Exponentials and Logarithms Properties in an
Extended Complex Number Field

Daniel Tischhauser
Independent researcher, Geneva, Switzerland

Email : dtischhauser.math@gmail.com

Abstract

In this study we demonstrate the complex logarithm and exponential multivalued re-
sults and identity failures are not induced by the exponentiation and logarithm operations,
but are solely induced by the definition of complex numbers and exponentiation as in C.
We propose a redefinition of the complex number set, in which the issues related to the
identity failures and the multivalued results resolve. Moreover the exponentiation is no
longer defined by the logarithm, instead the complex logarithm formula can be deduced
from the exponentiation. There is a cost as some algebraic properties of the addition and
substraction will be diminished, though remaining valid to a certain extent. Finally we
attempt a geometric and algebraic formalization of the new complex numbers set. It will
appear clearly the new complex numbers system is a natural and harmonious complement
to the C field.

Keywords: Complex number field; Complex exponentiation; Complex logarithm; Exponential
and logarithm identities

1 Introduction

In 1749 L. Euler [1] solved a decades old controversy between G.W. Leibniz and J. Bernoulli
over the appropriate definition for logarithms of negative and imaginary values, by producing
the formula In(z) = In(a + bi) = In|z| 4+ arg(2)i = In |z| + i + 2k7i, where |z| = Va? + b2, 0
the principal value of arg(z), k € Z.

The formula for complex exponentiation z* = (a + bi)™™™ = x + yi, where both z,w € C, was
also given the same year by L.Euler in another study [2].

LW — ewlnz — (eln|z\+0i+2k7ri)m+m _ emln|z\fn07n2k7r€(nln|z\+m9+m2k7r)i 11
z = |2|™e " cos(nln |z| + mb + m2k) (1.2)
y = |2|"e ™ sin(n In |2| + mO + m2kT)

The formula 1.1 produces an infinite number of results, depending on the value of the k integer.
Due to the periodicity of the sine and cosine functions, the results reduce to a finite number of
results if the exponent w € Q.

The first complex logarithm formula log, w = = + yi, where both z,w € C, was given by
M. Ohm in 1829 [3].
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Inw  Infw|+ 0,0 + 2k,7i

log. w = Inz  In|z|+ 6.0+ 2k i (14)

_In lw|In |z| + (0 + 2kym) (0, + 2k, 7) (15)
(In|z])? + (6, + 2k,m)? '

_In |2|(0 + 2kym) — In|w|(6, + 2k, 7) (1.6)

(In|z])2 + (0, + 2k,m)?

The formula 1.4 produces an infinite number of results, depending on both k, and k,, integers.
The formula is hardly mentionned in mathematic litterature. In 1921, F. Cajori in his History
of exponentials and logarithms [4] expressed it this way :

The general logarithm system failed of recognition as useful mathematical inven-
tions.

Both general complex exponentiation and logarithm formulas are nevertheless used by complex
number calculators, though usually only the principal value at k£ = k, = k,, = 0 is returned.
By combining formulas 1.1 and 1.4, it is easily verified the complex logarithm is the reciprocal
of the exponentiation within a particular branch.

log, (+) = In (2%) _ (mlIn|z| — nb, — n2km) + (nln|z| + mb, + m2km)i
i In (2) In[2] + 0. + 2k, i
(m + ni)In|z| + (m + ni)0.i + (m + ni)2kmi
- In[2| + 0z + 2krmi

=m-+ni=w (whenk =k,)

In the same volume M. Ohm [3] studies the validity of the exponential and logarithm identities
in C. He concludes the set of values on both sides of the identity equation can differ. As an
example the left side of (2")” = 2" will produce many more results than the right side, since
exponentiation is performed twice. Furthermore many identities such as In(wv) = In(w) + In(v)
are not always valid when considering the principal value or any other branch.

In tables 1 and 2 we summarize the validity in R, and C of the exponentiation and log-
arithm main properties and identities.

Table 1: Exponentiation and logarithm properties.

Property Validity in R,  Validity in C
Exponentiation 2;* closure yes yes
Logarithm log, (22) closure no yes
Exponentiation monovaluation yes no
Logarithm monovaluation yes no

Exponentiation inverse of logarithm
zp10821(22) = 2, yes subset !

