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Abstract

In this paper, we mainly show that generalized hyperharmonic num-
ber sums with reciprocal binomial coefficients can be expressed in terms
of classical (alternating) Euler sums, zeta values and generalized (al-
ternating) harmonic numbers.
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1 Introduction and preliminaries

Let Z, N, Ng and C denote the set of integers, positive integers, nonnegative
integers and complex numbers, respectively. In the present paper, we mainly
study the so-called generalized hyperharmonic numbers [I1}, 15 19] which
are defined as

n
aen =3S"HP" (n,p,r € N),
j=1

where HPY = HP = > j=11/j7 are the well studied classical harmonic

numbers. Note that, H,Sl””) = hﬁf) are the classical hyperharmonic numbers
introduced by Conway and Guy [7]. To see combinatorial interpretations of
these hyperharmonic numbers and their connections with Stirling numbers,
please find Benjamin et al’s interesting paper [3]. For convenience, we recall
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the generalized alternating harmonic numbers which are defined as

"7 .= Zn: ﬁ (n,m € N).

= 7

The harmonic numbers and their generalizations has caused many math-
ematicians’ interest (see [9, 11, 10, 12, 13 15, 16, [I7, 18, 20, 21, 22] and
references therein), since they play an essential role in number theory, com-
binatorics, analysis of algorithms and many other areas (see e.g. [14]). One
of the most famous result that obtained by Euler [12] is the following identity

00 m—2
2D = n e 2m 1) = 3G, m= 2.8,

It is interesting that the Riemann zeta functions ((s) := > >, n~* appear
in such expressions. According to the recording of Ramanujan’s Notebooks
[4, p.253], Euler considered this type of infinite series containing harmonic
numbers H,, in response to a letter from Goldbach in 1742.

For convenience, we recall the definition of the well-known Hurwitz zeta

function:
— 1
((s,a) = ngzoma)s (s € C,Re(s) > 1,a > 0).

Note that fRe(s) denotes the real part of the complex number s. When
a=1,( (73, 1) is the famous Riemann zeta function. The alternating zeta
function ((s) is defined by

- - (_1)71—1 1-s
() = 30— = (1=29)C(s) (s € CRefs) 2 1),

n=1

with (1) = log 2.

From Fuler’s time on, infinite series containing harmonic numbers or
their generalizations have been called Euler sums. It is a difficult task to
give explicit evaluation for general Euler sums. Facilitated by numerical
computations using an algorithm, Bailey, Borwein and Girgensohn [2] de-
termined, with high confidence, whether or not a particular numerical value
involving the generalized harmonic numbers Hr(Lm) could be expressed as a
rational linear combination of several given constants.

Flajolet and Salvy [12] developed the contour integral representation ap-
proach (the most powerful method in the corresponding area as far as the
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author knows, although restricted to parity principle) to the evaluation of
Euler sums involving the classical (alternating) harmonic numbers. Note
that, the contour integral representation approach can not only evaluate
Euler sums, but also evaluate some infinite series involving hyperbolic func-
tions.

Euler sums of hyperharmonic numbers had also attracted many mathe-
maticians’ attention. For instance, Mez6 and Dil [18] considered the Euler
sums of type

00 hgﬂ)
s (m>r+1,meN),

n=1
and showed that it could be reduced to infinite series involving the Hurwitz
zeta function values. Later Dil and Boyadzhiev [10] extended this result to
infinite series involving multiple sums of the Hurwitz zeta function values.

As a natural generalization, Dil, Mez6 and Cenkci [11] considered Euler

sums of generalized hyperharmonic numbers of the form

[e.o]

(p,r)
Hy
Cron (m) == :

nm

n=1

They proved that for positive integers p,r and m with m > r, (g (m)
could be reduced to infinite series of multiple sums of the Hurwitz zeta
function values. For r = 1,2,3, (. (m) were also written explicitly in
terms of (multiple) zeta values. Although these results were interesting,
Dil et al didn’t give general formula for explicit evaluations of Euler sums
of generalized hyperharmonic numbers. Fortunately, the author [15] found
a combinatorial approach and proved that (.- (m) could be expressed as
linear combinations of classical Euler sums. From Flajolet and Salvy’s paper
[12], we knew that the linear Euler sums

[e's) Hn 00 Hr(zp)
Z_:lnm (m >2,meN) and Z:l - (p.geN with p+qodd)

could be reduced to zeta values. Thus for small values of p, r and m, we can
determine the exact values of (. (m).

Motivated by Flajolet-Salvy’s paper [12] and Dil-Mezs-Cenkci’s paper
[11], the author [16] also introduced the notion of the generalized alternating
hyperharmonic numbers

HT(Lp,T,l) — Z(_l)k—IH’gP,Tfl,l) (Hr(zp’l’l) — HT(LP))v
k=1
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and proved that Euler sums of the generalized alternating hyperharmon-
ic numbers H},,p D could be expressed in terms of linear combinations of

classical (alternating) Euler sums.

