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Featured Application: The method can accurately calculate the frequency of rocks in different
stability. This method contributes to the real-time monitoring of dynamic changes in rock stability and early warning of rock failure based on vibration monitoring.
Abstract: For the quantitative evaluation of rock stability and early warning of rock damage based
on vibration monitoring, this article analyzed the relationship between the stability of cantilevered
rock and its rock bridge length, the relationship between rock bridge length and rock vibration
frequency. It established a method for calculating the natural frequency of cantilevered rock. The
method can use two sets of rock natural frequency and rock bridge length data obtained from field
investigation to determine the natural frequency calculation formula. The rock's model experiments show that the relative error between the rocks natural frequency at the time of damage calculated based on this formula and the measured value was 4.27%. The stability change of the rock
can be accurately evaluated using this formula. Compared with the displacement, which only
produces sudden change before the rock is damaged, the rocks natural frequency decreases irreversibly in the early stage of rock stability decline. Therefore, monitoring the vibration frequency of
rocks can warn the damage of rocks.
Keywords: cantilevered rock; rock bridge; natural frequency; rock stability

1. Introduction
Rock collapse is a kind of geological disaster with serious hazards. Accurately
evaluating rocks stability and adopting suitable monitoring indicators to warn the
damage of rocks are essential tasks of geological disaster prevention and control. The
monitoring of slope or rock deformation can be done by satellite synthetic aperture radar
remote sensing technology [1,2], ground synthetic aperture radar technology [3,4] and 3D
laser scanning technology [5,6]. The slope stability can be determined by combining slope
monitoring data with the numeric model calculation results [7]. However, the amount of
deformation before rock collapse is small, and monitoring the rock deformation is challenging to predict the rock damage. Therefore, some scholars have studied the changes of
microseismic signals [8-10], electromagnetic radiation signals [11,12] and bolt stress [13]
before rock damage in addition to deformation monitoring. These indicators produce
significant changes over a more extended period before rock damage than the rock deformation or displacement. Although the critical threshold of rock damage cannot be
determined, the above indicators can serve as a reference for the early warning of rock
failure [14,15].
In addition to the indicators mentioned above, researchers have found that the vibration frequencies of rocks and slopes under ambient noise can also reflect their stability
changes [16-18]. When the rock stability increases, the resonant frequency of the rock also
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rises [19]. After the slope cracking, the spectral ratio of the cracked area will have an
amplification effect, and this amplification effect has an apparent polarization phenomenon [20-23]. The cliff's hazardous area can be determined with the displacement and
vibration monitoring data [24]. As a result, researchers began to assess rocks stability or
warn of rock damage by continuously monitoring the vibration frequency information of
rocks or unstable slopes [25]. However, the studies above also failed to establish the solution method for the critical resonant frequency or the critical spectral ratio amplification coefficient of rock damage.
The vibration response of rocks under ambient noise is mainly influenced by their
natural frequencies [26]. The resonant frequency values of rocks exposed to ambient vibration are the same as the natural frequency values of rocks [27]. The quantitative relationship between rock stability and its natural frequency is determined to better evaluate
rock stability changes by monitoring its vibration frequency changes [28,29]. Cantilevered rocks, whose stability is controlled by the rock bridge length, are studied in this
paper. The quantitative relationship between the natural frequency of cantilevered rocks
and their stability is determined. The article establishes theoretical formulas for calculating the natural frequency of cantilevered rocks. These works will lay the foundation
for the quantitative evaluation of rock stability and rock damage warning methods based
on the natural frequency.
2. Methods
2.1. Cantilever rock stability analysis
Uneven weathering of rock strata often forms cantilevered rocks [30-32]. Unlike the
tipping and sliding damage of rocks, the damage of cantilevered rocks has a strong abruptness. When cracks exist in the rock cross-section, the rock stability is mainly controlled by the rock bridge (Fig. 1a).

h

(a)

(b)

Figure 1. (a) Schematic diagram of a cantilevered rock; (b) simplified diagram of a cantilevered
rock.

