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Abstract

The aim of this paper is to bring together quaternions and generalized complex numbers. Generalized
quaternions with generalized complex number components are expressed and their algebraic structures are
examined. Several matrix representations and computational results are introduced. As a crucial part,
alternative approach for generalized quaternion matrix with elliptic number entries are developed.
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1 Introduction

Hamilton introduced the Hamiltonian quaternions for representing vectors in the space, . The real
quaternion is written as ¢ = ag + a1i + asj + ask, where ag,a1,a2,a3 € R are components and i,j,k ¢ R
are versors, . The set of real quaternions, as an extension of complex numbers, is an associative but
non-commutative Clifford algebra and used in many fields in applied mathematics. The associative quaternions
will be divided into two classes: in the first class there are the non-commutative quaternions (Hamiltonian,
hyperbolic, split quaternions, generalized quaternions etc.), in the second class there
are the commutative quaternions (generalized Segre quaternions , dual quaternions etc.).
The algebra of generalized quaternions as non-commutative system, denoted by Q, g, includes a variety of
well-known four-dimensional algebras as special cases. Conditions of the versors for them are given by:

i? = —a, j2 = -p, k? = —ap, (1)
ij=—ji=k, jk=-kj=pi, ki=-ik=aqaj,
where «, 8 € R. For @« = = 1 Hamiltonian quaternions, for a = 1, 5 = —1 split quaternions, for a = 1,5 =0
semi quaternions, for « = —1, 8 = 0 split-semi quaternions, and for & = § = 0 quasi quaternions are obtained.

Additionally, the general bidimensional hypercomplex systems (namely generalized complex numbers (GCN))

over the field of real numbers R is given by the ring ( [10H12}[30,[49]):

= {Z:$1+$211 I2:ICI+P7 P,q,%1, T2 €R7[¢R}v

where h(X) = X2 — gX — p is monic quadratic. By denoting this set with Cq,p it is well known that the sign of
A = g2 + 4p determines the properties of the general bidimensional systems. These systems are ring isomorphic
with one of the following three types:

e for A > 0 hyperbolic system; the canonical system is the system of hyperbolic (double, split complex,
perplex) numbers HH = Cy; with p =1, g =0,
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o for A < 0 elliptic system; the canonical system is the system of complex (ordinary) numbers C = Cy _;

with p = —1, ¢ =0, [50],

o for A = 0 parabolic system; the canonical system is the system of dual numbers D = Cy ¢ with p = 0,
q =0, 4247].

Regarding to the value D = 27 = (21 +21)(21 — 221) = 21? — p22? + g1 22, Which is called the characteristic
determinant, z € Cg , are classified into three types, [10]. Hence z € Cg, is called timelike, spacelike or null
where D < 0, D > 0 and D = 0, respectively. Then all of the elements of the set Cy _; are spacelike. For q =0,
I? = p € R, the generalized complex number system is denoted by C, and called p-complex plane [30].

In this paper, we aim to design generalized quaternions by taking the components as elements of C, ,.
Moreover, the algebraic structures and properties of these quaternions are investigated and several types of
matrix representations are introduced. Also alternative approach for generalized quaternion matrix with elliptic
number entries are developed as a further results.

2 Generalized Quaternions with GCAN Components

In this section, we present mathematical formulations of  improved quaternions:
generalized quaternions with GCN and examine special matrix correspondences.

Definition 1. For o, 8 € R, the set of generalized quaternions with GCN' components are denoted by @a”@ and
the elements of this set are defined as in the form:

q = ap + aii+ azj + ask,
where ag,a1,a2,a3 € Cqp and i,j,k ¢ R are versors that satisfy the properties in equation .

Axiomatically, the generalized complex unit I commutes with the three quaternion versors i, j and k, that is
il = Ii, jI = Ij and kI = Ik. It is obvious that for ¢ = 0,p = —1,a = 1, usual complex operator distinct from
quaternion versor i. B

