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Abstract: In case of the maximally rotating Black Holes (BH) through Kerr-Neumann frames, or as described in Boyer-Lindquist coordinates metrics, the 
rotation axis of the BHs inputs a frame dragging effect i.e., relativistically a Lens-Thirring Precession that accelerates the photon trajectories oscillates with a 
shaped induced rotations through the ring singularity, between alternate universes, as a means of an induced geodesics that takes a sharp turning points back 
and forth provided, in the prograde photon sphere, due to magnetorotational instability, the path tracing of a photons circulates as a smooth fiber bundles 
over the event horizon curves, that when gets interpolate between mixed trajectories behaves as a geodesics and thus forms a smooth Jacobi-fields through 
Jacobi-lines by mutual intersection of geodesics over the photon sphere which when somehow gets leaked inside the event horizon, then gets sucked in with 
not sufficient escape velocity for retardation and trapped in the compact singularity, oscillating back and forth through alternate universes.  
 
Keywords: Photon Spheres – Jacobi Lines – Turning Points – Photon Trajectories – Geodesics – Path Tracing Curves – Oscillation Points – Half-Librations 
 

1. Tangent Spaces & Jacobi Fields 
 

Considering the event horizon as a boundary manifold ࣡ and the null 
rays over the prograde photon sphere being tangent to this manifold 
as ்࣡, which assembles all the tangent vectors in ࣡, the disjoint un-
ion is given by, 
 

்࣡ = ሡ ௫ܶ࣡
௫ ఢ ࣡

 

     =  ራ{ݔ} ×
௫ ఢ ࣡

௫ܶ࣡ 

     =  ራ{ݔ, ݕ |{ݕ ∈
௫ ఢ ࣡

௫ܶ࣡ 

     = ,ݔ)}  ݔ|(ݕ ∈ ࣡, ݕ ∈ ௫ܶ࣡} 
 
Where ௫ܶ࣡  denotes tangent space to ࣡  at the point ݔ.  Then, ௫ܶ࣡ 
can be thought of as a pair 〈ݔ,  is a ݕ is a point in ࣡ and ݔ where 〈ݕ
tangent vector to ࣡ at ݔ. Therefore, the natural projection from the 
tangent to the tangent space, here from the prograde photon sphere 
to the event horizon as, 
 
௫ܶ࣡ :ߨ ↠ ࣡ 
 
Overlapping tangents, creates a smooth family of geodesics ࣮ࣞ with 
ࣞ଴ = ࣞ, then the Jacobi-fields could be represented as a function, 
 

௫ܶ࣡(ݐ) = �߲࣮ࣞ
(ݐ)

߲࣮
ቤ

࣮ୀ଴
 

 
The tangent vector field ௫ܶ࣡ along a geodesic ࣮ࣞ is said to be Jaco-
bi field if it satisfies the Jacobi equation: 
 
࣮ࣞ

ଶ

ଶݐ݀ ௫ܶ࣡(ݐ) + ܴ ቀ ௫ܶ࣡(ݐ), ௫ܶ࣡̇ ቁ(ݐ) ௫ܶ࣡̇ (ݐ) = 0 

 
Where ࣞ  is the covariant derivative, ܴ  is the Riemann curvature 
tensor, ௫ܶ࣡̇ (ݐ) = ݀൫ ௫ܶ࣡(ݐ)൯/݀ݐ  is the tangent vector field, and ݐ  is 
the parameter along the geodesic.  
 

2. Black Hole Inequalities & Photon Trajectories 
 

Now considering a BH in the Boyer-Lindquist coordinates (ݐ, ,ݎ ,ߠ ߮) 
with mass ܯ and spin coefficient of the angular momentum ܬ =  ,ܽܯ
the inner and outer horizons of the Kerr BH is given by [1,2,3,4], 

±ݎ = ܯ ± ඥܯଶ − ܽଶ, 0 ݁ݎℎ݁ݓ < ܽ <  ܯ
 
We find some important parameters as, 
 

ߛ =
ℓ
ܧ

, ߟ =
ܭ
 ଶܧ

 
With the corresponding value names, as, ܧ is the energy at infinity, ℓ 
is the spin angular momentum about its rotational axis, ܭ  is the 
Carter integral having an affine valued label as, 
 
ܭ = ఏ݌

ଶ − ௧݌൫ܽଶߠଶݏ݋ܿ
ଶ − థ݌

ଶ  ൯ߠଶܿݏܿ
ܧ =  ௧݌−
ℓ =  థ݌
 
With ݌ఓ  denoting the 4-momentum of the photon provided ݌௧ > 0 
having the time orientation where ݌ఓ can be reconstructed as, 
 
