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Abstract – Eddy current testing can be used to interrogate steels but it is hampered by the lift-off distance of the 

sensor. Previously, the lift-off point of intersection (LOI) feature has been found for the pulsed eddy current (PEC) 

testing.  In this paper, a lift-off invariant inductance (LII) feature is proposed for the multi-frequency eddy current 

(MEC) testing, which merely targets the ferromagnetic steels. That is, at a certain working frequency, the 

measured inductance signal is found nearly immune to the lift-off distance of the sensor. Such working frequency 

and inductance are termed as the lift-off invariant frequency (LIF) and LII. Through simulations and experimental 

measurements of different steels under the multi-frequency manner, the LII has been verified to be merely related 

to the sensor parameters and independent of different steels. By referring to the LIF of the test piece and using an 

iterative inverse solver, one of the steel properties (either the electrical conductivity or magnetic permeability) 

can be reconstructed with a high accuracy. 

Index Terms – Eddy current testing; lift-off invariance; property measurement; multi-frequency; non-destructive 

testing. 

Introduction 

Non-destructive testing (NDT) is a commonly used measurement technique for evaluating the property of the 

material without causing damage. As one of the typical NDT techniques, the eddy current (EC) testing is widely 

applied for the measurement of sample properties and defect inspection owing to its rich information, high 

adaptability and sensitivity [1-9]. By referring to the signals from the transmitters and receivers of EC sensors, 

the electromagnetic characteristic of the test piece can be derived in a contactless manner [10-16]. Currently, the 

lift-off distance between the EC sensor and sample is one of the major issues in the practical measurement. 

Previously, many techniques have been proposed to address the error caused by the lift-off variation when 

using the multi-frequency eddy current (MEC) testing, pulsed eddy current (PEC) testing, and single-frequency 

eddy current (SEC) testing [17-27]. The point of intersection (LOI) feature has been proposed by Giguère et al. 

for the PEC testing [20], which has been further utilised by various researchers to measure the property of the 

conductive films, multi-layer metallic plates, and steels [21-24]. Tian and Sophian used the normalised method 

with dual signals to further limit the lift-off effect when using PEC sensors [25]. However, these methods are all 

suitable for PEC testing. Yin et al. have proposed the peak frequency and zero-crossing frequency features of the 

MEC spectrum to reconstruct the thickness of non-magnetic material and ferrite fractions of magnetic alloys [26, 

27]. However, the reconstruction error was around 8 %, which still needs to be further mitigated. 

Referring to our previous work, the conductivity invariance phenomenon (CIP) and permeability invariance 

phenomenon (PIP) have been proposed to tackle the correlation between the electrical conductivity and magnetic 

permeability at an optimal lift-off distance [28, 29]. Besides, the revised (via the lift-off compensation algorithm) 

peak frequency and zero-crossing frequency features have been found and used to measure the property of both 

non-magnetic and magnetic materials [30, 31]. Moreover, different sensor designs (e.g., triple-coil sensor for SEC 

testing) and measurement techniques (e.g., phase feature for MEC testing) have been used to address the lift-off 

issue [32-38]. However, the proposed scenarios on reducing measurement error due to the lift-off variation can 

still be improved. 

A lift-off invariant inductance (LII) feature is presented in this paper. It is found that at a certain working 

frequency, the inductance measured by the eddy current sensor is not affected by the lift-off variation. Such 

frequency and corresponding inductance are termed as the lift-off invariant frequency (LIF) and lift-off invariant 

inductance (LII) features. The proposed method only works for ferromagnetic samples. For the austenitic (non-

ferromagnetic) materials, the inductance change (ideally starts from zero under extremely low-frequency 

excitation) is negative for different frequencies. Besides, there is no intersected point for inductance change (due 

to non-ferromagnetic materials) curves at different lift-offs. Experiments on the inductance measurement of three 

types of steels, including dual-phase 600, low-carbon mild, and Cr-Mo steels have been carried out under the 

multi-frequency (or swept frequency) mode. The LII feature is found only determined by the geometry of the 
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sensor and nearly immune to the test piece. Moreover, the properties (including the magnetic permeability and 

electrical conductivity) of different steels have been estimated starting by the LIF feature, with a maximum error 

of 0.61 %. The reconstruction is achieved by inputting the known parameters, LIF, and LII into the inverse solver 

based on the modified Newton Raphson iterative method. 

 

Methodology – Lift-off invariant inductance 

The eddy current sensor can be utilised to test the steel via the measured signal, including the impedance and 

inductance. However, the lift-off the sensor distance can significantly affect the detected signals. To address the 

lift-off issue of the sensor, features of lift-off invariant inductance (LII) and lift-off invariant frequency (LIF) have 

been proposed. Then the properties of the steels can be reconstructed by referring to LIF using an iterative inverse 

solver (modified Newton-Raphson method).  