Throughout this section, ¢ = ap + a1i + asj + ask and p = by + bii + b2j + bsk € Q, g are considered.
Due to the generalized quaternions with GCA components are an extension of generalized quaternions, many
properties of them are familiar. For any ¢ € Q, g, S5 = ap is the scalar part and Vy = a;i + agj + azk is the
vector part. Equality of two improved quaternions is as follows: p=¢q & Sy =S5 Vy=V; Addition (and
hence subtraction) of ¢ to another quaternion p acts in a componentwise way:

g+p =(ap+bo)+ (a1 +b1)i+ (az+b2)j+ (az+0b3)k
=S5+ 5+ V5 + V3
The scalar multiplication of ¢ with a scalar gives another improved quaternion
cq = cag+ cari+ casj + cask
=cS5+cVz, ceCyy.
Multiplication of the two quaternions is carried out as follows:
qp = (apbo — aa1by — Basby — afazbs) + (aghr + a1by + Bazbs — Basbe) i

+ ((10()2 — aa1bs + asbg + aa3b1)j + (a0b3 + a1by — asby + a3b0) k
= 5555 — (Vg V)g + SqVi + SpVa + Vi x4 Vg

(see generalized inner and cross products in [31]). The conjugate of ¢ is the quaternion
q = ap — a1i — agj — ask = S7 — V3. The norm of q is

~112 ~=] =~
a1 = 3| = [7d = |af + aa? + 503 + aBad]

and the inverse is

@ "= ﬁ for 7)1 # 0.
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Proposition 1. @aﬁ is a 4-dimensional module over Cq , with base {1,1,j,k} and is an 8-dimensional vector
space over R with base {1,1,1,11,j, Ij, k, Ik}.

Proposition 2. For any q,p € éa,ﬂ and c1,co € R, the conjugate and norm hold following properties:

=q

2l

1.

ii. c1p + c2q = c1D + 24,

iti. pq=qp,
w. ||eiqll = |es] ||l

v llgpll = llglllipll,

Definition 2. For any q,p € éa,g, the scalar and vector products on éa,,@ are, respectively, defined by:

(@0, =535+ (Vg V5>g= aoby + avarby + Pazby + afasbs = S5,
qxgp = SgVi+ S5Vq— Vx4V = Vip

where a, 8 € RY and (, >g is a generalized scalar product.

Remark 1. As an another perspective to q € éa’lg, the following can be calculated:

q =ag+aii+ asj+ ask
= (zo1 + zo2l) + (z11 + z120) i+ (z21 + @22l) j+ (z31 + 2320) k (2)
=qo+ql,

where a; = x5+ x40l € Cqp, gj—1 = Toj +x1ji+225j+ 235k € Qop for0 <1< 3,1 <5 <2, So, for q=q+ql
and p=po +p1l € Qq g, the generalized scalar product is also defined by as follows:

<§aﬁ>g = S(Zoﬁo +pSQ151 + (S‘JOE + S‘hﬁo + qSQl?l)I'

It is worthy to note that Qg g is a 2-dimensional module over Qu g (skew-field) with base {1,1}. For § = qo+q 1
and p = po + p1l, if p=q, then po = qo, pr = q1. Also p+q = (po + qo) + (p1 + q1) I,

qp = (qopo + pq1p1) + (qop1 + q1po + 9qip1) I,

and ¢ = cqo + cqi I, ¢ € R. The conjugate and anti conjugate are ¢+ = qo + qq1 — 1 and ¢z = q1 — qol,
respectively. Moduli is ||c7||?1 =Gq"r and the inverse is ((7)_1 = ;;11 for qq" # 0. Additionally, the followings

hold for q,p € éaﬁ and cy,co € R:

i ()" =7, vi. (7)1 =gh ph,
.. t ~ .. -~ -~
i. (gt2)" =g, vii. |ledlly, = lenl 1lly,

il (1§ % e2p)" = e1f’ & o™ viii. ply, = 1l 151,
Clai chTQ = CIZ]_I.2 + Cop'2, aH Il
-

- (
v. ¢+q" =2q0 +qq1, e Hﬁ

w
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2.1 Matrix Correspondences

ag + ask a1i+ asj

For g € Qap, L:Qap =R, L(Q) = [ ai+asj ao+ask

] is a linear transformation, where

R = {AgGMz(éaﬁ) . Aq~: |: a0+a3k a1i+a2j :|}

a1i+asj ag+ ask

is a subset of Mg(éa,g). So there exists a correspondence between @aﬁ and R via the map £. Hence, 2 x 2
quaternionic matrix representation of ¢ is Ajz.