Σ
ܧ

௥݌ = ±௥ඥℛ(ݎ) 
Σ
ܧ

ఏ݌ = ±ఏඥΘ(ߠ) 
Σ
ܧ

థ݌ = (ℓܿݏܥଶߠ − (ܧܽ +
ܽ
Δ

ଶݎ)ܧ) + ܽଶ) − ܽℓ) 
Σ
ܧ

௧݌ = ܽ(ℓ − (ߠଶ݊݅ܵܧܽ +
ଶݎ + ܽଶ

Δ
ଶݎ)ܧ) + ܽଶ) − ܽℓ) 

 
Where, the induced “potentials” are, 
 
ℛ(ݎ) = ଶݎ) + ܽଶ − ଶ(ߣܽ − Δ(ݎ)[ߟ + ߣ) − ܽ)ଶ] 
Θ(ߠ) = ߟ + ܽଶݏ݋ܥଶߠ −  ߠଶݐ݋ܥଶߣ
 
Then, the 4-velocity ݔఓ , “Mino time” ߬  [5] and 4-momentum ݌ఓ 
could be related as, 
 
ఓݔ݀

݀߬
=

Σ
ܧ

 ఓ݌

 
To avoid singularities in the spherical coordinate systems, it has been 
assumed that, 0 < ߠ < ߨ  and by labeling ߪ = ߠଶݏ݋ܿ , the value is 
given by [6], 
 
(1 − (ߪ)Θ(ߪ = ߟ + (ܽଶ − ߟ − ߪ(ଶߣ − ܽଶߪଶ 
 
Where ߟ + (ܽଶ − ߟ − ߪ(ଶߣ − ܽଶߪଶ  is a quadratic polynomial, having 
the roots ߪ± is given by, 
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±ߪ =
1
2

ቆ1 −
ߟ + ଶߣ

ܽଶ ቇ ± ටΔθ
ଶ +

ߟ
ܽଶ

మ
 

 
The 4-roots of Θ(ߠ) are given by ܽݏ݋ܿܿݎ൫±ඥߪ±൯, or, 
 
ଵߠ =  ା൯ߪ൫ඥݏ݋ܿܿݎܽ
ଶߠ =  ൯ିߪ൫ඥݏ݋ܿܿݎܽ
ଷߠ =  ൯ିߪ൫−ඥݏ݋ܿܿݎܽ
ସߠ =  ା൯ߪ൫−ඥݏ݋ܿܿݎܽ
 
Coinciding each roots, occurs at the singular intersecting points, 
 
ାߪ = 0, ିߪ = 0, ାߪ =  ିߪ
 
Motion is allowable in the region where, 
 
ାߪ > ିߪ          ,0 < 1,         
 
Implies the bound forms as, 
 

ߟ ≥= ൜
0, |ߛ| ≥ ܽ

|ߛ|)− − ܽ)ଶ, |ߛ| ≤ ܽ
� 

 
Therefore, the elemental line ߟ = 0 of double roots admits two cha-
racteristics’ of null-geodesics as, 
 

A. (ߟ > 0 ) forming ordinary geodesics where the photon libe-
rates between ߠଵ and ߠସ taking the limit ߠଵ < గ

ଶ
< -ସ crossߠ

ing the equatorial plane each time with a “positive poten-
tial” in them. 
 

B. (ߟ < 0 ) forming vertical geodesics where there are 4-real 
roots as, ߠଵ < ଶߠ < గ

ଶ
< ଷߠ < -ସ where the “positive potenߠ

tials” roots in the Northern hemisphere as (ߠଵ, (ଶߠ  and 
“negative potentials” as (ߠଷ,  ,ସ)in the Southern hemisphereߠ
being liberated in between the turning points (ߠଵ,  ଶ) andߠ
,ଷߠ)   .(ସߠ
 

C. (ߟ = 0 )  forming equatorial plane itself with no turning 
points in limited “A” type motion having roots ߠଵ,ସ and li-
mited “B” type motion having roots ߠଶ,ଷ , with each value 
suffices to గ

ଶ
. 

 

For, Type “A” motion, there are 3 angular integrals reduced to a real 
elliptic form ࣩఏ , ࣩథ  and ࣩ௧ , since ߪା/ିߪ < 0 , the antiderivatives 
becomes [1,6], 
 

ࣩఏ = −
1

ଶܽିߪ− ℱ ቆ�ܽ݊݅ݏܿݎ ቆ
cos ߠ
ඥߪା

ቇቤ
ାߪ

ିߪ
ቇ 

 

ࣩథ = −
1

ଶܽିߪ− ߦ ቆߪା; ݊݅ݏܿݎܽ� ቆ
cos ߠ
ඥߪା

ቇቤ
ାߪ

ିߪ
ቇ 

 