The maximum normal stress 𝜎
and shear stress 𝜏 of the rock bridge can be
calculated by equation (1) and equation (2). When the normal stress or shear stress exceeds the tensile strength or shear strength of the rock, it will fail.
𝜎𝑚𝑎𝑥 =
𝜏=

3𝜌𝑔𝐿2 𝐻

ℎ
𝜌𝑔𝐻𝐿
ℎ

(1)
(2)

where 𝜌 is the density of the rock, 𝐻 is the height of the rock, 𝐿 is the length of the rock,
and ℎ is the length of the rock bridge. From the formula, it can be seen that the decrease
of rock bridge length h will make the increase of tensile stress and shear stress on the rock
bridge. In other words, the length of the rock bridge controls the failure of the cantilevered rock. Therefore, when we analyze the stability of cantilevered rock, the rock's sta-
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bility coefficient can be calculated as the ratio of the actual length of the rock bridge to its
critical length.
𝐹 =

ℎ
ℎ

(3)

where 𝐹 is the stability coefficient of the rock, ℎ𝐶 is the critical length of the rock bridge
calculated by equation (1) and equation (2).
2.2. Vibration characteristics of the rock
Its mass distribution and material properties control the vibration of rock. The rock
bridge, which is the only constraint on the rock motion, determines the rock stability and
influences the rock's vibration characteristics. By simplifying the cantilevered rock to a
single degree of freedom system, the motion of the rock can be simplified to rotation
around the rock bridge. Neglecting the effect of gravity, the equation of motion of the
rock can be expressed as:
𝑀𝐿 𝜃̈ + 4𝐾 𝜃 = 0

(4)

where 𝑀 is the mass of the rock, 𝜃 is the angle of rotation of the rock, and 𝐾 is the
flexural stiffness of the rock bridge.
The natural frequency 𝑤 of the rock can be calculated by equation (5).
4𝐾
𝑀𝐿

𝑤=

(5)

The flexural stiffness 𝐾 of the rock bridge is related to the bending mode of the
rock. When the rock is rotated in the vertical plane, the flexural stiffness 𝐾 of the rock
bridge section is calculated by equation (6). When the rock is rotated in the horizontal
plane, the bending stiffness 𝐾 of the rock bridge section is calculated by equation (7).
𝐾

=

𝐸𝐵ℎ
12

(6)

𝐾

=

𝐸ℎ𝐵
12

(7)

where 𝐸 is Young's modulus of the rock and 𝐵 is the width of the rock.
Bringing equation (6) and equation (7) into equation (5), we can get the equation (Eq.
8) for the calculation of the natural frequency 𝑤 of rock rotation in the vertical plane
and the equation (Eq. 9) for the calculation of the natural frequency 𝑤 of rock rotation
in the horizontal plane.
𝑤 = ℎ3⁄2

𝑤 = ℎ1⁄2

𝐸
3𝜌𝐻𝐿3

𝐸𝐵
3𝜌𝐻𝐿3

(8)

(9)

The shape and material properties of the rock do not change significantly in the
natural environment. Therefore, the only variable in equations (8) and (9) is the rock
bridge length ℎ. The rest of the calculated parameters are unknown invariant parameters. The intrinsic frequency of the rock decreases as the length of the rock bridge decreases. Simultaneously, the decrease of the rock bridge length also leads to a decrease in
rock stability. As a result, we can make the following inference: the inherent frequency of
cantilevered rock will decrease with rock stability.
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2.3. Formula Correction
In the above calculation process, the rock was simplified from an elastomer to a rigid
body, and the rock's vibration was simplified to in-plane rotation. These simplifications
must cause the difference between the theoretical formula and the actual value of the
rock natural frequency. Assuming that the actual vibration frequencies of the rock in two
directions are 𝑤 , and 𝑤 , , the ratio between the calculated and actual values of the
rock frequency shows a linear relationship.
𝑤
=𝑎 ℎ+𝑏
𝑤,

(10)

𝑤
= 𝑎 ℎ+𝑏
𝑤,

(11)

where 𝑎 , 𝑏 , 𝑎 , 𝑏 are correction parameters. Bringing equations (10) and (11) into
equations (8) and (9), the corrected rock natural frequency is obtained as:
𝑤