If we regard > 77, ) /n® as a complex function in variable s, there are
some more progresses toward this direction. For instance, Matsuoka [17]
proved that > 7, hq(ll) /n® admits a meromorphic continuation to the en-
tire complex plane. Kamano [13] expressed the complex variable function
Yo e /n in terms of the Riemann zeta functions, and showed that it
could be meromorphically continued to the entire complex plane. In addi-
tion, the residue at each pole was also given.

There are some more interesting combinatorial properties about the gen-
eralized hyperharmonic numbers. For instance, Omiir and Koparal [19] de-
fined two n x n matrices A, and B, with a;; = Hi(j’ ) and b; ; = HZ-( ’J),
respectively, and gave some interesting factorizations and determinant prop-
erties of the matrices A,, and B,,.

On the contrary, Euler sums of generalized harmonic numbers with re-
ciprocal binomial coefficients had been studied by Sofo. In 2011, Sofo [20]

proved that generalized harmonic number sums with reciprocal binomial co-
( ) (S)
efficients of types 7, € +k) and Y 7, ( 3 could be written in terms of

k
zeta values and harmonic numbers. In 2015, Sofo [21] developed closed form
representations of alternating quadratic harmonic numbers and reciprocal
binomial coefficients, including integral representations, of the form

io: (_1)n+1(Hn)2

(")

n=1

for p = 0 and 1. In 2016, Sofo [22] developed identities, closed form rep-
resentations of alternating harmonic numbers of order two and reciprocal
binomial coefficients of the form:

0 (_1)n+1H7g2)
+k
n=1 np(nk )
for p =0 and 1.
In the present paper, we mainly show that generalized hyperharmonic
number sums with reciprocal binomial coefficients of types

oo Hr(L , o n+1H(P s)
T X e
n= n—=
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and
i Héplvsl)Hr(Lpz,@) 00 (—1)”+1H,sp1’81)H7(1p2’52)
(") (")

n=1 n=1

can be expressed in terms of linear combinations of classical (alternating)
Euler sums, zeta values and generalized (alternating) harmonic numbers.
Some illustrative examples are also given. Further more, We give explicit
evaluations for some interesting integrals and develop some combinatorial
expressions for harmonic numbers in terms of binomial coefficients.

2 Generalized hyperharmonic number sums

In this section, we develop closed form representations for generalized hy-
perharmonic number sums with reciprocal binomial coefficients of types

© (p,s) 1)n+1 (p,s)
Hy, Hy,
Sy ™ X et

Before going further, we introduce some notations and lemmata.
Following Flajolet-Salvy’s paper [12], we write four types of classical
linear (alternating) Euler sums as

o Hﬁbp) 3 o0 - H’r(Lp)
Spr=Y T ST =Y (-

n=1 nd n=1 nd

o 7(p) 0 /7 (p)

H, H,
-+ . o - . _q\yn—14in
Sy ._nz::l Sy = nz::l( Tt

We now recall Faulhaber’s formula on sums of powers. It is well known
that the sum of powers of consecutive intergers 1¥ + 2F + ... 4+ n¥ can be
explicitly expressed in terms of Bernoulli numbers or Bernoulli polynomials.
Faulhaber’s formula can be written as

Zk k;+12<k;—1)3+ k+1—j (1)

1
T k+1

where Bernoulli numbers B, are determined by the recurrence formula

Z(’“;l)z#kﬂ (k > 0)

J=0

77 (Beri(n +1) = B (1)) B, (2)
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or by the generating function

— Z Bl (3)

and Bernoulli polynomials B, (z) are defined by the following generating
function

o0

te:l‘t "

n=0

Definition 1. Forp € Z and m,r,t € N, define the quantities S(p, m,t,r,0)
and S(p,m,1,r,1) as

i H(P)
S(p,m,t,r,O) = %7
™ (n+r)
& -1 n+1H7(1p)
Spmtr 1) = 3 CDT He

f n™(n +r)t

3
Il

When p > 0, H,(fp) is understood to be the sum 1P + 2P 4 ... 4+ nP.

Lemma 1 ([20, Lemma 1.2]). Let s be a positive integer and a > 0, then

oo (s) a—1 s+1lgy. S
aHy' (—1)*T"H; s—i pp(s—itl) o/
nz_:ln(wra) _g(s+1)+; 5 +2§( D* T HE e ).

