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Abstract

In this article, all graphs G = (V, E, F') under consideration are simple, finite, plane and undirected. The
minimum integer k for which a vertex-edge labelled graph has distinct face weights is called the total face
irregularity strength of the graph and is denoted by tfs(Gy'). We will describe new graph characteristics
namely total (vertex, edge) face irregularity strength of generalized plane grid graphs G} under k—labeling
of type (a, 8,7) and investigate the exact value for the total face irregularity strength of some families of
generalized plane grid graphs. Results are verified by the help of an example.

Keywords: Cartesian product of path graphs, Grid graphs, Total face labeling of type (a, B8,7v), Total face
irregularity strength.

1 Introduction

This complete research is purely based on simple, plane, finite and undirected graphs G = (V, E, F) where
V(G) is the vertex set, E(G) is the edge set and F(G) is the face set of graph G. A mapping that maps graph
elements into positive integers is called graph labeling and these positive integers are called labels. Suppose that
k is a positive integer then a k-labeling of type («, 8,7), where «, 8,7 € {0,1} is a mapping ¢ from the set of
graph elements into the set of positive integers {1,2,3,...,k}. A detail on graph k—labeling can be seen in [1].
If the domain of k-labeling of type («, 8,7) is V(G), E(G), F(G) or V(G) U E(G) then we say this a vertex
k-labeling of type (1,0,0), edge k-labeling of type (0, 1,0), face k-labeling of type (0,0,1) or total k-labeling of type
(1,1,0) respectively. The other possible cases are V(G) U F(G), E(G) U F(G) and V(G) U E(G) U F(G) which
are defined as vertex-face k-labeling of type (1,0, 1), edge-face k-labeling of type (0,1,1) and entire k-labeling of
type (1,1,1) respectively. The trivial case («, 3,v) = (0,0,0) is never allowed [18].

The weight of a vertex is the sum of labels of that vertex itself and the labels of its adjacent edges, the weight of
a graph edge is the sum of label of that edge itself and the labels of its adjacent vertices, the weight of a face is
the sum of labels of that face itself and the labels of its surrounding edges and vertices. In general, the weight
of any face f of a plane graph G under k-labeling ¢ of type (o, 8,7) can be defined as,

Witg o () =a Y é()+ 8> o) +vo(f) (1)
v~ f e~f

In this research, we have worked on total labeling in which we label both, vertices and edges, but the ultimate
focus is always on face weight of the graph. A k-labeling ¢ of type (a, 8,7) of the plane graph G is called face
irreqular k-labeling of type (c, B,7) of the plane graph G, if for every two different faces f # g and f,g € G, we
have

Wit () # Wi 5.,,(9)

In general, for a labelled graph G, the minimum integer k for which the graph G admits a face irregular
k—labeling of type («, 8,7) is called the face irregularity strength of type («, 8,7) of the plane graph G and it
is denoted by fs(,,3,4)(G) and particularly, for a vertex-edge labelled graph, the minimum integer & for which
the graph G admits a face irregular k-labeling of type («, 3,7) is called the total face irregularity strength of
type (a, B,7) of the plane graph G and it is denoted by tfsq,5,,)(G). A deep survey on irregularity strength of
graphs can be seen in [2, 3, 4, 6, 9, 10, 13, 14, 16].

Baca et al. [7], worked on total irregularity strength of graphs, calculated exact values and bounds for different
families of graphs. A detailed concept of face irregular entire labeling as a modification of vertex irregular and
edge irregular total labeling of plane graphs can be seen in [17]. Later, in 2020, Baca et al. investigated face
irregular evaluations of plane graphs and obtained estimations on face irregularity strength of type («a, 3, ~) for
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ladder graphs [18]. This paper, total face irregularity strength of grid graphs under labeling ¢ of type («, 8,7)
is a modification of face irregular evaluations of plane graphs, referred as [18].

In this research, under consideration graphs are grid graphs G]' with n rows and m columns. Grid graphs are
constructed by the graph cartesian products of path graphs, that is, G} = P,410P,, ;. This full article is
based on those graphs where |75 | > m — 2[4 | We will prove the exact value for the total face irregularity
strength under k—labeling ¢ of type («, 8,) of grid graphs.

