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Abstract: With the advent of submesoscale O(1 km) permitting basin-scale ocean simulations, the
seasonality in the mesoscale O(50 km) eddies with kinetic energies peaking in summer has been
commonly attributed to submesoscale eddies feeding back onto the mesoscale via an inverse energy
cascade under the constraint of stratification and Earth’s rotation. In contrast, by running a 101-
member, seasonally forced, three-layer quasi-geostrophic (QG) ensemble configured to represent an
idealized double-gyre system of the subtropical and subpolar basin, we find that the mesoscale kinetic
energy shows a seasonality consistent with the summer peak without resolving the submesoscales;
by definition, a QG model only resolves small Rossby number dynamics (O(Ro) < 1) while as
submesoscale dynamics are associated with O(Ro) ~ 1. Here, by quantifying the Lorenz cycle of the
mean and eddy energy, defined as the ensemble mean and fluctuations about the mean respectively,
we propose a different mechanism from the inverse energy cascade by which the stabilization and
strengthening of the western-boundary current during summer due to increased stratification leads
to a shedding of stronger mesoscale eddies from the separated jet. Conversely, the opposite occurs
during the winter; the separated jet destablizes and results in overall lower mean and eddy kinetic
energies despite the domain being more susceptible to baroclinic instability from weaker stratification.

Keywords: Ocean circulation; Geostrophic turbulence; Quasi-geostrophic flows

1. Introduction

The energy cycle of the atmospheric system, namely the energy exchange between
the mean flow and fluctuations about the mean, have long been of interest due to the
fluctuating flow being attributed to what is commonly known as the “weather” [1,2].
Similarly, the oceanographic community has had a long-standing interest in eddies, the
weather system of the oceans [3,4]. In a seminal paper, Lorenz [2] provided a framework
in understanding the eddy-mean flow interaction, a framework often referred to as the
Lorenz energy cycle [hereon LEC; 5].

LEC generally decomposes the flow into four energy reservoirs: the mean and eddy
available potential energy (APE) and kinetic energy (KE). The concept of APE is perhaps
unique to the field of geophysical fluid dynamics where the gravitational force plays a dom-
inant role in the governing equations. Although all geophysical fluids store gravitational
potential energy, only a small fraction of it is available to generate fluid motion, hence the
prefix “available”. The energy exchanges between each reservoir elucidate the balance of
physical processes responsible for causing the eddy flow [4]; e.g. exchanges between the
mean and eddy KE are associated with barotropic instability while as exchanges between
the eddy APE and eddy KE are associated with baroclinic instability. Barotropic instability
is generated via horizontal shear in the mean flow while as baroclinic instability occurs
when the effect of gravity due to weak vertical stratification becomes on the same order as
Earth’s rotation [6]. The balance between the two instabilities results in the weather and
eddies we commonly observe in the atmosphere and ocean. With the recent increase in
computational power and advent of eddy resolving simulations of the ocean, there has
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been a growing interest in the interlinkage between the energy exchanges and temporal
variability, namely seasonality, in the eddy flow [7,8].

In the context of Physical Oceanography, the eddies can be further separated into
meso- and submeso-scale eddies. Mesoscale eddies are roughly on the spatial scales of
the Rossby radius (NH/ fy ~ O(50 km) where N and H are the vertical stratification and
ocean depth respectively, and fj is the Coriolis parameter) while as submesoscale eddies
are on the scales of O(1 km) [9]. In terms of Rossby number (Ro (= U/ fyL) where U and
L are the characteristic scales of velocity and spatial scale), this translates as mesoscale
dynamics being on the order of O(Ro) < 1 and submesoscale flows being associated with
O(Ro) ~ 1[10,11]. In other words, mesoscale dynamics are more constrained by Earth’s
rotation, leading to the well-known phenomenon of inverse energy cascade where KE is
transferred from scales about the Rossby radius to larger scales [12-14]. To what extent
the framework of inverse energy cascade is applicable for scales smaller than the Rossby
radius remains an open question [10,15,16].

Nevertheless, many studies using meso- and submeso-scale permitting ocean simula-
tions have attributed the seasonality in mesoscale KE to energy being transferred upscale
from the submesoscales where the seasonal modulation of the mixed-layer depth leads to a
strong signal [11,17-22]. Instabilities within the mixed layer are inherently submesoscale
due to the reduced stratification and shallow depth scale, and are most active during late
winter/early spring when the mixed-layer is the deepest [23-25]. The summertime peak
in mesoscale KE has consequently been explained by the time lag for the submesoscale
energy to cascade upscale. While we agree that submesoscale instabilities affect mesoscale
variability, here, we examine another mechanism on the other end of the spectrum in
modulating the mesoscale seasonality, namely the basin-scale (O(1000 km)) affecting the
mesoscale.