Lemma 2. Let p,m,r € N, then we have

m - 1)ym—1
S(p7m 1 Ty 0 :Z rm— 'L+1 S;Z+ (T)C<p+1)
=2
—pym-t (A P+1H i _
e DI Y P H
j=1 =2

Let m,r € N, p € Ny and m > p+ 2, then we have
S(—p,m,1,7,0)

P m—p—1+£ 14l e

B 1 p+1 B+ Z (_1)m p—1+¢ ZC@')_{_ (_1)m P 2+€H

- p+1 . ¢ / - pm—p+l—i pm—p—1+£ LA
=0 i=
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Proof. When p,m,r € N, we can obtain that

o (p) o0 m m—i m—1
Hy (-1) (-1
_an (p)
nZ::l n™(n+r) nz::l Hy <§ rm—itlpi + rm=In(n+r)
m —1)ym—i e H(P) —1)ym—1 e H(P)
_y Uiy e Gy
=2 r n=1 n r n=1 n(n + T)

With the help of Lemma [I} we get the desired result.
When m,r € N, p € Ng and m > p + 2, we have

> -y ke
nzlnmn—i—r nmn—i—r
0o +1Z (p+1)B+np+1 —0

Z n™(n+r)

1 & (p+1 1
Bf
p+1 ( 14 > anp Wen4r)’

With the help of partial fraction expansion

rt=itl i rt=t  n(n+r)’

(N Zt: GO S G

we get the desired result. O

Lemma 3. Let p,r € N, defining

oo n+1H()
1) =
S, ngl n+r

then we have

S(p,r, 1)
P .
= (1S () 1)+ Y (I GHEE Y
j=1

r—1 =
FC)PIEED, + (1Y
n
n=1
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Proof. By a change of counter, we have

S(p,r,1)
0 (_1)n+1H£p)
_ i (-0rHY i (-1)"

N n+r—1 nP(n+r—1)

n=1 n=1

(]

n—+r

—_

=—S(p,r

o0 V4 . 4
— L1+ (- Z%ﬁjt

(_1)p+r—1

d0i:10.20944/preprints202104.0297.v1

1 (=1 1
(r—1» n+r—1

(C(]-) - Hr—l)

S(p,1,1) =

we get the desired result.

(r—1)p

O]

Note that, S(1,r,1) and S(2,r,1) have already been obtained by Sofo

(see [21, 22]).
Lemma 4. Let p,m,r € N, then we have

S(p,m,l,r 1)

Zrm +1 pz +

-1 m-+r

1)m+r—l

Cp+1)
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m P
Z VPG 4 (coprri ) EY,

N (_1)m+p+r r—1 77 ﬂ
rm np
n=1

Let m,r € N, p e Ny and m > p+ 1, then we have

S(=p,m,1,7,1)
1 p p+1 n m—p—1+L (_1)m—p—1+£—i ) (_l)m—p—1+l+r _ o
= m[ ( ¢ )Bz > Fm—pti—i (@) + Fm—p—1+£ (C(1) = Hy) | -
=0

=1

Proof. When p,m,r € N, we can obtain that

i -‘rlH( P)

it nm n—l—'r

o0 m

m % _l)m

— 7’L+1H (

7;( <; m— z—‘rlnz rm(n—i—r))

N (DN ()Y (D)™ S (<)Y
= ; rm—i-i—l — ni + rm — n4+r :

With the help of Lemma [3] we get the desired result.
When m,r € N, p >0 and m > p+ 1, we have

00 n+1H( D) 00 ( )n-l—l Z
nzz:l n™(n 4+ r) :nz::l nm(n—f—r)
1 +1 —0
_ i ()" o Xl () B P!
n™(n + 1)

3

I
— =

1 n+1
(e
p+1 nmpl“n—l—r)

With the help of partial fraction expansion

~
I
N
—~
|
—
~—
+
—

we get the desired result. O
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Lemma 5 ([15]). For r,n,p € N, we have

Hflp”"):z Z a(r,m, j)n? HP~™)

The coefficients a(r,m, ) satisfy the following recurrence relations:

r—1
1
a(r+1,r,0) = Zarmr _1)r—m7
m=0
r—1—-m . :
B a(r,m,j) ( j+1 +
a(r+1,m,0) = | j+1<j_£+1>Bj—f+1
j=f—1
O0<m<r—1,1<{<r-—m),
r—1l—y
Lm0 ==Y Y et p)Demiy) O<m<ro1),
y=0 j=maxz{0,m—y—1}
where
j .
‘ 1 [(j+1 l+1 -
(r,m, j,y) > j+1<j—12> H(m—y>( )

{=maz{0,m—y—1}
The initial value is given by a(1,0,0) = 1.
Now we are able to prove our main theorems of this section.

Theorem 1. Let s,p,m,k € N with m > s, then we have,

0o H(p,s) s—1 s—1—#1 k
> = 2 3 o) S ()80 tm =t 1,r0)
n=1" ( k ) £1=0 £r=0 r=1

where S(p — {1, m — la,1,7,0) is given in Lemma@ and a(s, 1, ¥2) is given
in Lemma[5 Therefore generalized hyperharmonic number sum

o0 Hr(bp78)
n=1 nm (n—lfc—k)

can be expressed in terms of classical Euler sums, zeta values and generalized
harmonic numbers.