Theorem 1. [18] Let G = (V, E, F) be a 2—connected plane graph with n; i—sided faces, i > 3. Let a, B,y €
{0,1}, a = min{i : n; # 0} and b = max{i : n; # 0}, np = 1 and ¢ = max{i : n; # 0,i < b}. Then the face
irreqularity strength of type «, B, of the plane graph G is

(a+ﬂ)a+7+|F(G)|—2"
(a+B8)c+~

fs(oc,ﬁ,'y) (G) 2 ’V

Proof. Proof can be seen in [18]. O

2 Main Results

We will obtain total face irregular labelings of type («, 8,7) for a, 8,7 € {0, 1} of grid graphs and the total face
irregularity strength of generalized grid graphs under labeling ¢ of type (a, 8,7). The exact value of ¢t fs (G,
that is calculated from grid graph G under a graph k—labeling of type (1, 1,0) is considered true if the differ-
ences in weights of the horizontal faces is 1 and the differences in weights of the vertical faces is m. Generalized
grid graphs can be written as, G}' = P,,+10P,,+1 and this research is focussed on those particular grid graphs
Gm where |+ | > m — 2| |

The vertex set and the edge set of the grid graph can be defined as follows:

V (Pp10Pmi1) ={v]

3

E(Po1OPi) ={vlvl  :i=1,2,...n, j=1,2....om+1U{olo] T i=1,2,....n+1, j=1,2,...,m}.

i=1,2,...,n+1, j=1,2,... m+1}

The vertices of the grid graph G} for different intervals of ¢ and j can be generalized as

14 | mEL] iz i_1,2,3,...,2wn’11
f(vf): Ealla | = |

—‘ and j=1,2,...,m+1
k, z’:2hm’i1J-‘+1,...,n—|—1andj=1,2,...,m+1
S

The horizontal edges of the grid graph G} can be generalized as

1+ (m—-2[21]) |5, z‘=1,2,3,...,2{m%’1§1ﬂ and j =1,2,...,m

3

k, izQ’rm_ngm—‘+1,...,n—|—1andj:1,2,...,m
The generalized vertical edges of the grid graph G} for different values of ¢ and j are

[1], i:l,?,...,?hmﬁlﬂ—1andj:1,2,...,m—1
3

o 1), i=2 =t |, 2| =2 -‘+1and‘:1,2,3,...,m—1
£ (vivly) = ) [L “J h ] 7
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f (’Ug v1+1

m—2 3J
m 1 k
+1g |z (i-2 moz =] | 1
m 1 k — k _
AR P == Iy A Z—Z{mszlj}rz n-l
=13....,m; m=1(2) or
f('l}j'vj )7 le, ,,m—l—l,mEO(?)
iVit1) = ,
J _ _k
[4]+3 3k+m{m2tmglj-‘
m 1 k
+2] 3 (i-2 ezl
m 1 k _ k
+L7J 5 i — 2 m—Ql_mg—lj -1 , 1= ’7m—2|_m3'f'1j—‘+2’ ’n,1
=2.4,....m+1; m=1(2) or
=24,....m; m=0(2)

The weights of the face f under k—labeling ¢ of type (1,1,0) can be defined as
Wi () =0 () 0 () (o) + 8 (402) 0 (o) w6 () o sl
+o (st
The differences in weights of the horizontal faces can be defined as
Wegano (#7) = Weaano (£) =0 (1) +0 (+772) + 6 (o) + 0 (o117) + 0 (411077
o (o7 10211) o (o1 10012) 0 (2720212) = 0 (1)

—o (o) =0 (vh) — o (vI) — o (w1l ™)
(

JoJ J Jj+1 Jj+1,j+1
- ¢ ”i”i+1) - ¢ (”z+1”z+1) —¢ ('Uz z+1>


https://doi.org/10.20944/preprints202104.0413.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 April 2021 d0i:10.20944/preprints202104.0413.v2

8 (o177) 6 (v12) + 6 (sF101") + 6 (uF10l?)
+0 (o 0llE) — 0 (ul) — 0 (i) 0 (o10")
¢< v; z+1) - ¢< Z+1vf-tll)

Theorem 2. If G7 is a grid graph which is generalized for positive integers, n > 2 rows and m > 2 columns,
with [%’HJ >m — 2 LmTHJ under k—labeling ¢ of type (1,1,0) then the differences in weights of horizontal
faces is 1.

