derived from the
calculated scattered magnetic field. Considering a dipole, the
dipole moment is presented as
𝒎 = 𝑚𝑧⃗
(22)
Then for the test cylindrical sample is placed at a certain
distance with the value of 𝑟, the magnetic potential of the
dipole is given in spherical coordinates,
𝒎×𝑟⃗
𝑚𝑠𝑖𝑛 𝜃
𝑨𝒅𝒊𝒑𝒐𝒍𝒆 = 2 = 2 𝜙⃗⃗
(23)
𝑟

𝑟

⃗𝜃⃗ 𝜕
𝑟⃗
𝜕
𝑠𝑖𝑛 𝜃 𝐴𝜑 −
𝑟 𝐴𝜑 =
𝑟 𝑠𝑖𝑛 𝜃 𝜕𝜃
𝑟 𝜕𝑟
𝑚𝑟⃗
𝑚𝑟
⃗
𝜕
𝑚
𝑠𝑖𝑛
𝜃
⃗
⃗
𝜕
1
𝜃
𝑠𝑖𝑛2 𝜃 −
= 3
2 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 +
𝑟 3 𝑠𝑖𝑛 𝜃 𝜕𝜃
𝑟
𝜕𝑟 𝑟
𝑟 𝑠𝑖𝑛 𝜃
𝑚 𝑠𝑖𝑛 𝜃𝜃
⃗⃗
1
2𝑚 𝑐𝑜𝑠 𝜃
𝑚 𝑠𝑖𝑛 𝜃
=
𝑟⃗ + 3 𝜃⃗ = 3 [(3𝑚 ∙ 𝑟⃗)𝑟⃗ − 𝑚] (24)
𝑟3
𝑟3
𝑟
𝑟

𝑩𝒅𝒊𝒑𝒐𝒍𝒆 = 𝛻 × 𝑨𝒅𝒊𝒑𝒐𝒍𝒆 =

It can be seen from equation (24) that there is a reversed
relationship between the scattered magnetic field due to the
magnetic dipole and the distance between them. The scattered
magnetic field attenuates as the distance increase. From this
relationship, it can be used to assess the effect due to the size
of the sample.
III. Tensor reconstruction for cylindrical metals
A. Models

In the simulation, the sample setup is shown in Fig. 1(a). As
listed in Table I, the centre of the cylinder is placed on the
origin of the coordinate system with the diameter of 5 mm and
the height of 10 mm, 15 mm and 20 mm respectively. The
height of the cylinder is parallel to the Z-axis. The cylinder is
assumed to be a PEC and a uniform magnetic field with the
magnitude of 𝑯𝟎 is generated to the cylinder along the Z-axis.
Besides, Fig. 1(b) shows the rotation direction of the cylinder.
It rotates clockwise along the x-axis from 0 to 360o with an
increment of 5o for each rotation. In practical measurement,
the measurement setup is shown in Fig. 2. The material of the
conductor is copper with a conductivity of 59 MS/m. The
−1
receiving coil is placed at a distance of ( 3√2𝜋) . The primary
magnetic field is generated by an excitation coil placed far
away to the test sample. In this case, the magnetic field in the
vicinity of the cylinder can be assumed to be uniformly
distributed.
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(a)

Figure 2. Measurement setup

B. Test of the dipole approximation

TABLE I
CYLINDRICAL SAMPLE PARAMETERS
Diameter of the cylinder 𝑑
Length of the cylinder l
Sample material

5 mm
10 mm
15 mm
20 mm
Copper

-7

x 10
1.4

1.2

1

H field * r3

(b)
Figure 1. Numerical experimental setup (a) Cylinder dimension (b)
Cylinder rotation

From the calculation, considering the dipole approximation,
the strength of the scattered field attenuates with the increase
of the distance between the test sample and the receiving coil
and the product of them should be remain constant according
to equation (24). When a small sample is placed 1 m away
from the receiving coil shown in Fig. 3 (a), it can be seen that
the product of the scattered field and the distance between the
test sample and the receiving coil stays stable which equals
𝐻𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑑 × 𝑟 3 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
(25)
Consequently, for this case, the test sample can be assumed
as a magnetic dipole. However, for the case that closely places
the coil and the sample (i.e., the distance is 0.1 m), as can be
seen from Fig. 3(b), there is an error of 8% of the product.
Moreover, a larger test sample is also used in the
measurement. Fig. 3(c) shows the results of the product when
a larger test sample is placed 1 m away from the receiving coil.
Compared with Fig. 3(a), it can be concluded that the size of
the test sample seldomly influence the scattered field. The
scattered field is mainly influenced by the distance of the
placement.

0.8

0.6

0.4

0.2

0
0.9

0.95

1
1.05
distance (m)

(a)

1.1

1.15
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-7

1.4

x 10

1.2

H field * r3

1

0.8

0.6

0.4

0.2

Figure 4. The magnetic field on Z-axis under different rotation angle
0
0.1

0.11

0.12

0.13

0.14
0.15
distance (m)

0.16

0.17

0.18

0.19

(b)
-4

1.4

x 10

1.2

H field * r3

1

0.8

0.6

0.4

Figure 5. The magnetic polarization of the copper cylindrical sample

0.2

under different rotation angle
0
0.9

0.95

1

1.05
distance (m)

1.1

1.15

(c)
Figure 3. The product of the scattered field and the distance between the
test sample and the receiving coil (a) a small test sample 1 m away from
the receiving coil (b) a small test sample 0.1 m away from the receiving
coil (c) a large test sample 1 m away from the receiving coil

C. Tensor reconstruction

As mentioned in mathematical calculation, the tensor can be
obtained when the receiving coil is placed at the distance of
3
(√2𝜋)−1 with the radius of 𝑅𝑒 . Referred to [26], when the
sample is a sphere, the magnitude of the magnetic polarization
tensor can be calculated by 2𝜋𝑟 3 𝐼 . Compared with the
analytical solution, there is only an error of 0.2% obtained
from our BEM solver.
Figure 4 presents the magnetic field on the z-axis under
various rotation angle from 0o to 360o. It can be seen that, for
different diameters and lengths of the cylindrical sample, the
trend of the magnetic field is the same and it changes
periodically with the rotation angle. The period of the change
of the magnetic field is 180o. The magnetic field reaches
maximum when the cylinder is vertical to the Z-axis while it
reaches minimum when the cylinder is parallel to the Z-axis.
As shown in Fig. 5, the magnetic polarization tensor of three
different size of the copper cylinder can be measured under a
range of the rotation angle at the frequency of 100 kHz. It can
be seen that there is a good agreement for both simulations and
measurements.

IV. Conclusions

In this paper, a reconstruction of the magnetic polarization
tensor for cylindrical samples using the boundary element
method is proposed. In this method, the excitation frequency
is assumed to be high and the cylindrical metal is assumed as
a PEC with high conductivity. Based on the dipole
assumption, the magnetic tensor of the test sample can be
estimated by using the relationship between the tensor and the
scatted field. It is found that the scattered field is related to the
distance of the receiving coil and the sample and, for the case
that distance between them is large, the effect of the sample
size is negligible. From the results from both the
measurements, there is a good agreement between the
simulation results of a PEC and the experimental results for
the copper cylinders. From the results of the magnetic tensor,
there is a potential to estimate the orientation of the cylinder
by formulas.
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