ࣩ௧ = −
ାߪ2

ଶܽିߪ− ′ܧ ቆ�ܽ݊݅ݏܿݎ ቆ
cos ߠ

ඥߪା
ቇቤ

ାߪ

ିߪ
ቇ 

 
Are real and smooth, where it has been defined, 
 

ᇱ(ఝ|௞)ܧ ≔ ߲௞ܧ(߮|݇) =
(݇|߮)ܧ − ℱ(߮|݇)

2݇
 

 
Therefore, the half-libration values with a tilde as, 
 

ࣩఏ෪ = න
ߠ݀

ඥΘ(ߠ)
=

2
ඥ−ܽିߪଶ

ఏశ

ఏష

∇ ൬
ାߪ

ିߪ
൰ 

 

ࣩథ෪ = න
ߠଶܿݏܿ

ඥΘ(ߠ)
ߠ݀ =

2
ඥ−ܽିߪଶ

ఏశ

ఏష

ߦ ൬ߪା ฬ
ାߪ

ିߪ
�൰ 

 

ࣩ௧෪ = න
ߠଶܿݏܿ

ඥΘ(ߠ)
ߠ݀ = −

ାߪ4

ඥ−ܽିߪଶ

ఏశ

ఏష

′ܧ ൬
ାߪ

ିߪ
൰ 

 
Here, ࣩఏ = ߬ is the Mino time, the polar motion ߠ°(߬) has Mino time 
period of 2ࣩఏ෪ . 
 
For, Type “B” motion, the geodesic would oscillate with a hemispher-
ic motion ℋ as, 
 
ℋ = cos)݊݃݅ݏ  (ߠ
 
The motion lies, within the parameter ିߠ < -ା in the Northern heߠ
misphere ℋ = +1 , and ିߠ > ାߠ   in the Southern hemisphere 
ℋ = −1 having the retardation points given by, 
 
±ߠ =  ൯±ߪ൫ℋඥݏ݋ܿܿݎܽ
 
Such that, ି,ାߠ  = ଵ,ଶߠ  for ℋ = +1   and ߠା,ି = ଷ,ସߠ  for ℋ = −1 , 
thereby, again , there are 3 angular integrals reduced to a real elliptic 
form ࣩఏ , ࣩథ  and ࣩ௧ , since ߪା/ିߪ > 0, the antiderivatives becomes 
[1,6], 
 

ࣩఏ = −
ℋ

ඥܽିߪଶ
ℱ ൬ߚ ฬ1 −

ାߪ

ିߪ
�൰ 

 

ࣩథ = −
ℋ

ඥ1 − ଶܽିߪඥିߪ
ߦ ൬

ାߪ − ିߪ

1 − ିߪ
; ߚ ฬ1 −

ାߪ

ିߪ
�൰ 

 

ࣩ௧ = −ℋට
ିߪ

ܽଶ ܧ ൬ߚ ฬ1 −
ାߪ

ିߪ
�൰ 

 
Are real and smooth, with, 
 

ߚ = ඨ݊݅ݏܿݎܽ
ߠଶݏ݋ܿ − ିߪ

ାߪ − ିߪ
 

 
The respective half-libration values are, 
 

ࣩఏ෪ = ℋ න
ߠ݀

ඥΘ(ߠ)
=

1

ඥܽିߪଶ

ఏశ

ఏష

∇ ൬1 −
ାߪ

ିߪ
൰ 

 

ࣩథ෪ = ℋ න
ߠଶܿݏܿ

ඥΘ(ߠ)
ߠ݀ =

1

ඥ1 − ଶܽିߪඥିߪ

ఏశ

ఏష

ߦ ൬
ାߪ − ିߪ

1 − ିߪ
; 1 −

ାߪ

ିߪ
൰ 

 
 

ࣩ௧෪ = න
ߠଶܿݏܿ

ඥΘ(ߠ)
ߠ݀ = ට

ିߪ

ܽଶ

ఏశ

ఏష

ܧ ൬1 −
ାߪ

ିߪ
൰ 

 
Note: There is no radial potential as the motion is purely geodesic over the curve. Moreo-
ver, true radial potential is absurd as the intense gravity will curve the photon paths. 
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Where ࣩఏ෪  denotes the Mino-time half period of the polar motion 
 .(߬)°ߠ
 

3. Path Integral Formulations 
 
The photon trajectory should be real and smooth and if a particular  
trajectory ߰(ܥ) of a function ଴݂ where ܥ௦ is the source and ܥௗ is the 
destination with the function parameter ߰  oscillates in the range 
߰ ∈ [߰ା, ߰ି] then then the integral could be defined as, 
 