Proof. To prove this theorem, it will be sufficient to show that among all the intervals of labeling, we have
Wig,1,0) (fg“) = Witg1,1,0) (ff) = 1. In order to do this, we will proceed as follows:

k
For i:1,2,3,...,2’7“ —landj=1,2,3,...,m—1

757
Witg1,1,0) (fij+1> — Wtg1,1,0) (ff) =
=0 (s o (i) o (1) o (1) o (o 20)
— ¢ (UD k4 (Uzj+1) o (v UJH) 0] (vaf_H) —¢ ( f+1vf_t11>
=¢ (vf+2vf:12) —¢ (”5”14-1)
_ P”w _ [JW
2 2

=1

Fori:?’r ]-61-1—‘72’7 i -‘+1andj—1,2,3 m—1
5] |75

Wity1,1,0) (fin) = Wits1,1,0) (fzj) B
=0 (") + (ﬁ3+¢(”l”ﬂ+¢(ﬁfﬁﬂ+¢(ﬁ2ﬁa

( ) ( z+1> ( AN ) (vafﬂ) ¢ Z+1Ufi11)
1 ] o) (2t )
I (=2 el

Il
_—_— —
<
w‘—l—
)
—_
|
—
N <.
—_

. k ke . B
For 1—2’7Lm;:1J-‘+2, ’2’Vm—2L§'HJ“ land j=1,2,3,...,m—1

Wt¢(1,1,0) (fz]Jrl) - Wt¢(1,1,0) (fzj) =
=0 (u1") + 0 () + 0 (o 1el"%) 0 (ol1ollY) + 0 (o1 20d1Y)
~o(v1) 0 (v) — o (vii*) — 6 (vded,) — 6 (whrlt))

[ gl oo (D (oo
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+ ¢( J+2) +é (Uj+lvj+2) +é ( Jj:ll ajrrl?) +é (v”%]f)
—¢ (Ui) —¢ (Ug+1) —¢ (vaf“) —¢ (Ug”gﬂ) - ¢ ( j+1”3j:11)

[l (e ) 2o
}dm—fwﬂ M{m;lD”mJ“’“)J ﬁ(”{m_ﬁ;ﬂ“ﬂ
%E[ —ﬁ;lﬂ mﬂm;lD“[MJ“’“ﬂ @(”h—zﬁ?ﬂ“”

|
—

[t ]

and j=2,4,..., m+1;m=112)orj=24,....,m; m=0(2)
Witg1,1,0) ( ) Wig1,1,0) ( j)

= (7% o (oh) 0 (of7017%) o (wtdulf?) 4o (470E)
() o) (i) - () - st
252 (] )

[ (=t
;

+
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Fori:2{m;€w-‘+2 n—1

and j=1,3,....om;m=1(2) orj=1,3,...,m+1; m=0(2)
Witg1,1,0 (fijﬂ) — Wig(1,1,0) (fj)
:qz5<vg+2> +¢(vgi12) ¢( J+1 J+2) +¢< zi_ll fjff) +¢< j+2 fif)

-9 (“i) -9 (”{H) —¢ (”f”i“) ¢ (UZ”fH) -9 ( Z+1UZ:11)
= F;ﬂ +3—3/c+mLﬂ_ﬁ3+1J +|3] B <i—2 {m—?kmw —1)}
I .

k
For i=2|————7-|+2,...,n—1
{m?t;ﬂl

and j=2,4,....m+1;m=1(2) orj=2,4,...,m; m=0(2)
Wtpa,1,0) (fijﬂ) — Wtya,1,0) (fj) =
=0 () 0 (v22) 0 (o0 0 (ohattE) + 0 (72)