 

A. Forward solver - analytical formulation of inductance change  

To initiate the investigation of the LII and LIF features, the analytical formulation of the inductance for two 

circular transmitting/receiving coils (with one transmitter and receiver) co-axially deployed above the half-space 

material is introduced [39]. 

 

Fig. 1. Eddy current sensor with two circular coils co-axially wound is parallel to the steel plate with a certain lift-off 

As illustrated in Fig. 1, the air-core sensor is composed of one transmitter and one receiver. Two circular 

transmitting/receiving coils with the identical spiral height h, inner radius r1 and outer radius r2 are co-axially 

wound on the ceramic rod with a separation distance of g. The eddy current sensor is placed parallel to the steel 

plate with a small lift-off of l0. It was found that the induced eddy current would not be restrained by the edge of 

the steel when the plate planar size is around 5 times larger than the diameter of the transmitting/receiving coil. 

Consequently, the steel plate can be treated as an infinite half-space material. Besides, the change of mutual 

inductance on the sensor due to the steel is defined as 

L = K ∫ M(α)ϕ(α)dα
∞

0

 (1) 

K =
πμ0N2(r1 + r2)

2h2(r2 − r1)2
 (2) 

There exists a restriction for the radius of the transmitting/receiving coils. That is, the planar dimension of the 

test piece should be at least 5 times of the radius of the transmitting/receiving coils [28]. Otherwise, the induced 

eddy current will be confined by the cutting edge of the steel plate, and the fundamental formula (equation 1) will 

be invalid. In (2), N is the turns of the transmitter and receiver. μ0 is the magnetic permeability of the free space. 

In (1), M(α) is determined by the geometry of the sensor and defined in (3). 

M(α) =
P2(α)

α6
e−α(2l0+g+h)(e−αh − 1)

2
 (3) 

ϕ(α) in (1) is determined by the property of the steel, which is defined as 

ϕ(α) = Re (
(α1 + μ1α)(α1 − μ1α) − (α1 + μ1α)(α1 − μ1α)e2α1c

−(α1 − μ1α)(α1 − μ1α) + (α1 + μ1α)(α1 + μ1α)e2α1c
) 

 

(4) 

α1 = √α2 + j2πfσμ1μ0 (5) 
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In (5), f is the working frequency. σ is the electrical conductivity of the steel. μ1  is the relative magnetic 

permeability of the sample. Moreover, P(α) in (3) is defined in (6), which is related to the first-order Bessel 

function of the first kind J1. 

P(α) = ∫ ρJ1(ρ)dρ
αr2

αr1

 (6) 

B. Lift-off invariant inductance and frequency – LII and LIF 

 
         (a)                                                                                                       (b) 

 

Fig. 2 M(α)ϕ(α) versus α for: (a) DP-600 at 11.60 kHz (b) Low-carbon Mild steel at 3.90 kHz  

The electrical and magnetic properties of the samples are reported in Table1 while the characteristics of the sensor are summarized in Table 2 

 

From multiple trials of inductance (change) calculations with different sample properties and working 

frequencies, it has been found the inductance change L is almost immune to the lift-off variations under a certain 

working frequency. For example, Fig. 2 exhibits the integrand in (1) - M(α)ϕ(α) for the ferrite-austenite dual-

phase (DP) 600 and low-carbon (LC) mild steels (Table 1) with a series of lift-offs. The parameters of coils in 

M(α) can be referred to Table 2. It can be observed that, under the working frequency of 11.6 kHz for DP-600 

and 3.9 kHz for LC mild steel, the curves of the integrand - M(α)ϕ(α) with different lift-offs are nearly the same. 

Moreover, the integrated inductance change (integral in (1)) for both curves has an identical value L0 =
−1.195 nH. As can be observed from the red dot-dash line in Fig. 3, the inductance value L0 is almost immune 

to the lift-off variations. The inductance value L0 is constant and can be termed as the lift-off invariant inductance 

(LII). The LII - L0 is found to be independent of the test piece and merely determined by the geometry of the 

sensor. Besides, the corresponding frequency when the inductance change approaches LII - L0 is termed as the 

lift-off invariant frequency (LIF). 