Logarithm inverse of exponentiation
log, (517) = 2 yes subset !

I The left side of the equation produces many more results, of which only a subset is equal to the right side.

The equation always holds at principal value



Exponentials and Logarithms Properties in an Extended Complex Number Field D.Tischhauser

Table 2: Exponentiation and logarithm identities.

Identity Validity in R,  Validity in C
Exponent distributivity over multiplicat.

(2122)% = 217329 yes no 2
Expozpent distributivity over division

(5
Exponential product z;%2z;% = z;%"% yes subset !
Exponential quotient ZZ =z yes subset !
Exponential power (z1%2)% = z;%2% yes no 2
Logarithm product

log,, (z223) = log, (z2) + log,, (23) yes no 2
Logarithm quotient

log., (j—i) = log,, (z2) — log., (23) yes no 2
Logarithm power

log, (22%) = z3log,, (22) yes no 2
Logarithm base substitution

log, (z2) = ii:% yes yes, if z3 € R

I The left side of the equation produces many more results, of which only a subset is equal to the right side.
The equation always holds at principal value

2 Both sides of identities equations produce a different set of results, which are not necessarily equal at the
principal value. In further sections we give the exact conditions for the identity validity at the principal value

or at any given branch

Trivial examples of identity failures in C
For clarity only the principal value at k = 0 is considered, the same outcome occurs on other
branches.

_ _ In(—=32) _ In(32)4mi _ (In(32)4mi)(In(2)—mi)
log_Q((—2)5) =log_»(—32) = In(—2) — In@)+m  (In(2)+xi)(n(2)—=i)

_In(32) In(2)+(In(32)-In(2))mi+7w2 __ .
- In(2))2 72 = 1.18568... + 0.84157...¢

# blog_5(—=2) =5

In(—1-i) =In(—i) = —2i # In(—1) + In(i) = mi + 3i = 24

The formulas of Euler and Ohm show that all results of exponentiation and logarithm can
be expressed in the form x + y2, thus both operations are algebraically closed in C and can be
defined as functions f : C x C — C for any given branch. However the closure has come at a
cost, firstly most identities equations valid in R, fail in C, secondly the multivaluation forces



Exponentials and Logarithms Properties in an Extended Complex Number Field D.Tischhauser

to arbitrarily select a branch for the result evaluation.

The aim of this article is to propose a redefinition of the complex number system in which
the issues described above resolve, and where the conceptualization, handling and geometric
representation of exponentiation and logarithm is eased. Moreover the logarithm is not limited
to real positive bases.

The sections 2 and 3 are dedicated to the definition of a new complex number set, here-
after named [E, the equivalences between C and [E, and to the definition of complex operations
(4, —, X, =+, exp,log) in E. The exponentiation is no longer defined by the logarithm, instead
the complex logarithm formula can be deduced from the exponentiation. Moreover all opera-
tions produce a single value result.

In section 4 we argue why the exponential and logarithm multivalued results and identity
failures in C are not induced by the exponentiation and logarithm operations, but are induced
by the definition of complex numbers in algebraic form z = x 4 yi and by the definition of
complex exponentiation z% = e¥n,

The section 5 includes all proofs and some examples over the validity of the exponential and
logarithm identities in E. All the trivial identity failure given above resolve.

In the section 6 we show how to obtain explicit formulas linking the real and imaginary parts
of some transcendental equations solutions.

The section 7 proposes a geometric representation of [E, of which the complex plane appears as
an orthogonal projection. The complex exponentiation z = 2, and logarithm z = log, (22),
with z, 21, 2o € E, can be simply represented as a mapping of the two operands elements to the
result element.

The section 8 lists all algebraic properties of E and compares them with the properties of
the R and C fields.

2 Complex numbers in complete form

Definition 1. Complex number in complete form

By taking a broad definition of the complex number as a number composed of a real part and
an imaginary part, the complete complex number set is defined as all numbers in the form
e®e’ U {0}, where a,b € R and 7% = —1

The number set is hereafter named E. The real part is defined as e* and the imaginary part
e’ where a is the real argument and b is the imaginary argument. The element 0 is included
for compatibility with C and R.