10
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Proof. By using Lemma 5, we have

1 8—1—(1 00 HT(Lp Zl)
R e
01=0 ¥2=0 n=1 ( )
s—1 s—1—4; 00 (p—t1) k
Hy k 1
=3 > a(S,ﬁl,ﬁz)ZWz(—l)rHT( >
(=0 =0 v e | rjnar
s—1 s—1—4; k ) (p—£1)
L (k H
- Z Z a(s, 51,62)2(—1) +1'r<r> Z—nm—b(n-l—r)
01=0 ¥2=0 r=1 n=1
s—1 s—1—4; k
= 5 £17£2 Z T+1 < )S(p glvm 627 1,7“ 0)
£1=0 £2=0 r=1

Theorem 2. Let s,p,m,k € N with m > s, then we have,

oo (_1)n+1Hr(ZP73)

n=1 n' (n—lic_k)
s—1 s—1—41 k k

= Z Z a(s, ly,42) Z(—l)r+lr(T>S(p—£1,m—52,1,7", 1),
l1=0 ¥2=0 r=1

where S(p — €1,m — Ly, 1,7, 1) is given in Lemma . Therefore generalized
hyperharmonic number sum

o n—&-lH(ZL s)
Z n—Hc)
can be expressed in terms of classical alternating Euler sums, zeta values
and generalized (alternating) harmonic numbers.
Proof. By using Lemma 5, we have
o0 (_1)n+1H7(1p»3)
nm (n+k)

k

n=1

11


https://doi.org/10.20944/preprints202104.0297.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 April 2021 d0i:10.20944/preprints202104.0297.v1

s—1 s—1—4; o0 n+1gr(p—£1)
(=) Hy
=2 D alstuk) "
(=0 £2—0 = e ()
s—1 s—1—4; o0 nt1zp(p—t) k
(=) Hy L (kK 1
= 2 alst )y > ()
(=0 03=0 n—=1 nre =1 rjnr
s—1 s—1—0; k 00 n+1H(p 1)
=X ¥ a0
=0 fo=0 — o ()
s—1 s—1—4; k k
= Z Z 0(3751752)2(—1)T+17“< >5(P—51,m—52,1a7“71)-
0=0 (=0 =1 r
O
Example 1. Some illustrative examples are as following.
When s =2,p=2,m =3,k = 2, we have
9] (2,2)
HS 9 25 17 4 1,
S i = —54(6) + () — oot — 1,
n+2
ot n3( 5 ) 2 4 720 4
() ESY i 1 3 +- . St +,~
2 W =53 — 552,2 + EC(B) -5 + 551,2 — 4577 +¢(2).

When s =2,p=1,m =3,k = 2, we have

3
2 Y

&9 (—1)n+1Hr(LL2)

S0P

oo 1 7
_551,2 510g2 gC(2)+

n=1

= ~2Lia(3) + () + 5C(2)log?® — - (log2)*
7 1 3
— 1((3) log2 — 1—6C(3) — §C(2) — ilog2 + 3

In this expression we use the well-known polylogarithm function

) > z"
Lip(x) ==Y — (@1, peN).
n=1

3 Quadratic generalized hyperharmonic number
sums

In this section, we develop closed form representations for quadratic gener-
alized hyperharmonic number sums with reciprocal binomial coefficients of

12
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types
o) HT(LP1781)HT(LP2,S2)
+k
n=1 nm(nk )

Before going further, we introduce some notations and lemmata.
Following Flajolet-Salvy’s paper [12], we write classical (alternating)
quadratic Euler sums as

n+1H(P1,51)H(p2,82)

and Z nm (TR

k

o rr(p1) ry(p2) ) n—1r7(P1) 17(P2)
H"H (—1) 1 HP H
ot n_fn +— n_Hn
Spipag = Z nd and S0 Z nd
n=1 n=1

Lemma 6 (Abel’s lemma on summation by parts [116]). Let {fx} and {gx}
be two sequences, and define the forward difference and backward difference,
respectively, as

ATy =Tp1 — 7, and VT =T, — Tp—1,
then, there holds the relation:

> fVgr = m fugn — figo— Y gk fi-
n—oo

k=1 k=1

Lemma 7. For r,pi,p2 € N, we have

0 THT(Lpl)Hr(LPQ) s T r—1
W = Spl:pg-i-l Spg p1+1 C(pl + p2 + 1) + Zs(plap27 17 b70>
n=1 b=1
r—1 r—1
+ Zs(p2apla ].,b,O) - ZS(Oapl +p2 + ]-a ]-aba O) .
b=1 b=1
Proof. Set
1 1
o= HP) [r(p2) d g,:=
/ " " and g n+1 n+r
by using Lemma [ we have
oo ,',,H7(1PI)H7(lp2)
ot nn+r)
=S B HPY (( L ) _ <1+...+1>>
= n+1 n+r n n+r—1
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N —\n+1 n+r)\(n+1)P2  (n+1)Pr  (n+1)P1tpe2

oo r—1 (p1) (p2)
=—zz ey e ]
v 0n+1+b )pz (n+1)p (n+ 1)p1tp2

° (P1)
1n+b< np2 + np1 np1+172>

—1
b=0 n=

0 H(pl H?QPZ) 1 r—1 oo H,! (p1)
Z np2+1 np1+1 B np1t+p2+1 - Z np2 (n + b
b=1n=1

-1 o0 p2) r—1 oo
Z n+b +Zznp1+p2 n_|_b
lnzl

r—1

8;1;24*1 S;;;1+1+C(p1+p2+1)_zs(plap2)1)b70)
b=1

r—1 r—1

- Zs(p27p17 17b7 0) + ZS(Oapl + p2 + 17 17b70) .
b=1 b=1

O]

Definition 2. Forp,ps € Z andm,r,t € N, define the quantities T (p1, p2, m,t,r,0)
and T'(p1,p2, m,t,r,1) as

o0 r7(p1) 7(p2)
H," 'H,
T t = e a———
(1, p2,m, ,7,0) nz_:l n™(n 4 1)t
0 n+1H(p1)H(p2)
T(pl)p27m7t7,r ]- Z TLm n+7")

When p > 0, H,S"’) is understood to be the sum 1P 4+ 2P + ... 4+ nP,

Lemma 8. Let p1,ps, m,r € N, then we have

T(pl p2,m, 1a T, O)

m—1
Z gt 4 (1) T
rm— H—l p1,p2, rm p1,p2+1 p2,p1+1

=2
r—1
(=DM (=pm!
rm C(pl +p2+1)+ rm bz;s(plap2717b7o)

14
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-1 m—1 r—1 r—1
T (Z S(p2,p1,1,6,0) = > S(0,p1 +p2 + 1, 1,b,0)) .

b=1 b=1

Let p1,m,r € N, po € Ng and m > ps + 2, then we have
T(pla —p2,m, ]-arv O)

1 & 1)
= +1Z p B/ S(p1,m —p2 —1+4,1,7,0).
D2 =0

Let m,r € N, p1,p2 € Ng and m > p1 + p2 + 3, then we have

P11 P2 p1+1 p2+1
T(_pla_p27m717T70) (p1+1 p2+1 Z Z( )( 62 )

=0/¢2=0
X BZB,;;S(O,m—pl —p2— 14014 02,1,1,0).

Proof. When p1,p2, m,r € N, we can obtain that

o rr(p1) r7(p2) m m—i m—1
Hy Hy (-1 (-1
HP) g P2) ,
Zl nm(n + T Z (; Tm—z—i—lnz + rm—ln(n + 7,)
B i ym= i o© H(Pl)H(P2) . (_1)m—1 o H7(lp1)HT(Lp2)
- rm= ”Fl nt rm—1 n(n+r)

i= n=1 n=1

With the help of Lemmal[7] we get the desired result.
When p1,m,r € N, po € Ng and m > po + 2, we have

oo H7(lp1)H1g—P2) _ ) HT(Lpl) Z?:l /P2
nm(n+r) 4 nm(n—l—r)

-3 HIP ey S () B
N n™(n+r)

(p1)
1 p2+1 + Hxy,
p2+1z< 1 )B an P21t (n 4 )

With the help of Lemma 2, we get the desired result.
When m,r € N, pi,p2 € Ny and m > p; + ps + 3, we have

n=1

oo

HT(L*pl)Hgpr)
nm™(n+r)

n=1
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2= 2=
Z 4 4

nm(n +r)

n=1

+1\ p+ —¢ 1 +1\ ot ¢
= 1+121 (ple )Bz Pt ) Iz?io (ng )Be np2tl

Z P =0 P

— nm(n+r)
pzl pi <p1+1)<p2+1>

(pl +1 p2 + 1 ly

1
nM—p1—p2—2+L1+L2 (n + 7’) ’

+ p+
X Bele2

n=1
With the help of Lemma 2, we get the desired result. O
Lemma 9. Let p1,p2,r € N, defining

o n+1H(p1)H(pz)
p17p27 Z n+r 3

n=1

then we have

T(p1,p2,7)
= _ gt +,-
= (=17 (Spl ool = Syl ~ Spapint TCP1H P2+ 1))

+Z T - j p17p2717j71)+S(p27p1a]-7j71))

+Z Tjsopl+p2+]-a]-a]’1)‘

Proof. By a change of counter, we have

T(p1,p2,7)
_ i (—1)”“H,(Lp1)H,(f2)

ot n-+r
B i (_1)nHT(LP1)HT(LP2) - (_1)n+1HT(LP1) o0 (_1)n+1H7(1p2)
_n=1 n+r—1 nzlnm(n—l—r—l) nzlnpl(n—i-r—l)