ࣴ = න ଴݂൫߰(ܥ)൯
஼೏

஼ೞ

ฬ
݀߰
ܥ݀

ฬ  ܥ݀

 
Therefore, considering a segment over the respective turning points 
through the trajectory, where the integrand is simply ±߰(ܥ)݀߰ with 

±  the sign of ቚௗట
ௗ஼

ቚ  where ߰(ܥ௦) = ௦ܥ  and ߰(ܥௗ) = ௗܥ  (thereby 
switching points) the integral depends on the initial value ܥ௦  and 
initial sign ߱ = ൯(௦ܥ)′൫߰݊݃݅ݏ , going to the final value ܥௗ  with the 
turning points encountered along the way as ࣤ, the relation suffice 
to, 
 
ࣴ = ௦ܥ)ࣴ , ߱, ௗܥ , ࣤ) 
 
The antiderivatives ℎ∗ could be explained as, 
 
݀ℎ∗

ܥ݀
=  (ܥ)߰

 
With the notional notation ℎ∗

௜ = ℎ∗(ܥ = ݅ ௜) withܥ ∈ ,ݏ} ݀, ↑, ↓} pro-
ducing the integral as, 
 

ࣴ̿ = න ൫߰(ܥ)൯
஼↑

஼↓
ܥ݀ = ℎ∗↑ − ℎ∗↓ 

 
Above denoting the half-libration path integral having a quasiperi-
odicity property as, 
 
ࣴ(ࣤ + 2) = ࣴ(ࣤ) + 2ࣴ̿ 
 
This implicitly gives us 4-values as in order of, 
 
߱ =↑ 1, ࣤ = 0:         ࣴ = ℎ∗(ܥௗ) − ℎ∗(ܥ௦) 
߱ =↓ 1, ࣤ = 0:         ࣴ = ℎ∗(ܥௗ) − ℎ∗(ܥ௦) 
߱ =↑ 1, ࣤ = 1:         ࣴ = −ℎ∗(ܥ௦) − ℎ∗(ܥௗ) − 2ℎ∗(ܥ)↑ 
߱ =↓ 1, ࣤ = 1:         ࣴ = ℎ∗(ܥ௦) + ℎ∗(ܥௗ) − 2ℎ∗(ܥ)↓ 
 
Obtaining the relation as, 
 

ࣴ = ൝
                       ࣤࣴ̿ + ߱൫ℎ∗(ܥௗ) − ℎ∗(ܥ௦)൯, ݊݁ݒ݁ ࣤ

ࣤࣴ̿ + ߱ ቀℎ∗↑ + ℎ∗↓ − ℎ∗(ܥௗ) − ℎ∗(ܥ௦)ቁ , ݀݀݋ ࣤ
� 

 
Which correctly reproduces the final path tracing photon in geodicity 
as, 
 

ࣴ = ࣤࣴ̿ + ߱ ቈ(−1)ࣤℎ∗(ܥௗ) − ℎ∗(ܥ௦) +
1 − (−1)ࣤ

2
൫ℎ∗↑ + ℎ∗↓൯቉ 

 
4. Conclusion 

 
The photon trajectory has been considered devoiding of any coordi-
nate singularity as mentioned before having the values, (0 < ߠ <  ,(ߨ
with a “potential” measuring through the Boyer-Lindquist coordinates 
,ݐ) ,ݎ ,ߠ ߮), taking the ‘angular’ parameter as Boyer-Lindquist coordi-

nates (ݐ, ,ߠ ߮) , neglecting the “radial” parameter Boyer-Lindquist 
coordinates (ݎ)  because the 3-potentials that suffice the angular 
momentum induced trajectory through the values of “ordinary geo-
desics” and vortical geodesics” where the later behave has an induced 
radial curves of null paths induced by relativistically frame dragging 
having the “affine-valued” functions (ߟ > 0 ), ߟ) = 0 ), ߟ) < 0 ) 
through the “3-potentials of ൫ࣩఏ, ࣩథ, ࣩ௧൯  along with half-librations 
൫ࣩఏ, ࣩథ, ࣩ௧෫ ൯ , focusing primarily the oscillations between alternate 
universes, having ‘null coordinate singularity’ but a ‘way out’ “ring” 
singularity through which the photons being trapped through the 
generators of the cone, sprouts out through the fountains making a 
way of rectifying the Lens-Thirring effect with an induced rotation 
that calibrates inside the event horizon having the escape velocity 
values ௘ܸ௦௖~3,00,000 ݉ܭ/ܵ݁ܿ making the path tracing of the photon 
stays inside the BH as a permanent candidature. At the last, the 
“path integrals” have been computed for 4-affine valued parameters, 
along with turning points, (ܥ௦, ߱, ௗܥ , ࣤ) to provide a summation of all 
the path tracing as concerned in this paper. 
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