=6 (1) =0 (o) o (o1u1™) = o (stula) -6 (el

The weights of the face f under k—labeling ¢ of type (1,1,0) can be defined as
Wt (1) =0 () +0 (") +0 () + 0 (1) +0 (uol) +0 (vld)

6
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46 (vdot ) + 0 (71001
The vertical difference in weights can be defined as
Westa0 () = Whono () = ¢ (vh0) + 0 (vl + 0 (vhha) 0 (012) 0 (i)

+¢ ( z+1”z+2) +¢ ( zﬁ”ijrrzl) +¢ ( 3:11 f:%) ¢ (”f)

o (") o () o (vitt) —o (o)

=0 (vivlin) = (vhavlfl) — o (VI

=¢ (U +2) +¢ (Uii21> +¢ ( z+1vz+2) +¢ ( 1@{)53) +¢ ( ity fi%)

—o(0f) =0 (o) = 0 (oIl ™) — 0 (wlvdy) — 0 (v 0lE)
Theorem 3. If G7 is a grid graph which is generalized for positive integers, n > 2 rows and m > 2 columns,
with LmHJ >m—2 nglj under k—labeling ¢ of type (1,1,0) then the differences in weights of vertical faces
8 m.

Proof. To prove this theorem, it will be sufficient to show that among all the intervals of labeling, we have
Wig,1,0) (fz]+1) = Wtg1,1,0) (fzj) = m. In order to do this, we will proceed as follows:

k
FOI' Z: 1,2,,2 ’V,ml_,’_l-‘ —2, j: 1,2,,777,
|75
Wigi,1,0) (ffH) — Witg1,1,0) (f-j> =
1 1 1 j+1 j i+1 i 1
=6 (vlio) +0 (v153) + 6 (viavlo) + 0 (viovlfa) + 0 (Vi) =0 (v]) =0 (v1%1) = (vf0l ™)

JoJ J+1,J+1
—¢ (Ui Uz'+1) ( i 1+1>

e[ [ e [ [ e (e D [ [
e e U e e ) R 1R
" (7 ) (-2 ) (- )
zjm§1+m—?m§1

%M:Q{kjW—hj:LL”m

757
Wis11.0) (f.j ) - Wtya,1,0) (ff) -

=6 (vlyo) + 0 (v153) + 0 (viayvles) + 0 (viaovlEd ) + 0 (o103 ) =0 (o)) =0 (vI7) = (vf0? ™)

=0 (vivln) — o (vl
gl ) (2 g | +2) o (e[

e 1] (2 [
+P§ﬂ+<vmu {Jil ><f2h31w+%‘1‘V§JJVET‘1
e e et D R 1

d0i:10.20944/preprints202104.0413.v2
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O

Theorem 4. Let G = P,100P,, 41 is a generalized grid graph for positive integers n,m with n > 2 rows,
m > 2 columns, and LmTHJ >m—2 LmTHJ then

m mn + 7
tfsa,10 (GY) = [ —‘

8
Proof. Total face irregularity strength of grid graph G* under labeling ¢ of type (1, 1, 0) will be equal to f%”]
if

e all the differences in weights of the horizontally adjacent faces is 1,

e all the differences in weights of the vertically adjacent faces is m

From theorems 2 and 3, we see that above two conditions are satisfied.
This leads proof of theorem 4. O

Example 2.1. Show that the total face irregularity strength of grid graph G2, under a k—labeling of type (1,1,0)
s 5.

Proof. The graph under consideration is G§ = P;0Ps;. A k—labeling of type (1,1,0) for the grid graph G§ can
be illustrated as

13


https://doi.org/10.20944/preprints202104.0413.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 April 2021 d0i:10.20944/preprints202104.0413.v2

1 ® |1 ® |2 @® |2 @ |3 ©@ |3
T el el e ‘e "e6h
T e ‘ef ‘el ‘e ‘o
T Tell el ‘e ‘®f ‘@f
T el ‘el ‘o ‘oFf ‘e
g ‘el ‘el ‘oL ‘e ‘o
5 4 5 4 5 4 5 4 5 4 5

Total face irregular 5-labeling of type (1,1,0) of grid graph G:

Here k= [2041] — 5, [m+1| — o, [M-‘:&m—2vﬂ+ljzl, {MW:S

We can see that LmTHJ >m—2 LmHJ In order to show that tfs( 1,0 (GG) = b, it is sufficient to prove that
all the horizontal differences in face weights are 1 and all the vertical dlfferences in face weights are m. Now we
prove these results.