+

— nP1tpP2(n 4 r — 1)

16
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= _T(p17p277’ - 1) + S(p17p27177’ - 17 1) + S(p27p1717r - 171)
- 8(07p1 +p2+ 1711T_ 171)

r—1
= (_1)r—1T(p17p27 1) + Z(_l)T—l_jS(plap% 17j7 1)
j=1
r—1 ] r—1 )
=+ Z(_l)T*I*js(pszh 17j7 1) + Z(_l)Tijs(()?pl + p2 + 17 17j7 1) :
j=1 j=1
Since
oo (_1)n+1H7gp1)H7(lp2)
T 1) =
(p17p27 ) 7; n+ 1
x -1 nH(pl)H(p2) & -1 n+1H(P1)
_ Z (=D)"Hy" Hy n Z (-1 n
B n np2+1
n=1 n=1
5 Y SN ()
np1+l np1t+p2+1
n=1 n=
+7+7_ +7_ +,_ -
= _SP1,P271 + Sp17P2+1 + Opepi41 T C(p1+p2+1),
we get the desired result. O

Note that, T'(1,1, 1) has already been obtained by Sofo [21].

Lemma 10. Let p1,p2,r € N and m € Ny, then we have

T(pl7p2) m, 17 r, ]-)

~ (D™ s D™ e e +,-
- rm—it1 Spipai T rm (Spf,pz’,l ~ Sppat T Sp27,p1+1>
i=1
-1 .
(_1)m+7“_ r (_1>r+m—j .
+ r—mC(m +p2+1)+ Z r—m5(07p1 +p2+1,1,5,1)
j=1

r—1 (_1)1‘+m—1—j
+ Z T—m(S(plap% 17]7 1) + S(p27p17 17]7 1)) :
j=1

Let p1,m,r € N, po € Ny and m > pa + 1, then we have
T(pla_p%malar’ 1)

! §p2:(p2+1>3+5( 140,1,1)
= / b1,m —p2 — y 4, Ty .
p2+17=5 ¢
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Let m,r € N, p1,p2 € Ng and m > p1 + p2 + 2, then we have

rr p2
p1+ 1\ (p2+1
T(—p1,—p2,m,1,1,1) = (p1+1 (p2+1 ZZ:< >< 52)

xBZBZQS(O,m—Pl —p2—1+0+45,1,1,1).

Proof. When p1,p2,7 € N and m € Ny, we can obtain that
(—1)"+1H7(Lp1)H7(lp2)

WE

— n™m(n +r)
NSyt ) e [N D™ =
nz::l( 1) Hn Hn (; pm—itlpi + rm(n + 7-)
m (_1)m7i 0 (_1)n+lH7(lP1)H7(lp2) (_1)m 0 (_1)n+1H7(ZP1)H7(ZP2)
:; rm—itl — nt + rm n+r '

With the help of Lemma [0} we get the desired result.
When p1,m,r € N, po € Ng and m > po + 1, we have

i n+1H(p1)H( pz) > n+1H(pl) Zn ) /P2

nm(n 4+ ) nm(n+r)

n=1

_ i )"“H,(Lpl)p;H 2 (pzjl)Banerlfz
= n™(n+r)
1 )n+1H(P1)

= (p2+1 (-1
+
p2+1z< V4 )B an —pa— 1+Z(n+r)'

With the help of Lemma 4, we get the desired result.
When m,r € N, p1,ps € Ng and m > p1 4+ ps + 2, we have

(_1)n+1HT(L*p1)H7(L*p2)

NE

ot n™(n+r)
S U T £ T
— n™(n +r)
1 1 p +1 + 1-¢_ 1 p +1 + 1—¢
_ i (_1)n+ p1+1 €1=0 (pl )B bt pa+1 ZiO (mé )B€ P2t
nm(n+r)

I
—

n

ii p1+1 p2+1
(p1+ p2+1 2

18
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T ( 1)n+1
x By, B, Z PP =2+ (1 )

With the help of Lemma 4, we get the desired result. O
Now we are able to prove our main theorems of this section.
Theorem 3. Let s, So,p1,p2, m, k € N with m > s1 + so — 1, then we have
o0 HéphSl)Hépmsz)
()

s1—1s1—1—41 so—1s9—1—45

=33 3 Y alsi b ti)a(sy, b, 1)

l1=0 t1=0 /l5=0 t2=0

k
k
X Z(—l)THT( )T(p1 —L1,p2 — la,m —t; —t2,1,7,0),

n=1

where a(s, Uy, tz),x = 1,2 are given in Lemma 5 and T (py — {1, p2 — o, m —
t1 — to,1,7,0) is given in Lemma @ Therefore generalized hyperharmonic

oo ” ) I' )
(pl 81) 7(1172 52)

m (n+k
= ()
can be expressed in terms of classical Euler sums, zeta values and generalized
harmonic numbers.