Theorem 1. Every generalized quaternion with GCN' components can be represented by a 2 x 2 quaternionic
matriz. Qo p s the subset of Ma(Qq 8)-

Corollary 1. L can be determined as the following representation:

L(ag + a1i+ aoj + ask) = aglz + a1l + a2J + asK, (3)
where N
10 i 10 _ 0
=5l e k)
Thus
|2 == —alg, J2 = —ﬁ[g, K2 = —aﬁlg

= —JI=K, JK=-KJ=-8l, Kl=—IK=aJ.
Theorem 2. For q,p € éa,g and A € R, then the following identities hold:
i ¢=p e Az = A,
ii. Apry = Az + Ap,
iii. Agy = Az A,
w. Ayg = AAg.
For § € Qu.4, denote K as a subset of M(C, ) given by:

ap —aar —Bas —oaBas

ay ag —pas az
K :={ BLe My(Cqp) : Bt = B b
4 ’ 4 as Qasg agp —aaq
as —a9 aq ap

ap —aay —Bas —aBas

~ ar  a  —Pag  Pas
d define th : — =
and define the map N : Q, 3 — K, N (q) 4y Qa3 ao —aay
as —az ay ap

There exists a correspondence between éa, 3 and K via the map N. Bé is the 4 x 4 left generalized complex
matrix representation of § according to the standard basis {1,1, j, k}.

4 x 4 right generalized complex matrix representation of ¢ can be calculated similarlyﬂ Throughout this
paper Bé will be considered.

Theorem 3. Every generalized quaternion with GCN components can be represented by a 4 x 4 generalized
complex matriz. Qq p is the subset of Ma(Cqp).

14 x 4 right generalized complex matrix representation of ¢ is:

ap —aa; —faz —afas

gr—| @ a0 Baz  —Paz
q a2 —oas aop aal
as a2 —ai ag
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Corollary 2. Considering the basis {1,1,j,k}, the column matriz representation of p € éaﬁ is given by:
p=1[bo b1 by b3 ]T

By using Bg, the multiplication of q,p € @a,g can also be written by: qp = ijﬁ.

Theorem 4. Let g € éawg. Bé? can be determined as:

Bév = aoly + a1 + asJ 4+ asK,

where
0 —a 0 0 0 0 —-p 0 00 0 -—-ap
|11 0 0 O 10 0 0 g |0 0 -pB 0
= 0 0 0 —« = 1 0 0 0 K= 0 a O 0
0 0 1 0 0O -1 0 O 1 0 O 0

Undoubtedly, 1,J, K satisfy the generalized quaternion versors conditions in equation (1).

Theorem 5. Let g € éaﬁ. Then, we have
oBflja = Bév*,

where o = diag(1,1,—1,—1) and ¢* = ag + a1i — asj — ask € @aﬁ.
Theorem 6. Let g,p € Qva’g and A € R, the following properties are satisfied:
i. q~:ﬁ<:>Bf7:Bé,
ii. By, 5= B+ B,
iii. Bz = \(Bjg),
. Bk = BLBL,
v. det(BY) = (a3 + aa? + a3 + afa3)” = ]|",
Vi tr(Bé) =455
Theorem 7. Let g € éaﬁ and g~ be inverse of q. Then,

¥Bl:.
,/det(BfT) I

For g =qo+ q11 € éa@ denote T as a subset of Ma(Q,s) given by:

8371 ==

T .= {Dae Ms(Qap) : Dy = [ Z? qglflq(h }}7

and define the map M : Q5 — T, M(q) = [ 3(1) qoifqul } )

It can be concluded that there exists a correspondence between éa7ﬁ and 7 via the map M. Hence, 2 x 2
generalized complex matrix representation of ¢ with respect to the standard basis {1,I} is the matrix Dj.

Theorem 8. EveryNQCN with generalized quaternion components can be represented by a 2 X 2 generalized
quaternion matriz. Qq g is the subset of Ma(Qug)-

By using Dy and p = [ Po  P1 ]T, we have: ¢gp = Dgp. Moreover, Dy is also in the form Dy = golz + qil,

where | = { (1) P } is the representation of I. It should be noted that there are many ways to choose I, for

. 191 .
instance: | = [ b 0 ] (see in )


https://doi.org/10.20944/preprints202104.0519.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 April 2021 d0i:10.20944/preprints202104.0519.v1

Theorem 9. For any ¢ = qo+ q1I and p =py + p1l € @a’g and A € R, the following properties are satisfied:
i. §=p < Dy =Dj,
ii. Dy = Dk + Dy,
iti. Dag = M(D7),
iv. Dgp = Dz Dy,
v. det(Dz) = ¢¢ + qq190 — pgi , where the notation det represents the determinant of the quaternion matriz. El
Definition 3. Let g =qo + q11 € @aﬁ. The vector representation of q is defined as
= L L 4T
CIZ[QO th] :[3}3},
where qj—1 = xoj + 151 + x2;j + T3k € Qo g and
Gj1 = (205,315,025, w35) = [w0; @1 way w3s)"
are vectors (matrices) for 1 < j < 2.