In order to quantify the exchanges between the energy reservoirs, we run a seasonally
forced, three-layer quasi-geostrophic (QG) ensemble with a double-gyre configuration and
examine the LEC. By definition, a QG model only resolves small Rossby number dynamics,
i.e. the simulated eddy field only consists of mesoscale variability. The background state
in QG can be considered as the basin-scale state. In particular, we define the mean via
the ensemble mean and eddies as the fluctuations about the mean. The ensemble mean:
i) negates the ergodic assumption where one treats the temporal mean equivalent to an
ensemble mean, which is questionable for a temporally varying system; ii) removes the
arbitrary temporal and/or spatial scale in defining the mean [26]; iii) is consistent with
the Reynold’s definition of eddy-mean decomposition [27]; and iv) retains the temporal,
namely seasonal, variability of the LEC.

The paper is organized as follows: We describe the model configuration in Section 2
and re-derive the layered QG equations and LEC in Section 3, which will aid our discussion
later on. We give our results in Section 4 and conclude in Section 5.

2. Model description

We use the quasi-geostrophic (QG) configuration of the Multiple Scale Ocean Model
[MSOM,; 28, hereon referred to as MSQG], based on the Basilisk language, to simulate
a three-layer double-gyre flow with a rigid lid and flat bottom. No-slip conditions are
applied at the lateral boundaries. The parameters used are similar to prior QG studies
which examine the dynamics of a double-gyre system [3,29,30] and are summarized in
Table 1. The characteristic length scale of the Rossby radius is prescribed as L (= 50 km)
and horizontal resolution is ~ 15 km (= d;L) and so we have roughly three grid points per
radius; our simulation can be considered mesoscale resolving [31]. (We note that increasing
the resolution does allow for the submesoscales to be permitted in our model due to the
QG constraint.) MSQG solves prognostically for the non-dimensionalized QG potential
vorticity (PV; q):

Dj =~ =
DF — F+D, 1)
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where F and D are the forcing and dissipative terms, and (-) are non-dimensionalized
variables. The background stratification is defined at each layer interface via the Froude
number where we enforce the seasonality by varying it in time according to:

u ~ A Al —
Fr; = = Fri"[1+4 Apy, sin (271fp,.1)] 1/2, 2)

\V&iH!

where Hf = (H; + H;11)/2, ¢ is the reduced gravity, and subscript i is the layer index
(Figure 1). We vary Frq in time by keep Fr; stationary (Ap,, = 0), which is consistent with
the seasonal variability of stratification being confined in the upper few hundred meters
[32]. The wind stress curl is kept stationary with the formulation:

Vi x T(§) = —fI(i{ZO sin (%y) sin (Lloy). 3)
Parameter Notation Value Unit
Number of horizontal grids N 256 -
Number of vertical layers ny 3 -
Non-dim. horizontal domain size Lo 80 -
Non-dim. horizontal resolution Op N-1L, -
Background Rossby number Ro™ 0.025 -
Non-dim. Coriolis parameter fo Ro™ ™! -
Bottom Ekman number EKP 0.004 -
Non-dim. surface Ekman pumping (0 0.0001 -
Biharmonic Reynolds number Rey 1563 -
Non-dim. beta B 0.5 -
Background Froude number Fri*; Fry 0.00409959;0.01319355 -
Amplitude of Fr; Aprl ; Aprz 0.1;0 -
Non-dim. frequency of Fr; fprl ;. fp;l 62.271,62.271 -
Non-dim. layer thickness Hi; Hy; Hs 0.06; 0.14};\0.8 -
Non-dim. reduced gravity gA; Fr;2Hf -
Non-dim. maximum time stepping op 5x 1072 -
CFL condition - 0.5 -
Horizontal velocity u 0.1 [ms1]
Length scale L 50 [km]
Total layer thickness H 5000 [m]

Table 1. Parameters used to configure the three-layer QG simulation and dimensionalized charac-
teristic scales. The bottom Ekman number is the ratio between the bottom Ekman-layer thickness
and Hj and bottom friction is € = Ek?/(2Ro™ H3). Beta is dimensionalized as § = pU/L? and the
dimensionalized domain size is 4000 km (= LyL). The frequency of Fr translates approximately to a
360-day year (= fgrlL/ U). The prognostic time stepping is determined via the CFL condition within
values smaller than 67",