Proof. By using Lemma 5, we have

00 H(Pl,sl)HT(LP%SZ)

m (n+k
n=1 n ( k )
51 —1—41 so0—1s0—1—¥> 00 (p1—41) 7(p2—£2)
- z > D3 atentutialen a3 S T
L ’ nm—ti—ta (n+k:)
£1=0 t1=0 Le=0 t2= n=1 k
s1—1s 180—180—1—4o

817617751 (827£27t2)

I
M
il
M

X

nm t1—t2 n-+r
n=1 r=

wmwmwwkwagl
1

s1—1s1—1—41 so—1s9—1—¥5

_Z Z Z Z a(s1,1,t1)a(s2, la, t2)

01=0 t1=0 {ly= to=
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y Z 7‘+1 k i Hr(LP1—f1)H7(lp2—f2)
— nm—ti—t2(p 4 r)
s1—181—1—01 s9—1s2—1—¥2

-y ¥ Z Z a(s1,41,t1)a(s2, o, t2)

01=0 t1=0 {ly= to=
XZ 1+t <)T(pl—fl,pz—f%m—tl—t2,1,7“70)-

O
Theorem 4. Let s1,S2,p1,p2,m, k € N with m > s; + s3 — 1, then we have

0 (_1)n+1H7(1p1,51)H£p2,82)

m (n+k
nm (")
s1—1s1—1—41 so—1s9—1—45
= Z Z Z E a(s1,1,t1)a(s2, l2, t2)
£1=0 t1=0 ¥2=0 t2=0
k

XZ by ( )T(p1—51,p2—€2:m_t1_t2’1’r’1)’

n=1

where a(s, Uy, t5),x = 1,2 are given in Lemma 5 and T (p1 — {1, p2 — o, m —
t1 —to, 1,7, 1) is given in Lemma . Therefore generalized hyperharmonic

number sum
00 1)n+1H(p1751)H7gp2v52)

(- "
2w

n=1

can be expressed in terms of classical (alternating) FEuler sums, zeta values
and generalized (alternating) harmonic numbers.

Proof. By using Lemma 5, we have
00 1)n+1H(p1’81)HT(Lp2’32)

(- "
Z nm (n+k)

k

s1—181—1—01 s9—1 s9—1—0o oo _1)n+1H(P1—Zl)H(P2—E2)
n n

— a(sy,1,t1)a(sa, la,ta) 231 JIp——— (n;crk)

n—=

—_ a(sl,ﬁl,t1)a(82,£2,t2)
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X

nm—tl —t2
n=1 r=

- <_1)n+1Hr(Lp1_el)H7(zp2_Z2) . (_1)T+1T<k> 1
1

s1—181—1—¥01 s9—150—1—V¥o

=3 3 3 Y alsi i th)alsa, o, t)

[10t10€20t20

<> ()
81— 151 1—41 s9—1s9—1—4o

_Z Z Z Z 81,61,751 (82,62,752)

l1= t1=0 {2=0 t2=0

XZ IDinE ( )T(Pl—51,p2—€2,m—t1—t27177”71)-
r=1

oo _1)n+1H7(Lpl_£1)H7(Lp2_Z2)

(
Z nm—ti—t2(n + 1)

n=1

4 Some interesting integrals
De Doelder [9] gave the following integral:

¢ 4

0 sin d)

Wl

o= —;C(?)) +27Q

where G is the famous Catalan’s constant defined as

e
- —1)2
— (2n—1)

Consider the complex function f(z) = log? z/(2?—1) and to integrate f in
positive sense along the contour given by 0 < § <z < 1; 2 =¢%,0< ¢ < 5
12y25>0andz:56i¢,%2¢20.

Within this contour there are no singularities of f and by the Cauchy
residue theorem we have

1 o2 z 2 10 1.2
lim / o8 "de/z ¢ d¢+i/ —(ogy—i—2m) dy
60 s 1—x o 2sing s 1492

(% (logé +ip)? _
vif Mz_l‘wd‘ﬁ):“
2
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Comparing the real part and the imaginary part on both sides, we have
% 2 1 1 2 1 1
¢ do =2 / c;g xdaz—w/ Ogydy ,
o sing x?—1 0 1+ y?