Remark. FEquivalence with the exponential form

The exponential form of complex numbers z = x + yi = |2|e®8() = |2|e? 2k has a similar
but not identical definition. It remains explicitly linked to the algebraic form and must have
a principal value 6 of the argument arg(z) within the interval | — m;7w]. The purpose of the

4
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integer k is precisely to link all values of the exponential form to their unique corresponding
algebraic form. When a particular branch of the exponential form is considered, the imaginary
argument is bounded to a 27 interval.

In the complete form, the explicit link to the algebraic form and the constraint on the ar-
gument principal value are abolished. For example in E the numbers e®e?™ and e%e*™ are not
equal, each having distinct properties as it will be demonstrated in further sections. Within
C the symbolic and geometric representation of both numbers are equally represented by 1
and by the coordinates (z,y) = (1,0) on the complex plane. Replacing |z| by e* allows the
establishment of more elegant and symmetrical formulas. We use the denomination complete

form to avoid any ambiguity with the exponential form.

Definition 2. Set partitions of E

Let the set E of complex numbers in complete form e be partionned into C and E\C by re-
stricting C to a 27 interval of the imaginary argument b, by convention the interval b € | —; 7].
Each number x + yi € C converted into its unique corresponding complete form e®e” forms
then a distinct equivalence class together with numbers in the form e®e(*+?7)i ¢ E with k € Z*.

The definition is equivalent as restricting C to the principal value of the exponential form
of complex numbers. Even with this restriction, the algebraic definition of C and the complex
plane definition are not altered.

Definition 3. Set precision and truncation

Let A be a set partitionned by an equivalence relation into two subsets A; and As, and let each
element a; € Ay form a distinct equivalence class with an arbitrary number of elements ay € Ay
such as every element aq, as are part of a unique given class. In such a set configuration, ele-
ments ay are defined as A precise, elements a, are defined as A; precise. Each element ay € As
can be truncated to its unique corresponding a; € A; element, thus at a lower precision level.
The truncation is noted a; = | ag |4, -

Example 1. Z and N precision

The integer set Z partitionned into N and Z* , an integer is Z precise if negative, and is N
precise if positive or zero. The abs function is the truncation function from Z to N precision
level.

Example 2. E and C precision

The Euler formula e = cosb+sinb ¢ is de facto the truncation function from E to C precision.
The truncation can be noted |z|c = |e®e”|c = e* cosb + e®sinb i = e%elle’| with the imaginary
argument truncated such as :

bl = b (mod 2m) if b (mod 27) <=7
CT (mod 27) — 27 if b (mod 27) > 7
Equalities such as 1 = e* or 1 = €% no longer hold whenever E precision is required,

2kmi

the notation |e?*™|c = €% = 1 can be used to clearly indicate the truncation.
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Remark.

The E set of complex numbers in complete form can be viewed as a "natural” extension of C.
Within the set sequence N C Z C R C C C E each element in a given set is uniquely linked to
a predecessor set element through an equivalence relation, therefore an element can always be
truncated to the predecessor set precision level.

Lemma 1. Converting from complete form to algebraic form

z=e"" = e"cosb+e"sinbi = x + yi (2.1)
x =e"cosb
y =e“sinb

The Euler formula used for the conversion is not to be considered as an equality, from a E
perspective an irreversible loss of information is induced when converting from complete to
algebraic form.

Lemma 2. Converting from algebraic form to complete form

Using the definition of complex number modulus and argument. By definition z = 0 is equiva-
lent in E and C.

r=xtyi= |Z|6Arg(z)i — olnlzl 0z o3 In(@?4y?) gAtan (£)i _ abi (2.4)
1
a=g In (z° + 3?) (2.5)
b = Atan (Q) (2.6)
T

Remark. Usage of In, Arg and Atan functions

The natural logarithm function is applied to the domain R?, hence is single valued. In the
formula 2.4 only the principal value of the arg function is considered to remain consistent
with definition 2. The limits of the traditional arctan function, with the result in the interval
] = % 5], requires the use of the atan2 function with 2 arguments whose result is included in the
interval ] — ;7] without singularities. In this study the notation Atan () always refers to the
atan2 function where both arguments remain as the fraction numerator and denominator. This
notation adjustment will ease the readibility and handling of formulas, as obtained formulas
always produce a fraction inside the Atan argument. The fraction can be simplified providing
the numerator and denominator signum are preserved.