We spin up the model for 10 years from a spun-up run with stationary stratification
(Fr; = Fr!") and then perturb a random single grid in the first-layer stream function
field on the order of a floating point error (O(1073!)) to generate 100 slightly perturbed
stream function fields. We use the perturbed fields as the initial conditions to generate
100 ensemble members. The surface wind stress and temporally varying background
stratification are kept identical during the spin up and amongst ensemble members after
the spin up. We run each ensemble member for another 10 years and for reference, we also
have a control (CTRL) run without any perturbations to the initial condition; in total, we
have 101 ensemble members and the CTRL run is there to show that the perturbations do
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Figure 1. Vertical structure of the three-layer QG model with a rigid lid and flat bottom. The
layer interface displacement (1;) is shown in the thin curvy lines and net layer thickness is h; =
H; + 1;_1 — 1;. The stream functions (p;) are defined within each layer.

not lead to a bifurcation in the dynamical regime within the 10 years of our simulation
[33]. The model outputs were saved as instantaneous snapshots at every characteristic time
scale (7 = L/U = 5 x 10° seconds).

3. Derivation of the Lorenz energy cycle

Although the layered QG equations have been derived countless times [1,3,6,34], here,
we re-derive the energy equations for a rigid-lid and flat-bottom three-layer QG model with
a seasonally varying background stratification, which the latter leads to some subtleties.
In the remainder of the study, we only discuss dimensionalized variables. We start off
with the order Rossby number momentum equations for a given layer i (€ [1,3]; Figure 1)
neglecting viscous and external forcing terms:

Otllg;j + Ug;iOxllg;i + Vg;iOyllg;i — foUasi — PYVg;i = —OxPasi, 4)

atvg;i + ug;iaxvg;i + Ug;iayvg;i +f0uﬂ;i + ,B]/ug;i = _ay(Pa;i/ (5)

where the subscripts ¢ and a denote the geostrophic and ageostrophic components respec-
tively (u = ug + u,) and the B-plane approximation is applied (f = fo + By). Taking the
cross product of the momentum equations leads to the relative vorticity equation:

atgg;i + ug;iaxC-g;i + Ug;iaygg;i + ,ng;i = _fO(axuu;i + ayva;i> (6)
= fo0:wy, (7)

The layer-thickness equation on the other hand is:

dth; + Mg;iaxhi + Ug;iayhi = —Hi(axua;i + ayva;i) (8)
= HiBZwﬂ, (9)

so equation (6) can be re-written as

D; fo D;
ﬁgg;i + By = ﬁzﬁ ir

(10)
where % = d¢ +ug, - V}, and we get the governing equation for QGPV g; = (g, + fy —
I];—Oihi. (The relation between the layered and continuously stratified QG framework is
given in Appendix A.) It is perhaps interesting to note that the QGPV remains identical
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for a stationary and temporally varying background stratification (viz. g = %F ry 2(t))

although we show below that this is not the case for the energy budget. Now, we can define
a stream function as ¥; = ¢,/ fo and relative vorticity becomes {¢.; = V2. The stream

function is related to the layer displacement via 77; = ?(tpiH — ;). The layer thickness

can, therefore, be written using the stream function as:

hi = H; + i1 — 1 (11)

0 g 1)~ L — v 12
gzl'fl(wl 1/1171) gg(lpwl l;bz)f ( )

where %170 = %173 = 0 due to rigid-lid and flat-bottom boundary conditions. The vertical
velocity can be diagnosed via the QG omega equation [Appendix B; 35,36]:

1
N2Viw, + f20,w, = Bayh — 2V - Q — Vﬁszatm, (13)

where N? = ¢//H*, and b; = fo% is the buoyancy. The viscous and diffusive terms

1

do not appear as they cancel out due to the thermal-wind relation (fpd.{; = V2b) and
their parameters being set identical (viz. v4 = x4 (= Re;lL?’U)). The Q tensor is:

Q = Qi+ Q% = (0yu} - Vyb)i+ (9yuy - Vib)j, (14)
where u;i = —9yyli + 9,yp]j is the geostrophic velocity derived from the inter-facial
stream function [} = %J:I%W’ 3]. i and j are the horizontal Cartesian unit vectors.