 
    (a)                                                                                                       (b) 

 

Fig. 3 Inductance change – L for the sensor in Table 2 with different lift-offs 

(a) analytical result of DP-600 steel under working frequencies of 1.16, 11.60, and 116.00 kHz  

(b) analytical result of Low-carbon Mild steel under working frequencies of 0.39, 3.90, and 39.00 kHz  
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C. Inverse solver - iterative method  

Since the inductance change in the presence of different samples achieves the LII - L0 value at different 

frequency values. The properties of the steel can be reconstructed by finding the corresponding frequency - LIF 

at which L = L0 under the multi-frequency excitation, by choosing the frequency for which L is the closest to L0. 

Therefore, one of the steel properties (either the electrical conductivity or the relative magnetic permeability; one 

must be known as a priori) can be reconstructed by finding the minimum value of ∆L when varying σ or μ1. 

∆L(μ1, σ) = |L(μ1, σ) − L0| (7) 

In (7), L(μ1, σ) is the analytical inductance change using (1) when inputting μ1, σ, and the corresponding 

frequency - LIF (refer to the measured multi-frequency inductance change) at or closest to LII - L0.  

One of the efficient inverse solvers for retrieving σ or μ1 is the modified Newton-Raphson iterative method, 

which can determine increasing or decreasing reference values of μ1or σ when finding the minimum ∆L [34]. 

μ1 = μ1r − Jμ
−1(L(μ1r) − L0) (8) 

σ = σr − Jσ
−1(L(σr) − L0) (9) 

In (8) and (9), μ1r and σr are the reference values under the current iterative loop. 6 different initial reference 

values (for the first iterative loop) have been used for the retrieval of electrical conductivity or relative magnetic 

permeability.  Each initial reference value is used in an independent parallel iterative solver for searching the local 

minimum convergence threshold (maximum interference threshold (MAXIT)) / residual of the inductance. That 

is, values of 1 MS/m, 10 MS/m, 20 MS/m, 30 MS/m, 40 MS/m, 50 MS/m are used for the retrieval of electrical 

conductivity; and values of 50, 100, 200, 300, 400, 500 are used for the retrieval of relative magnetic permeability. 

And the global solution of the retrieval is by finding the local solution with the smallest residual value (of the 

inductance). These 6 different initial values are randomly set. In practice, a crude test of the conductivity (using 

the four-terminal method) or permeability fitting (using air-core or ferrite-core sensors) will hasten the 

convergence. 

For the input of multiple frequencies,  Jμ  and Jσ  are the Jacobian matrix. For the (single) corresponding 

frequency - LIF at or closest to LII - L_0, Jμ and Jσ are single values and defined in (10) and (11). 

Jμ =
L(μ1r) − L(μ1r

′ )

μ1r − μ1r
′  (10) 

Jσ =
L(σr) − L(σr

′ )

σr − σr
′

 (11) 

In (10) and (11), μ1r
′  and σr

′  are the values approaching μ1r  and σr , which can be defined as 0.99μ1r  and 

0.99σr. L(μ1r
′ ) and L(σr

′ ) are the inductance change when inputting μ1r
′ , σr

′ , and the corresponding frequency - 

LIF at or closest to LII - L0 into forward analytical formulation – equation (1). The iterative loop can be terminated 

when (L(μ1r) − L(μ1r
′ ))  or (L(σr) − L(σr

′ )) converges at a small maximum interference threshold (MAXIT). 
 

 

Fig. 4 (a) Flow-chart on the retrieval of the electrical conductivity or magnetic permeability 
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Experiments on different steels 

To verify the lift-off invariant inductance (LII) feature, experiments on the multi-frequency (or swept 

frequency) inductance change of the eddy current sensor above different steels have been carried out. As listed in 

Table 1, the test pieces selected were three types of steels (including the ferrite-austenite dual-phase 600 alloy, 

low-carbon mild steel, and Cr-Mo steel) with different electrical conductivities, magnetic permeabilities, and 

thicknesses. The planar size of these samples (500 × 500 mm) is larger than 10 times of the diameter of the 

sensor. Therefore, the sample plates can be treated as the infinite half-space material and suitable for the analytical 

forward solver in (1). The parameters of the eddy current sensor in Fig. 1 are listed in Table 2. 

 

Table 1 Properties and thicknesses of steels 

 
DP 600 

Low-carbon 
Mild steel 

Cr-Mo steel 

Electrical conductivity 

(MS/m) 
4.13 8.55 3.37 

Relative magnetic 

permeability 
222 154 88 

Thickness (mm) 2.4 3.0 3.0 

Table 2 Parameters of eddy current Sensor 

Turns - N 25 

Coil height - h / mm 12.5 

Gap - g / mm 45.0 

Inner radius - r1 / mm 19.5 

Outer radius - r2 / mm 20.0 

Lift-off -  l0 / mm 1.0:1.0:5.0 

 

 
 

Fig. 4 (b) Eddy current sensor deployed above the sample plate and (top and bottom coils) connected to the impedance analyser 

In Fig. 4 (b), the eddy current sensor is placed above the steel. The measurement is conducted under a small 

range of lift-offs (from 1.0 to 5.0 mm with an increment of 1.0 mm). Two transmitting/receiving coils (top and 

bottom slot of the sensor in Fig. 4 b), with one transmitter on the top and one receiver at the bottom, are connected 

to the MFIA impedance analyser. The working frequencies range from 100 Hz to 500 kHz.  