3 Fundamental operations in complete form

Definition 4. Fundamental complex operations in E

The fundamental operations in [E are defined as the 4 basic operations +, —, X, + together with
exponentiation and logarithm. All operands and results are expressed in complete form.

Lemma 3. Formulas for operations computation in E
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The operations computation use a combination of real functions and real operations
—, X, =+, exp, In, sin, cos, atan2). Let z; = e™e

(+,

Z1 X Zyg = €

Zy+— 29 = €

Z2

z7?=e

log, z, = e?

Zl+22:

Zy — 2y =

Formulas are easier to handle when split between
mostly use the split notation. Let z = e%e

zZ=21 X 29

a=a;+ a

b:b1+bg b:bl_b2
z =27 z=log,, 2
. 1 a
a = €"(ay cos by — by sin by) a = —ln(
2 a
b = € (by cos by + ay sin by) b = Atan (
2 =2z1+ 29 Z2=2Z1— 2
1 1
a=3 In(e*** 4 2 4 27 cos (b — b)) a=g In(e*™ + e**
al o1 b a2 o1 b
b = Atan ¢ Sino +esinby b = Atan
e cos by 4 €22 cos by

ajtas e(131 +bg)i

aj;—ag e(b1—b2)i

(e®2 (a1 cosby—by sinby))

1 ag +b2
In =25—2
ajg“+by e

ajag+byby

e% ln(e2a1 +e222 4 221122 ¢og (b1—b2))

e% 1n(e2a1 +e222 —2e211232 cos (by —bg))

Proof. Multiplication formula

Using the identity e*! -

Z =21 X 2y
a=a;+ a

b=by+ by

— ealeblz . eagebgz = e

Proof. Division formula

Using the identity e*!/e"2 = ™1

Z =2z
a = a; — Qg
b:bl—bQ

ealebli el ebli

cazgbal ¢tz | obal

le

b11

e(ea2 (b1 cosba+ay sinby))i

b: by .
Atan 212272221

21 sin by +e22 sin by .
e?1 cos by +e32 cos bo

Atan
e

Atan e?1 sinby —e®2 sinby
e

e?1 cosby —e?2 cos by

ay bi .

=z

a:al—bl

and 2z, = e®2¢b?

22 —|—b22)
124 by

Glbg — CLle )

a1ao + blbg

e sinb; — e* sin by

e2 = ™12 where wy, wy € C [7]

a2z 6b1i6b2i —e

~v2 where wy,wy € C [7]

_ eal—age(bl—bg)i

et cos by — e cos by

a1+az e(b1 +b2)i

3.1
3.2
3.3

o

(3.1)
(3.2)
(3:3)
(3.4)
(3.5)
(3.6)

w W W
o

real and imaginary parts, in this study we

— 2eM1%2 cos (b — by))
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Proof. Ezponentiation formula

The formula u” = "% with u,v € C defines the complex exponentiation in C, the formula is

necessary given the base cannot be exploited directly in algebraic form, thus has to be converted
into an infinity possible bases in the form u = e [“+07+2km  The exponent is then applied to
the bases such as u? = (et [u/+0i+2kmi)" — gvinful+v(6+2km)i - The result is then reconverted into
algebraic form. When calculated seperately for each integer k, the exponentiation can be defined
as (e%e?)? = el with a single valued result, the base and result being in complete form and
the exponent in algebraic form. Let z; = e™e’’ and, using the conversion formula 2.1, let
2y = e®2eb?’ = %2 cos by + €2 sin by 1.