Horizontal differences in face weights can be calculated as follows:

For i =1,2,3,4,5and j =1,2,3,4
Wity1,1,0) (féjH) — Wig1,1,0) (ff) =
=6 (") + 0 (o17) + 0 (o 108*?) + 0 (WIHT) + 0 (VP 2007)

=0 () = () — o (v0l™) = (vivl) =0 (i)

=1 forevery i=1,2,3,4,5and j =1,2,3,4

For i =6,7and j =1,2,3,4
Wtpa,1,0) (f] ) — Wtg1,1,0) (ff) -
— qb(v{ﬂ) _~_¢(ng12) +¢< j+1 J+2) +¢( 5111 5112) +(/>( j+2 5112)

=0 () =0 (o) 0 (v0d") — 0 (vivla) =0 (i)

=1 forevery i=6,7Tand j =1,2,3,4

Vertical differences in face weights can be calculated as follows:
For i=1,2,3,4and j = 1,2,3,4,5
Wigaa0) (1) = Wiano () =
=0¢ (fo) +¢ (”1121) +¢ (fofo) +o ( z+2”fi21) +o ( z:-rll ZI%) —¢ <”Z> —¢ (Uzjﬂ) —¢ (vaf“)
— 6 (vfoln) — o (F 1))
=5 forevery i=1,2,3,4and j =1,2,3,4,5

For i=5and j=1,2,3,4,5
Wig1,1,0 <ff+1> — Wig1,1,0) (ff) =
=6 (vla) + 0 (v153) + 0 (viavlys) + 0 (viavlis) + o (oIl ) — 0 (o) =0 (o) = 0 (vI! ™)

14
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- ¢ ( i H—l) ¢ (Ug+1vzjj—_11>
=5 forevery i=5and j=1,23,4,5

For i=6and j =1,2,3,4,5

Wtpa,1,0) (ff_H) — Wig1,1,0) (ff) =

=¢ (”g+2) +¢ (”5121) +¢ (”gﬂ”gﬂ) +¢ ( 1421’5:21) +¢ ( ey fJJerl) ¢ (vf> —¢ (”zjﬂ) —¢ ( ! zjﬂ)
— o (vvly) — o (o101

=5 forevery i=6and j=1,23,4,5

For i=7; j=1,2,3,4,5

Wte(1,1,0) <ff+1> — Wigi,1,0) (ff) =

=¢ (vfﬁ) + ¢ (Uf::)l) + ¢ (vnglvszrZ) + ¢ ( z#2“z+2) + ¢ ( Zill fizl) ¢ (“5) —¢ (Usz) —¢ (”f fﬂ)
o (vivl) —o (w0

=5 forevery i=7andj=1,2,3,4,5

It shows that all the differences of horizontal faces are equal to one, that is W41 1,0 <f7+1> ~Wits1,1,0) (ff) =

1 and all the differences of vertical faces are equal to m, that is Wt g1,1,0) (fH_l) Wig1,1,0) (f ) = m. Hence,
total face irregularity strength of grid graph G2 is 5. O

3 Conclusion

In this article, we worked on total face irregularity strength of generalized plane grid graphs G under a graph
labeling of type («, 3,7) where «, 5 € {0,1}. Finding irregularity strength of grid graphs is a complicated task
because we need to verify our results on all smaller and larger graphs. The problem which is specified in this
research is based on those graphs G where | ™| > m — 2| ™ | and these graphs are generalized under a
graph labeling of type (1,1, 0). In this kind of labeling, we label graph vertices and graph edges but we calculate
the weight of every under consideration graph face. At the end an example is also proved to verify our results.

In future, work can be done on graphs G where Lm'HJ <m-—2 Lm;' 1J and relevant examples can be proved.
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