 

 

Results and discussions 

Sensor

Steel

Impedance 

analyser

PC
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A. Intersection points of inductance change curves with different lift-offs 

 
                      (a)                                                                                                       (b) 

 

Fig. 5 Multi-frequency inductance change of the sensor above steels with the lift-off of 1, 3, and 5 mm  

(a) full frequency ranges from 0.1 to 500 kHz  
(b) zooming in frequency range from 2 to 20 kHz 

 

Fig. 5 shows the measurement of the multi-frequency inductance change for the eddy current sensor above the 

steels with lift-off distance of 1, 3, and 5 mm. Several slightly fluctuating points exist at low frequencies 

(particularly for frequencies lower than 300 Hz), which is caused by the low signal-to-noise ratio (SNR) of the 

impedance analyser when working at low frequencies. It can be observed that the inductance change curves for 

one sample with different lift-offs cross zero and intersect at a single locus point under a certain frequency. This 

intersection phenomenon occurs in the ferromagnetic materials (and disappears in austenitic materials). As 

induced eddy currents reduce inductive energy storage in the sensor, there exists a “zero-crossing” point for the 

inductance change where the system stores the same energy as it is in the free space [30]. Moreover, the inductance 

change is shown to be less affected by the lift-off variation under medium frequencies, and almost immune to the 

lift-off distance under the corresponding frequency – lift-off invariant frequency (LIF) of the overlapped points. 

Moreover, the LIF is determined by the properties of the sample, including the electrical conductivity, magnetic 

permeability, and thickness of the steel. As can be seen from the zooming of the inductance change curves in Fig. 

5 (b), intersected points for curves of different lift-offs locate at different working frequencies but almost the same 

inductance change level L0 = −1.195 nH, which is exactly the same as the analytical result of the lift-off invariant 

inductance (LII) in Fig. 3. The working frequencies closest to the corresponding frequency of the intersected 

points – LIF for DP-600, low-carbon mild, and Cr-Mo steels are 11.602, 3.889, and 5.637 kHz respectively. 

B. Lift-off invariant inductance (LII) 

   
    (a)                                                                                                         (b) 

1.195nH

Intersection points nearly 

at the same L level -

Approaches

Approaches

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 14 April 2021                   doi:10.20944/preprints202104.0387.v1

https://doi.org/10.20944/preprints202104.0387.v1


 
(c) 

 
Fig. 6 Inductance change versus lift-offs of the sensor under a series of excitation frequencies  

(a) DP-600: L(l0) approaches L0 around 11.602 kHz  

(b) Low carbon Mild: L(l0) approaches L0 around 3.889 kHz  

(c) Cr-Mo: L(l0) approaches L0 around 5.637 kHz 

 

Fig. 6 illustrates the inductance change with different lift-off variations under a series of excitation frequencies 

for DP-600, low-carbon mild, and Cr-Mo steels. It can be observed that the inductance change of DP-600, low-

carbon mild, and Cr-Mo steels approaches L0, and becomes almost immune to the lift-off variation under the 

working frequency of 11.602, 3.889, and 5.637 kHz (closest to LIF of each steel). Lower frequencies result in a 

larger inductance but (nearly linear) decrease with incremented lift-offs of the sensor. By increasing the frequency 

starting from the LIF, the magnitude of L increases, while, for a given frequency, it decreases as the l0 increases. 

Moreover, as can be seen from the inductance change curve under 1.008, 6.002, 100.011, and 200.014 kHz, the 

inductance change gradually approaches the lift-off invariant inductance (LII) - L0 (−1.195 nH for the sensor 

geometry listed in Table 1) and becomes more stable with increased lift-offs of the sensor when the working 

frequency is closer to the corresponding frequency of the intersected points - lift-off invariant frequency (LIF). 

In Fig. 7, the relative error between the LII (L0) and the inductance change (for DP-600, LC mild, and Cr-Mo 

steels) of the point that is closest to LII or LIF has been analysed under different lift-offs of the eddy current 

sensor. It can be found that three curves of the inductance change error for different steels follow the same trend 

and close values with the incremented lift-offs. With the increased lift-offs of the eddy current sensor, the 

inductance change closest to LII (L in y axis of Fig.7) starts at a slightly lower value, then overshoots LII (L0) and 

gradually reverses back to a lower value. Besides, the error of the inductance change is within 0.60 % for a small 

range of lift-offs. 