The last term on the right-hand side of (13) is due to the temporally varying background
stratification (Appendix B). We solved equation (13) iteratively for w, via a two-dimensional
geometric multigrid solver with the boundary conditions of Ekman pumping (wg):

_ _l _ UH , . 2 27Ty . ﬂ
WE0 = fO Vh XT= L fosm [ LO } s [L0:|’ (15)
1)
Wgz = EECg;sl (16)

where 6 = EkYHj is the bottom Ekman-layer thickness.
Now, multiplying equation (7) by —; and integrating over the depth of each layer
gives the kinetic energy (KE) budget:

A(EEE g, ety o]
= _fO/IPiazwadZ
= fO [ - (wﬂ;ifllﬁ—l - wu;i#’j) + /waazlpidz]
=t = (gt — wot) + Hi(yy L=V Ly PP Y1)
fo{ iy = waii) + Hi(w "Hi+H 4 T a Hi+1+Hi)}
(17)

Dropping the divergence terms as they vanish upon area integration, for each layer we get:

H _
713t|VhlP1 > =fo [wa;lll’ir + w1 Hy %} , (18)
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|Vh¢2|2 = fO [ - (wu;llpf - wu;le;) + Hp (wu;l ;5; _T_ Ezl + Wa;2 ;’_2 _T_ 232)}; (19)

H
%at‘vhlpﬂz = fo { - wa;Zl/J;r + wap Hs Il_l;z T Z?;] (20)

On the other hand, using relation (12), the layer-thickness equations can be manipulated as

H: H
Wﬁ{z(g)h:l - HlT1H2(9)|i:2

DY rfo _ H; D, fo
{ (ll)l lPZ)} = —Wg1 + m[wu - ﬁgz(lPB P )}
_ ~ foHy _ _
= U G H )(u u3) - V(2 — 3)
- _wa;ll (21)

where the second term on the right-hand side above (21) vanishes due to thermal wind.
Similarly, 725 (9)]i=2 — Fdg O)li=s

DI rfi
Dt [gz(

Ds f
Dt g7 (¥2 = 91)]

= —Wy;2, (22)

H
P2 —3)| = —wWap + o | W1 —
, H; + H; !

T
where % =0+ u;i - V1. The available potential energy (APE) equations can, therefore, be
derived by multiplying equation (21) with fo(y1 — 1) and again dropping the divergence
terms:

2 200 N2
[foo(lh ¥2) } = —fo(h1 — ¥2)wa — Matﬁf]r (23)
and equation (22) with fo(y2 — 93):
>
o [2@&(1#2 - 1/)3)2] = —fo(P2 — P3)Wayn. (24)

We see from equation (23) that there is an additional source of APE due to the temporally
varying background potential energy (BPE; B¥), which then feeds back onto the KE via
equations (18) and (19) through baroclinic instability. BPE takes the same form as APE
except that only ¢’ is inside the derivative.

Now, the mean KE (MKE; K*), eddy KE (EKE; K), mean APE (MAPE; P¥) and eddy
APE (EAPE; P) can be defined as:

H. o H
Kf = 71|Vh¢’i|2r Ki= 71|Vh¢f|2/ (25)

fO(

2 [
P = I i P = L v, (26)

2g;
where (+) is the ensemble mean and the eddy is defined as fluctuations about the ensemble
mean, viz. (-)' = (-) — (-). We note that the ensemble mean of the fluctuations vanish
((-)" = 0). The strength of defining the mean as such is that in addition to the ensemble-
mean operator commuting with the derivatives with respect to (t,z,y, x) [27], it provides a
unique decomposition between the mean and eddy. In other words, the mean does not
depend on an arbitrary temporal or spatial scale, which is beneficial in our case as the
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1 separated jet is on QG scaling in the cross-jet direction while as on planetary-geostrophic
222 scaling in the along-jet direction [37,38]. The ensemble mean can be interpreted as the QG
223 response to external forcing while as the eddies as a result of intrinsic variability arising at
22e QG scales [39-41]. The ensemble mean of total KE and APE each satisfy K; = % |Vhi|? =
2 KP4+ K, P = %2, (i — $ir1)? = P¥ + P;. Hence, the exchanges (I1) of KE and APE within
226  and between laylers are:

227 HK?—ﬂCl = _Hl <%Vh . u:g;lv}zll/JD, (27)
= My s = —fo(@aat]), T, o, = —folwy, 9]'), (28)
230 fOHl - o fO ) -
231 HP{*%K‘{ = m(waﬂ(lpl —2)), Tlp, ok, = m(w;1(¢i —9)), (29)
P —
Mps_p, = —j’«% = $2) V- uly (9] — 93)), (30)
1

f -1 1 -1
Mge_pp = = (1 = 2081 ), Mprp, = = (W] — 9521 ), (1)
237 HK#Z#*)/CZ = —H2 <%Vh . ué;zvl%lpé>, (32)
My e = —fo(@aah), Ty, = —folwyot), (33)
240 fOH2 - o fOH2 -
21 Hpr ps = H, + Hy (a1 (Y1 — 92)), Tp sk, = m@lm(% —93)), (34
242 fO ) fOH2 -
243 Hp pa = s+ (Wa2 (Y2 — ¥3)), Tp, sk, = m@;g(% —¥3)), (35