=

𝑤

=

ℎ3⁄2
𝑎

ℎ+𝑏
ℎ1⁄2

𝑎

ℎ+𝑏

𝐸
3𝜌𝐻𝐿3

𝐸𝐵
3𝜌𝐻𝐿3

(12)

(13)

Both Equations (12) and (13) contain the correction parameter as an unknown
quantity. The correction parameters' values can be solved by bringing the measured
values of the two sets of rock bridge lengths and rock natural frequencies into equations
(12) and (13). From equation (3), it can be seen that its rock bridge length controls the
stability of the cantilevered rock. The rock bridge length of the rock also determines its
vibration frequency. When the rock bridge reaches its critical length, the rock's vibration
frequency will also reach its critical value. In this way, the determination of rock stability
and early warning of rock damage can be accomplished by monitoring its vibration frequency.
Different modes of rock vibrations have different values of vibration frequencies
[18,33]. In this paper, two vibration forms of rock vibrating in the horizontal and vertical
planes are considered when deriving the formula for rocks' vibration frequency. Therefore, when predicting the instability damage of rocks based on the natural frequency, the
vibration of rocks in both directions can be monitored. The mutual correction of the
monitoring results in the two directions can better determine the rock's stability changes.
3. Experiment
To analyze the relationship between the natural frequencies of cantilevered rocks
and their stability, a cantilevered rock model was made using mixed materials (quartz
sand, barite powder, gypsum, and water). The rock model was 60 cm long, 25 cm wide
and 30 cm high. The left end of the model was fixed, and the right end was cantilevered
for a length of 30 cm. The left end of the model was also fixed from above by a press
(Figure 2). The vibration sensor was mounted on the rock's cantilever end, and the vibration sensor could simultaneously measure the vibration acceleration in three directions.
The cantilevered end of the rock is not subjected to any load other than gravity. The
only factor affecting the rock stability in the experiment was the length of the rock bridge
(depth of the crack). A crack with a depth of 4 cm was reserved when the model was cast,
which was 30 cm from the rock's right end.
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Figure 2. Schematic diagram of the experimental model

During the experiment, the rock's vibration data is measured when the crack depth
is changed. The cracks were cut by a saw, and the vibration sensor started working after
the cracks were cut to a specific depth. The sampling frequency of the vibration sensor is
1000 Hz. While the sensor is collecting data, the experimenter walks randomly around
the model and randomly strikes the laboratory floor near the model with a hammer. The
stress on the rock bridge will increase with the depth of the fracture. When the rock
bridge's stress reaches the tensile strength of the model material, the rock bridge will be
damaged, and the experiment will be finished.
4. Discussion
4.1. The relationship between rock bridge length and rock natural frequency
With the increase of the crack depth, the rock was destroyed at one stroke of the
ground. The depth of the crack at the time of rock destruction was 17.5 cm (Fig. 3a), so the
critical length of the rock bridge in this experiment was considered to be ℎ𝐶 = 12.5𝑐𝑚.
3
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Figure 3. Experimental results at rock failure: (a) Crack depth measurement results during rock damage; (b) acceleration
and displacement curves of the vibration sensor in the z-direction before rock failure.

The rock was cut seven times before the rock failure, and eight sets of acceleration
data of the rock under ground vibration were collected. The rock's acceleration curves
were converted into frequency signals, and the spectrum curves of the rock vibration in
the X and Z directions were obtained (Figure 4). Each spectrum curve showed a distinct
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energy peak, and the frequency corresponding to the energy peak is a natural frequency
of the rock in one model. The natural frequency of the rock model monitored by the vibration sensor in both directions decreases as the rock bridge's length decreases (Table 1).
This experiment's results are consistent with the conclusions of Equations (8) and (9).
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Figure 4. Spectral curves of rocks: (a) Spectrum curve of vibration sensor in X direction; (b) Spectrum curve of vibration sensor in Z direction.
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Table 1. Rock bridge length and frequency measurement results

Number
1
2
3
4
5
6
7
8

Rock bridge length
（cm）
26.0
25.0
23.5
20.0
17.5
15.0
13.5
12.5

Vibration frequency in
X-direction (Hz)
114.80
113.26
109.48
105.84
104.16
103.04
102.20
96.88