 
 

Fig. 7 Relative error of the inductance change (with respect to L0) under the frequencies at or closest to LII - L0 with different lift-offs of the 

sensor 

 

Approaches
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C. Reconstruction of steel properties using lift-off invariant frequency (LIF) 

  
(a)                                                                                                                 (b) 

 
Fig. 8 Error of the reconstructed relative magnetic permeability with different lift-offs of the sensor (a) using the LIF and LII feature (b) using 

the zero-crossing feature [38] without considering the effect of lift-off parameter (i.e., assuming lift-off is zero) in the algorithm 

 

Since the inductance change of the point that is closest to LII or LIF has been verified almost immune to a small 

range of lift-offs of the eddy current sensor, its value and the corresponding frequency (closest to LIF) can be 

further used to reconstruct one of the property of samples (either the electrical conductivity or the relative magnetic 

permeability; one must be known as a priori). The principle of the reconstruction is shown from (7) to (11), which 

is the modified Newton-Raphson iterative method. For example, to find the non-linear solution of the relative 

permeability μ1of steels, parameters including the thickness (Table 1), electrical conductivity (Table 1), sensor 

geometry (Table 2), inductance change (closest to LII), and frequency (closest to LIF, as shown in the legend of 

Fig. 7) are inputted into equation (8) and (10). The relative permeability can be accurately derived when the 

difference of the inductance change between the current and last iterative loop (L(μ1r) − L(μ1r
′ )) converges at a 

small maximum interference threshold (MAXIT). As can be seen from Fig. 8 a, steels of DP-600, low-carbon 

mild, and Cr-Mo share a similar error trend of the reconstructed relative permeability. With the increased lift-off 

distance of the eddy current sensor, the reconstructed magnetic permeability begins with a higher value, then falls 

below the actual value and finally returns to a higher value. In Fig. 9 a, the reconstructed electrical conductivity 

of steels follows an inverse trend of the reconstructed permeability (but the similar trend of the inductance change 

shown in Fig. 7), which is due to the different sensitivities with respect to the inductance change. Overall, from 

Fig. 8 a, and Fig. 9 a, the properties of the steels can be reconstructed with a maximum relative error of 0.61 % 

(with 0.32 % for the reconstructed magnetic permeability, and 0.61% for the reconstructed electrical conductivity). 

  

(a)                                                                                                                 (b) 

 

Fig. 9 Error of the reconstructed electrical conductivity with different lift-offs of the sensor (a) using the LIF and LII feature (b) using the 
zero-crossing feature [38] without considering the effect of lift-off parameter (i.e., assuming lift-off is zero) in the algorithm 

 

Fig. 8 b, and Fig. 9 b show the retrieval of relative permeability and electrical conductivity using the zero-
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crossing feature (ZCF), which does not consider the effect of lift-off parameter (i.e., assuming lift-off is zero) in 

the algorithm. It can be seen that the retrieval error using the proposed LIF and LII feature is much lower than 

that using the ZCF feature, particularly for lift-offs over 2 mm. 

 

Conclusions 

This paper presents the lift-off invariant inductance (LII) and corresponding lift-off invariant frequency (LIF) 

features in the multi-frequency eddy current testing. It has been found under the LIF (or the frequency sample 

closest to LIF), the measured inductance change (which is exactly the LII or significantly approaches LII) for the 

sensor above the test piece is almost immune to the lift-off distance. From the inductance measurement of three 

different types of steels, the LII is proofed only determined by the size of the sensor and barely affected by 

different steels. By inputting the known parameters (e.g., thickness and sensor geometries), LII, and LIF into the 

Newton-Raphson iterative inverse solver, one of the property of samples (either the electrical conductivity or the 

relative magnetic permeability; one must be known as a priori) is derived with a small error of 0.61 % and 0.32 

% respectively. Previously, the eddy current thin-skin regime [40] is proposed for the surface defect inspection, 

which does not consider the lift-off effect. In the future, more investigations will be carried out to test the 

feasibility of blending the proposed method (LIF feature) into the surface defect detection. Besides, inductance 

sensitivities to several parameters (electrical conductivity, magnetic permeability, thickness, and lift-off) have 

been analysed at different frequencies [34]. In the future, more tests will be conducted to optimise the sensor 

design for the augmentation of LIF sensitivities to a local change of electrical conductivity or magnetic 

permeability. 
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