IT = f—g — o)V A 36
pop, = (5 T V-l (97 93, 36)

2

247 HKg*)’C3 = 7H3<%Vh . uéF3Vﬁ¢é>’ (37)
248 fO 8 f0H3 -
209 HP;%K? = H,+ ({@a2($2 = ¥3)), lp,i, = m@fm(% —93)), (38
20 where (-) = [[(-)dxdy is the area integration. Further details regarding the sign convention

21 and forcmg /dissipation terms are given in Appendix C and D. Summing up each layer
252 gives the volume integrated energy exchanges:

HPMK#_Z fol@ai (i — Pit1)), (39)

2 [
255 HPH’C = Zf0<w1,1,l(lp; - lpl{+1)>’ (40)

2
HMHP:Q«% )V, B 90) + f0<lP2—lP3 )V W@ ), @)

259 HK#%]C = — 21 Hl<ﬁvh . ”é;ivlzll/JD' (42)
1=
By
201 Mo spr = =5 (Y1 = $2)°0g1 ), (43)
263 Bt sp — < IIJZ t81 > ( )
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Figure 2. Time series of the horizontally averaged barotropic a and first-layer TKE b. Each ensemble
member is shown in the thin colored lines. The reduced gravity is shown in blue plotted against
the right i axes. The CTRL run is shown in red-dashed and ensemble mean in black dashed lines
respectively.

4. Results

We start by showing the total kinetic energy (TKE) during the spin-up phase and
for the 10 years of output we have (viz. 20 years in total; Figure 2). The ensemble spread
starts to grow after a year of integration and plateaus roughly for the latter eight years.
The area-integrated TKE in the first layer ((K;)), most relevant for studies interested in
surface seasonal dynamics, is in sync with the background stratification (g}), viz. higher
(K1) during summer when stratification is stronger and visa versa (Figure 2b). For the
lower layers, there is a temporal lag evident by the barotropic TKE ({|V,¥|?) where
Y = H~'Y; H;y; is the barotropic stream function; Figure 2a). Although it is difficult
to detect a clear seasonal signal for the barotropic TKE from each individual ensemble
member, their ensemble mean shows a robust seasonality. For the remainder of the study;,
we use the last four years of output in order to maximize the signal of intrinsic variability
amongst members.

In Figure 3, we show the mean and eddy KE respectively in the first layer (K¥, K1)
during summer for the last year of output and their difference from wintertime. The fields
were taken at the time step when the reduced gravity was at its maximum and minimum.
We see the characteristic feature of a robust separated western boundary current in a
double-gyre system with very little meandering while as the EKE is more meridionally
spread out. Consistent with Figure 2, summertime has a stronger mean jet and EKE than
winter (Figure 3c,d). We also show snapshots of eddy PV (qé;l) from the CTRL run from
which we see coherent features of mesoscale eddies (Figure 3e,f).

4.1. The domain integrated Lorenz energy cycle

We now move on to quantifying the LEC in order to examine the processes responsible
for generating higher KE during summertime. As we define the mean as the ensemble
mean (as opposed to a temporal mean which has commonly been applied), we are able to
examine the temporal variability of LEC. We compute the terms in equations (39)-(44) for
the last four years of output and show them in Figure 4. The time series of the mean energy
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the last year of output. The fields show the first layer and the eddy PV is taken from the CTRL run.
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Figure 4. Time series of each term in the domain-integrated LEC. a The mean and eddy KE (black)
and APE (red) reservoirs in the units of x1013 [(J/ kg) m?] and stratification of the first layer interface
(blue; g7). MAPE is multiplied by 0.1 to have it fit on the same y axis. b The energy fluxes between
each energy reservoir and forcing terms due to surface wind stress (FSK#) and temporally varying BPE.
¢ Dissipation terms due to horizontal viscosity (Dj) and bottom friction (Dj). The fluxes are in the
units of x10° [(W/kg) m3].