Vibration frequency
in Z-direction (Hz)
70.56
70.14
68.32
61.74
59.08
58.10
56.56
48.16

4.2. Calculation of rock natural frequency
Equations (12) and (13) are the theoretical formulas for calculating rock vibration
frequencies, and each equation contains two correction parameters. By bringing the results of the first and second sets of experiments into Equations (12) and (13), a set of
equations for calculating the rock natural frequency can be derived.
𝑤 =

ℎ ⁄
0.0098ℎ + 0.0047

(14)

𝑤 =

ℎ ⁄
0.0051ℎ − 0.0002

(15)

Equations (14) and (15) were used to calculate the natural frequencies of the rocks at
the remaining six rock bridge lengths, and the differences between the calculated and
measured rock natural frequencies were compared (Fig. 5). For the rock bridge length of
12.5 cm, the measured rock X-direction vibration frequency is 96.88 Hz, and its calculated
result is 101.02 Hz, and the relative error between the two is about 4.27%. For the bridge
length of 12.5 cm, the measured vibration frequency in the Z-direction of the rock is 48.16
Hz, and the calculated frequency is 59.67 Hz, with a relative error of about 23.90%.
Although the formula showed an error with the actual value when calculating the
rock's vibration frequency in the Z direction, the formula's result was similar to the actual
value when calculating the vibration frequency of the rock in the X-direction. This result
proves that Eq. (14) can accurately calculate the natural frequencies of cantilevered rocks.
When we measure the rock's vibration frequency, we can use equation (14) to calculate
the rock bridge length of the model and then use equation (3) to calculate the stability
coefficient of the rock. This is the process of rock stability quantitative evaluation based
on the natural frequency, a monitorable index.
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Figure 5. Calculated and measured results of the natural frequencies of the rock. In the figure: X
and Z indicate the measured results of the vibration frequencies in the X and Z directions of the
rock; X2 and Z2 indicate the vibration frequencies' calculated results in the X and Z directions of the
rock.

A significant change in the natural frequencies of the rock occurred during the decline in the cantilevered rock's stability. During the drop of the rock bridge length from
0.26 m to 0.125 m, the natural frequencies of the rock X-direction decreased by 15.61%
(measured results) and 14.2% (calculated by the formula), and the natural frequencies of
the rock Z-direction decreased by 31.75% (measured results) and 15.18% (calculated by
the formula). The cantilevered rock's displacement has been in fluctuation by the ground
vibration during rock bridge length reduction, and it only changes abruptly when the
rock bridge is broken or the rock is collapsed.
In contrast to the rock displacement, which only changes significantly when the
cantilevered rock breaks (Figure 3a), the rock's vibration frequency will change irreversibly at the beginning of the rock bridge length drop (Figure 5). This phenomenon suggests that it is more effective to monitor the vibration frequency of rock than its displacement when warning its failure.
5. Conclusions
The article analyzes the influence of rock bridge length on cantilevered rock's stability, simplifies the vibration of rock as its rotation around the rock bridge in horizontal
and vertical planes, establishes a simplified model of rock vibration, and gives the calculation method of rock natural frequency. Considering the errors brought by the model
simplification, the article gives a correction method for the calculation formula of the rock
natural frequency. The correction parameters can be calculated by bringing in two
groups of actual measurements of the rock natural frequency and the length of the rock
bridge. The results of both the theoretical formulation and the model experiments show
that the rocks natural frequencies in both the X-direction and Z-direction decrease during
the decreasing length of the cantilevered rock bridge.
The article obtained the formula for calculating the natural frequency of the cantilevered rock model. The rock natural frequency value，which calculated by this formula
before rock damage, differs from the actual value by 4.27%. The experimental results
show that this formula has high accuracy in evaluating the stability of rocks. The rock
natural frequency will undergo a significant irreversible decrease during the stability
decline of the rock. However, the rock displacement will change significantly only in a
short time before its failure. This result proves that using the natural frequency index can
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evaluate rock stability change and warn rock failure. Monitoring the natural frequency of
rocks is more meaningful than monitoring the displacement of rocks.
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