/logy _/ B
o 1492 Y 1+92 dy = 16

It is known (see [9]) that fol fzg_fdx —T¢(3) and fol i(fyy = —@, so we get

the valuation of the integral fog Si‘fl ’ ¢dgz§.
De Doelder [9] also considered the function g(z) = log z/(2% — 1) along
the same contour. Then the following results could be established:

> 9 L logy
do = —2 dy
/0 sin ¢ ¢ /0 1+ 92 =26,

1 1 2
log s 1 T
2" dr = — dy = —

/01+:c2x 2/01+y2y 8

We now consider the function f(z) = —logz/(2 — z) along the same
contour, since within this contour there are no singularities, by using the
Cauchy residue theorem we can obtain that

_ log:c ¢> i(2logy — 5y) — (7r+y10gy)
lim | — do +
50 2 — et 4492

2 i6e'(log & + i) )
: do¢ | =
¥ /O 5) =0

2 — feltd
It follows that

§¢(2cos¢—1)d¢:/1 logxdx+/17r+ylogyd
o H—4sing 0 2—x o 4+y?

/2 2¢si§¢ d¢:/1 %y_Zl(;gydy
o D—4sing 0 44y

By a change of variable, we have

L logx og(1 — ) 1 1
de= [ —=——Zdaz=-1log?2— —(¢(2) ([21,p.153
| 3250 = [ BT = Jlo2 - 5) (21.p153).

1 1
T T [2 1 T 1
——dy = ——dr = — tan —
/0 112 Y= 2/0 Ty T 2arcan2,

1 2 y(logy + log 2)
/ yoggdy:/ yllogy + log2)
0o 4+y 0 L+y

il
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1 5 1 > (_1)11—1(;)271 o0 (_1)n—1(1)2n
= —log2log = 4+ log = X 27 X7 127
2 0g 0g4+ OgQZ n Z 4n2
n=1 n=1
1 1
= ZLZZ(—*)

5
_ - _71 e
/0 4+y2 dy = / 4+y dy %8y
192]ogy 2logy+log2
5dy = ————dy
0o 4+y 0 I+y

1
1 1 2 arct 1
= log — arctan — — /2 arcany anydy + log 2 arctan —
2 2 0 y 2

1
= —T22(§),

where we have used the inverse tangent integral Tip(z) := [ 220 (

Combining the above results, we have the following proposition:

Proposition 1.

2 ¢(2cosp—1) 1 9 T r 1. .1
SETET A= —— 12—tf—L——
5 dsmo 0] 127r + - log +2arcan2+4 ia( 4),
3 2¢sing . 5 1
ST g = —log = + Tig(=) .
/0 5 dsng ¢ T 1leg tTRG)

5 Some formulas for harmonic numbers

In this section, we develop some formulas for harmonic numbers in terms
of binomial coefficients. We begin by recalling a known result for harmonic
numbers [21].

For n € Ny, the following result holds:

H 1
_nil —/ y" log ydy .
0

n+1
We are now going to prove our main result of this section.

Lemma 11. Let n,m € Ny, defining

L(n,m,x) ::/ y" log™ ydy ,
0
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then we have

n+1
L(n,m,x) =

T m (m+1—7), A .
)i _1)i10gm=i

where (t), = t(t+1)--- (t+n—1) is the Pochhammer symbol. In particular,

we have L(n,m,1) = %
Proof.
[k m z
L = log" x — —— "log™ ! yd
(n,m,z) = ——— log™ & w1 ), Viles™ ydy
xn—l—l
_ m,.
_n+1log x 1L(n,m 1,z)
e+l ma"t! m(m — 1)
— log™ x — log™~1 L -2
ntl % T 12 ® 1) Lmm—2.2)
L I )
= Z 2 (1) log™ ™ .
n+1j:0 (n+1)

Lemma 12. Let n,m € Ny, defining

1
M(n,m,x) = / yn logm(]- - y)dyv
x

then we have

" /n (1—2)t N (m —1); . .
M(n,m,x)zZ()(—l)J (1 ) Z( +1 ) (—1)210gm 2(1_‘%)‘

=\ j+l o G+

In particular, we have M(n,m,0) = (—1)"m! Z;‘l:o (?)%

Proof. By a change of variable, we have

1—x
M(n,m,z) = / (1 —1t)"log™ tdt
0

i <?> (—1)7 /Ol_x #9 log™ tdt .

5=0

With the help of LemmaT1] we get the desired result. O
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Note that, — n’fll = M(n,1,0), then we have the following proposition:

Proposition 2. Forn € Ny and r € N, we have

o= 0003 (7)1
_Z(?ibﬁrl
=S ) S L))

J1=0

The following formulas are known [g]:

M(n,2,0) = (}fjl zn: )

=1

n (2) n k—1
H; 1
M(n,3,0) = — <n+1 E,J — , )
1 13+1 k:1k+1j:1]+1

=

With the help of Proposition [2] we have the following proposition:

Proposition 3. Forn € Ny, we have

e :Z”:<n+1> (-1 w1 i<k+1> (1)
et —Z\i+1) (G +1)? k+24=~\j+1)j+1"

0 k=0 =0

HY) = ; (”+1> () 1 i:(]—i-l) (—1)"

S+ G+1° Z G+ G+ 41
J”li(jﬂ) (1)
g2\ 1) (1)
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