reservoirs are in sync with the background stratification; the mean energy is highest during
summer and visa versa (P¥, K¥; Figure 4a). The eddy reservoirs, on the other hand, lag
the stratification by ~ 1 months but their peaks precede winter when the domain is most
susceptible to baroclinic instability (P, K; Figure 4a). MAPE has the largest magnitude
amongst the reservoirs by an order of magnitude and for KE, the eddies are more energetic
than the mean. The energy flux from MAPE to MKE is always negative (ITps_, x# < 0) due
to Ekman pumping. Although the energy input due to wind stress (FSK#) is in sync with
MKE with energetic currents resulting in stronger surface stress, Ilps_, g+ does not show
a seasonal fluctuation (Figures 4b and 5a). This is likely due to the bottom drag counter
balancing the wind energy input (D, in Figure 4c).

To provide a climatological view of the energy fluxes (II), we take the yearly average
of the last four years and show the LEC diagram for a climatological summer and winter
(Figure 5). Each season per year is defined as three time steps; summer is when the reduced
gravity takes its maxima and one time step each before and after the peak, and three
time steps about the minima in reduced gravity for winter. The seasonal climatology is
then taken as the average of the four years. Again, we see that all reservoirs are more
energetic during the summer. Focusing on MKE, except for the surface wind stress, the
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Figure 5. Time series of the seasonal climatology of energy fluxes between the energy reservoirs a.
b,c The LEC diagram for the climatological summer and winter averaged over the last four years of
output. The energies are in the units of x 1018 [(1/ kg) m?3] and fluxes are in x106 [(W/ kg) m?]. The
energy exchanges do not exactly cancel out due to each reservoir having temporal variability.

reservoir only has loss terms year round and yet stores more energy during the summer.
We attribute this to the separated jet stabilizing due to increased stratification, which results
in the jet shedding stronger eddies. Indeed the energy flux from MKE to EKE (ITg#_, ) is
highest during the summer (Figures 4b and 5a). It is perhaps interesting to note that the
sign of fluxes between EAPE and EKE reverses depending on the season with barotropic
instability dominating over baroclinic instability during summer; the energy pathway
becomes MKE—EKE—EAPE (IIp_,x < 0) during summer whereas baroclinic instability
would predict EAPE—EKE (Ilp_,x > 0).

4.2. Time lag for vertical barotropization

In this section, we investigate the mechanism for the lag in KE in the lower layers
(Ky,K3) from KE in the first layer (K;) and stratification (g}) as evident from Figure 2.
Although the oceanographic community has had an emphasis on the surface horizontal
inverse energy cascade, rightly so with satellite observations of the global sea surface
[13,42], we hypothesize the temporal lag in our model is caused by the vertical inverse
energy cascade, i.e. barotropization of the flow [6]. We can quantify this by examining the
KE transfers to lower layers (equations (28) and (33)). From Figure 4a, the mean reservoirs
do not show a temporal lag so we will focus only on the EKE reservoirs. In Figure 6, we
show the timeseries of [y, .k, and Ik, ,; taking the lag correlation, Iy, _«, lags g1 by
~ 12 days and Iy, lags g} by ~ 23 days. The temporal lags roughly agree with the
~ 1 month lag we see for EKE and EAPE in Figure 4a.

5. Discussion and conclusions

By running a seasonally forced 101-member ensemble of a three-layer quasi-geostrophic
(QG) model in an idealized double-gyre configuration, we have shown that the kinetic
energy (KE) peaks during summer when the (basin-scale) stratification is strongest during
the year (Figure 2). Such seasonality in mesoscale eddy KE (EKE) has been observed in
other studies using realistic simulations of the ocean [11,18-22]. Due to air-sea interaction,
the seasonal modulation of the mixed-layer depth leads to a strong seasonal signal in sub-
mesoscale instabilities. The submesoscale EKE takes its maximum during late winter/early
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Figure 6. Timeseries of the EKE exchanges between layers (ITx, _,x, and i, x,) plotted along with
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spring and previous studies have commonly explained the summer peak in the mesoscale
range as the time lag for the submesoscale EKE to cascade upscale. The mechanism of
inverse energy cascade fails, however, to explain the mesoscale seasonality in our model as
a QG model by definition cannot resolve any submesoscale instabilities.