Theorem 10. Let g =qo + q11 € @a’g. Then

. = 2 I, qly
=gt =
i. Xq=q", where X [ 0 -1, ] € Ms(R).
1. yé’: (7?2, where Y = 0 I € Ms(R).
-1, 0
. . . _ _ Zi1 P2 1
By applying the isomorphism TI'(z;1 + x40]) = to Bz  where

Tiz  Ti1l + T2
xi1 + xiol € Cqp, for 0 < ¢ < 3, the left real matrix representation of ¢ (see in ) with respect to the
base {1, 1,1, Ii,j, Ij, k, Ik} is given by:

o1 Pxo2 —ari —QpT12 —Br2a1 —Bpr22 —afBrs3 —afprsy
o2 To1 +qroe —axiz —a(xi +qrie) —Bree —f (T2 +qre) —afrsy —af(r31 + qrs)
T11 Pxi2 Zo1 Pxo2 Br3; Bprsa —Br21 —pBras
cL— | P12 Tutariz  Top To1 + qTo2 Brsz  B(ws1+quse)  —Praz —B (w2 + qa22)
a T21 Px22 azrsy paxs2 o1 Pxo2 —QTi —pari
Toz T21 +(T22 Q32 a(xs31 + qrsz) 02 o1 + qTo2 —aryz  —o(r + qri2)
31 pT32 —T21 —px22 T11 pTi2 To1 PZo2
| T32 31 +qT32 —T22 —T21 — qx22 T12 11 + qT12 To2 Zo1 + o2

So, @aﬁ is the subset of Mg (R).

Example 1. Take g € FQV271 with GCN components for p = —1 and q = 1:

G=1+(-1+Di+Ij+(1+2D)k

Then,
A — 1+ Tk (=14 Di+1j
T (<14 Di+Ij 1+(1+2Dk }
1 -2 -1 —201+2I)
g | 1+1 1 —1-2I I
7= I 2(1+20) 1 —2(=1+1) |’
1421 —I 141 1

2The determinant of an arbitrary 2 x 2 quaternion matrix is defined by det (|: i g :|) = da — cb, .
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(1 0o -2 0 0 1 -2 4
o 1 0 -2 -1 -1 -4 —6
-1 -1 1 0 -1 2 0 -1
ol 1 0 0 1 -2 -3 1 1
q o -1 2 -4 1 o0 2 2 |°
1 1 4 6 0 1 -2 0
1 -2 0 1 -1 -1 1 0
| 2 3 -1 -1 1 0 0 1 |
[ 1-i4+k —i-j-2k
7 i+j+2k 14+j+3k |°
and
1 -2 I 2(1+21)
B 1 —-1+1 1 1+21 —I
' /237 + 511 -1 —2(1+ 2I) 1 —2(—1+1)
—1-2I I —1+1 1

Also, the vector representation of ¢ is computed by:
oo 1 ][00
0 —L (01 1 2
=[1 0130 -1 -1 —2

}T
]T

1"

3 Further Result: An Alternative Matrix Approach

The questions about numbers, hypercomplex numbers and quaternions included questions about their matrices.
Inspired by matrix forms in the study , we give an answer for the question of the alternative representation
of generalized quaternion matrix with elliptic number entries (see elliptic biquaternions in ) So this matrix
is in the form: B

Q= Aols + A1T + Ay J + AsK,

where Ag, A1, As, Az € C, are elliptic numbers for p < 0. The base elements can be defined as follows:
Case 1: For o, 8 € R

a apB
|Vt 0 j:[ 0 \/E’} e | wr !
0 - /eI |’ VB ’ B0 ’
Case 2: Fora € RT, S € R™
o i —af 7]
| vt O j:[ 0 \/—ﬁ} = 0 o !
0 - /@ |’ V=B 0 ] -/ o ’
Case 3: Fora € R™, B € Rt
I—{ 0 /7_0[] S| s IC—_ 0 _I%\BI_
L 0 sl N D ’
[l L [l J
Case 4: For o, € R~
—a af
I 0 i j:[ 0 \/—B] oo | Vet 0
—\/ 78 0 V=8 0 0 -/
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These elements satisfy the following conditions:

72 = —al, IJ =-JI =K
J*=-8L JK=-KJ=p8T
K?=—-apl, KI=-IK=aJ.