Using the framework of the Lorenz energy cycle [LEC; 2], we have quantified the
reservoirs of mean and eddy available potential energy (APE) and KE, and energy fluxes
amongst them. We note that our ensemble framework has allowed us to examine the
seasonal variability of LEC. Our results show that all four reservoirs store more energy
during the summer than winter (Figure 4a). For the mean KE (MKE), we attribute the
summertime maximum to increased stratification leading to a more baroclinically stable
and stronger jet. Conceptually, this can be understood based on a mass-flux balance. Since
the wind stress is kept stationary, the Sverdrup transport (3~'V}, x T) remains constant
throughout the simulation. Based on mass balance, the accumulating transport towards
the north/south boundaries must be fluxed out via the western boundary current. Figure
3c shows an intensification of MKE during summer along the western boundary resulting
from less energy lost to the eddies within the gyre interior. Hence, a more stable jet results
in a stronger mean flow.

Shifting our focus to EKE, based on baroclinic instability, one might expect the op-
posite to be true, namely, wintertime having more EKE than summertime due to weaker
stratification. The LEC shows that during summer, energy fluxes from MKE to EKE associ-
ated with barotropic instability over compensate for the fluxes from eddy APE (EAPE) to
EKE, a pathway associated with baroclinic instability. Since MKE is higher during summer,
the larger flux of energy from MKE to EKE results in EKE peaking in summer (Figures 4b
and 5). Although our simulation is highly idealized, we argue that barotropic processes
dominating in the separated jet region is consistent with a recent study on energetics using
a realistic simulation of the North Atlantic Ocean [38].

To our knowledge, Qiu et al. [17] is the only study using a realistic ocean simulation
showing how the seasonality in background state can modulate the mesoscale variability.
Their results differ from ours, however, in that they attribute the mesoscale seasonality
to the classical Phillips-like baroclinic instability arising from the interior background
stratification and vertical shear in horizontal velocity [1]. In addition to the submesoscale
variability modulating mesoscale seasonality, our results suggest that in reality it is possible
that the basin-scale variability does so as well. We note that since our QG model does not
permit submesoscales, the baroclinic energy flux from EAPE to EKE is likely underesti-
mated compared to the real ocean. It would be interesting to revisit the LEC for realistic
ocean ensembles [41,43] to see whether we would see a stabilization of the separated Gulf
Stream during summer and consequently larger energy fluxes from MKE to EKE.
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Appendix A. Relation between the layered and continuously stratified QG framework

Suppose at any given time, we have total buoyancy (B) defined on a layer interface
(Figure A1). Based on Taylor expansion, the layer interface displacement can be expanded
as [6]:

0z
=35 Z:H[Bo(t,z—H)—B(t,Z—H+17)] (A1)
0z
- _ﬁ Z:Hb’ (Az)

where b = B — By is the QG fluctuations about the background buoyancy (By). Hence, we
get:
b

N2
and taking the material derivative gives the buoyancy equation:

D b

Equation (A3) gives the physical intuition that the material derivative of b/N? leads to
vortex stretching.

Appendix B. The omega equation with a temporally varying background stratification

We derive the QG omega equation using the continuously stratified framework.
Taking the vertical derivative of the momentum equations (4) and (5) multiplied by f
gives:

D
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412 D 5
Di fo9=0g) = it - Vb + f§0:a + Py fodzig = 0, (A6)
a1.a  and the horizontal gradients of the buoyancy equation (A4) yields:
1D 8 u
Db+ bat + g Vb + e =0, (A7)
416 1 D a u
Db+ aybat ;’ - Vb + dyw, = 0. (A8)

a1s Summing equation (A5) with (A8), and —(A6) with (A7), and using the thermal wind
a0 relation, we get:

1
20y - Vb + N23yw, — Bydsb — fG0:00 +0ybN?0y 17 = 0. (A9)

1
2011g - Vb + N?0xw, + Bydyb — f3o-us + a,chZatm =0, (A10)

a3 Taking dy(A9)+0dy(A10) gives the omega equation for a temporally varying background
a2a  stratification:

1
N>Viw, + f30,w, = Baxb — 2V - Q — Vﬁszatﬁ. (A11)

a2 Although the last on the right-hand side involves a time derivative, there is no time
a2z dependency in our case as we know the analytical form of the background stratification
«2s  (equation (2)). Its contribution to the omega equation turned out to be negligible (not
420 ShOWIl).

a0 Appendix C. Decomposing the mean and eddy energetics

431 In this section, we derive the mean and eddy KE equations. Equation (7) can be split
a2 into its mean and eddy component:

DtV2¢+ iy g Vi VARG +¢)] + pox (P + ') = fodo(@+ '), (A12)

s« where %ﬁ = 04 + Uy - V. Multiplying this by — gives:

D* |V, 9|2 _
ﬁ% TPV — thV ¢ — pug Va[VAG + )]
—2
436 — ‘BBX% — @ﬁaxlp/ = @E — @f()azwl, (A13)

a3z and taking its ensemble mean yields the mean KE equation:

E% Vi TPV - o =T+ PV u, VY. (A14)

a0 On the other hand, the ensemble mean of total KE equation (17) is:

D [Vyp|? 2 P
441 ET — Vh . ugl/JVhl/J — ,Bax7 = ZUb/ (A15)
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sz which can be expanded as:
E#‘Vh¢|2 +2#‘Vh¢/|2 +V . /‘Vhlpl|2 + / V (a *a /+a *a /)
Dt 2 Dt 2 ) g - Vi (0xpoxyp’ + 0y oyt
- m2
— Vi ugp Vi — /zax% = wb. (A16)

ass  Taking the difference between equations (A14) and (A16) gives the eddy KE equation:

D* |V 2 v — _
ﬁ| *‘24" + Vi | h;”' + Vi - 1, (9,90, + 0,0y y)
. v S
s Vi 4y V3P~ wPVEP) — po L =W GV w Vi (A17)

a0 Since the divergence terms vanish upon area integration, we can see the mean and eddy KE

a

a1 exchanging the term — V), - ug Vi #y’ (equations (A14) and (A17)). The same procedure
sz can be done for equation (9) or the buoyancy equation to derive the mean and eddy APE
43 equations.

ssa Appendix D. The three-layer QG Lorenz energy cycle

ass The Lorenz energy cycle [2] for the first layer dropping the divergence terms in

a6 equations (A14) and (A17) while bringing back the viscous and diffusive terms becomes:

o

457 atKl f() |:wa 11’[]1 + lea ;1 ;_IJII + ﬁz ] + H]%Vh : u;’;l v%\”bi
p — 1V X T+ H vy VE(VED), (A18)
w 0K = fo|wh,] + Hiw), }f,l +ﬁ | = Higr V-, VR + Hig s VA(VR¢), (A19)

sws P = —fol0g1 (1 — $2) — f5 (1/71 $2) Vil () — 5)

2 (The _ 7h-)\2
’;0 1 - T - ) - D501 (a2
465 1
7

467 atpl - _fom g (1/)1 ¢2)Vh m

2 )2
- By e - L g ay

aro  For the second layer:

ar1 0 K# = _ H 1/11 17[]2 4’2 4)3
) fO{ (wa1¢1 wa2¢2)+ Z(WulH T H + Wa2 H3+H2)}
o + Hypy Vi - ) Vi) + Haovs VE(VEF2),  (A22)

N Y A LY A 24 /1P11/J211P21/’3
i Bthz—fo[ (w1971 wa;2¢2)+H2(w”1H +H1+w“2H3+H2)}

a76 — Hzlpzvh u V%\lpz + H2¢21/4V4 (V%ﬂ’%) (A23)

a77
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2
PY = —folan (Y2 — 3) — L?(% —2) Vi ud (95 — 95) — fo (lPa — P2)ka Vi (3 — $2),
&
(A24)
- 2
Py = — fowl, (W — ¢4) + ?,(lpg — o) Vi ud (93 — 93) — f (¢3 P5)ka Vi (5 — ).
2
(A25)
a7zs  For the third layer:
a70 atK?;‘ =fo [ Wy 21/J2 + H3wa2;_ljlz n Zs ] + H3l[J3Vh ug3Vhl[J3
18 + Hsys[vs Vi (Vigs) +€Vigs],  (A26)
¥y — ¢ —o T o2
483 0iK3 = f()[ Wy, 21/12 + H3 wﬂ 2H2 T 1_13 } — H3p3Vy, - uéﬁv}zllpé
o + Hsps[ua Vi (Vagh) +eVigsl.  (A27)
as6 Although the biharmonic diffusive terms in the APE equations (A20), (A21), (A24) and

sz (A25), which originate from diffusive terms in the layer-thickness equation (8), are applied
s solely for numerical stability and their similarity with buoyancy in primitive equations,
aso  their formulation is conceptually similar to the Gent-McWilliams’ skew diffusivity [GM; 45].
w0 GM represents the process of baroclinic instability upon which isopycnal displacements
a1 are smoothed out adiabatically within the isopycnal layer. Considering the quasi two-
sz dimensional and adiabatic nature of the QG system, the interpretation of layer-thickness
03 diffusivity becomes similar to the GM skew diffusivity. A major difference here is that the
. diffusivity is set as the bihamonic diffusivity and as such, should be negligible in damping
a5 the resolved eddies [11,31].
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