Taking into account Case 1, @ is rewritten as

Ao+ /15 TA VBAs + %ﬁmg

—V/BAs + % TAs Ao — /T4
One can see this matrix in Tian’s paper [48] related to biquaternions (complexified quaternion) for « = 8 =1
and p = —1.
The conjugate (same as the adjoint), transpose, the elliptic conjugate, the total conjugate and determinant
@ can be given as follows:

Q =Al— AT~ AT — 4K = AdjQ,
QT = Agls + AiZT — AT + A3K,

~ —=T
QY =Aglh— AT+ AT -AK=Q ,

—C P
Q ’ = Aol + AT — Ay J + A3K = (QC")7

and _
detQ = A2+ aA?+ BAZ + afA2
= A% + A2 detT + A3det J + A3 det K.

For det é # 0 then the inverse of @ is defined by:

~ 1 = 1
- Q= Aoly — AyT — AyT — A3K).
detQQ Ag+aA§+5A§+aﬂA§( 07z 41 2J = AsK)

Similar calculations can be given for other cases. Additionally, the relationships between the above operations
and some properties of generalized quaternion matrices with elliptic number entries can be easily proved so we
omit them. For Ay, A1, As, As € C_1, we refer to |2| under the condition that e = f=1and a =1, = —1.

4 Concluding Remarks

Our paper is motivated by the question: What happens if the components of quaternions become GCN? Based on
this question, we develop the theory of generalized quaternions (non-commutative system) with GCA components
for p,q € R. Also, we investigate the algebraic structures and properties by considering them as a GCA and as a
quaternion. With specific values of o and 3, we obtained different types of quaternions with GCA components
in Section 3. Additionally, we established matrix representations and gave a numerical example. In Section 3, an
alternative approach for generalized quaternion matrix with elliptic number entries are developed.

The crucial part of this paper is that one can reduce the calculations to mentioned types of quaternions
with hyperbolic, elliptic and parabolic number components considering A = q® + 4p (see in Table . As a
natural consequence of this situation, taking into account special conditions, definition of special quaternions
which mentioned in the papers are generalized via Deﬁnition the papers
are generalized from the viewpoint of definition, algebraic properties, relations and matrix representations of
quaternions and finally different matrix forms in the papers [2,40,48| are generalized in Section 3. All of these
situations can be examined in Table 2] For instance, all of the obtained calculations are in agreement with
complex quaternions for a = f=1,q =0,p = —1.

With this unified method, we believe that these results give rise to ease of calculation via mathematical
concordance and in the future studies, we intend to investigate another commutative and non-commutative
quaternions created with GCA' components in this manner. Now, the necessary and sufficient condition
for similarity, co-similarity and semi-similarity for elements of set of the generalized quaternions with GCN
components for p,q € R is an open problem for researchers.
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Table 1: Basic classification regarding components

A =qg?+4p Type of components References

A <O elliptic biquaternion [40,41] (for g = 0)
A=0 parabolic (for g = 0)
A>0 hyperbolic

Table 2: Classification considering components with regard to the value of p,q,a and

Condition a [ Type of components Type of quaternion References
1 1 complex Hamiltonian biquaternion [16,29, 48|
1 -1 complex split [21]
g=0,p=-1 1 0 complex semi [4,9]
-10 complex split semi
0 O complex quasi
1 1 dual Hamiltonian [33,38]
1 -1 dual split [34]
q=0,p=0 1 0 dual semi 18]
-10 dual split semi 32]
0 O dual quasi
1 1 hyperbolic Hamiltonian split biquaternion [6]
1 -1 hyperbolic split [22]
q=0,p=1 1 0 hyperbolic semi
-1 0 hyperbolic split semi [3]
0 O hyperbolic quasi
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