( ail b1z)(ea2 cos ba+€%2 sin by )

z =2 = (e"e

(eal +b12>(e“2 cos ba+e%2 sin by )
_ e(a1+b1i)(ea2 cos ba+€%2 sin by )

e(alea2 cos ba+a1€22 sin by i+b1e*2 cos by i—b1e?2 sinbs)

_ ee”‘Q (a1 cosba—bi sin b) 66“2 (b1 cosba+aq sinba)i

a 2(ay cos by — by sin by)

et
b = e*(by cos by + ay sin by)
Proof. Logarithm formula

The logarithm formula can be directly reversed from the exponentiation formula 3.3. Counter to
the definition of the complex logarithm in C, both operands are here in E thus can be exploited
directly in the formula without requiring any conversion. Let z; = e® e’ and z, = e®2eb??.

z =log, (22) <= (21)* = 22, thus as = €%(a; cosb — by sinb) and by = e*(by cos b + a; sinb)

as® + by? = €®*(aq cos b — by sin b)? + e**(by cosb + ap sinb)?

— e?a

(

(a1 cos? b — a1by cosbsinb + b2 sin? b + b2 cos? b + a1by cosbsinb + a;2 sin? b)
= e**(a;? cos? b+ a,? sin 2b+ b2 cos? b + by sin o)

(

e*(a? + b,?)
1 ag? + by?
a=-In|——7"5
2 a2 + by

as  e%(ajcosb— by sinb)

by e%(by cosb + aq sinb)

as(by cosb + ay sinb) = by(ay cosb — by sinb)
cosb(agby — a1by) = —sinb(ajas + biby)

sinb albg — a2b1

cosb  ajas + byby

b = Atan (—a1b2 — a2b1>
a1ao + blbg

Proof. Alternate proof of logarithm formula
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11122 . as + bQZ

pr— 1 p— p—
- ngl (22) In z1 ap + bll

 (ag + byi)(ar — byi)
~ (ay + byi)(a; — byi)
ajaz + biby + arbai — asbyi
a2 + b,°
aiag +biby | ajby — aghy
a12 + bl2 (112 + bl2
The result is in algebraic form and needs to be converted into complete form using conversion
formula 2.4.
. lln (aras + bybo)? + (arby — asby)?
2 (a2 + by?)?
) a12a52 + 2a1asb1by + b12bs% + 12052 — 2aqa9b1by + a2b>
(a2 + b1%)?
. ar?as® + bi%bo? + a1%by” + a%b;”
(a2 + by?)2
a1%(ag? + bo?) + by (a2 + by°)
(a2 + b,%)?
(ag? + by®)(a1? + b1?)
(a12 + b,°)?

(GQQ -+ b22)
Cl12 + b12

arby—ashy a1by — azb
b= Atan _afth” ) Atan -2 21
a1a2+bibo ajas + biby

a12+b;

1

1

=

=

=)

N = N~ N~ N~ N

Proof. Addition and substraction formulas

Both operands need to be converted into algebraic form using the formula 2.1, since no identity
can be used directly in complete form. Let z; = €™ cosb; + e™ sinb; i and 2o = € cos by +
e®sin by 1
2 =121+ 20 = (" cosb; + e sinby i) £ (€* cosby + €** sin by 1)

= (" cos by £ e cosby) + (€™ sinby £+ e* sinby)i
The result is in algebraic form and needs to be converted into complete form using conversion
formula 2.4.

a= % In((e™ cos by % €2 cos by)? + (e sin by & €2 sin by)?)
= % ln(eza1 cos? by & 2e%e% cos by cos by + €222 cos® by + €2 sin? by £ 2™ e sin by sin by+
%2 sin? by)
= % In(e*** (cos? by + sin® by) + €**2(cos? by + sin® by) % 2 € (cos by cos by + sin by sin b))
= % In(e®™ + e?* 4 212 cog(by — by))
e’ sinb; £ e*?sinb
b= Atan (e“l coS bi + €% cos b22)
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Theorem 1. Multiplication, division and exponentiation results are C or & precise

From formulas 3.1, 3.2 and 3.3 we can easily deduce the result of the imaginary argument is
not bounded by any limit and will be situated anywhere in b € R. Those three operations can
de defined as functions f : E x E — E.

The exponentiation is more subtle since it requires mixed precision between the operands,
the base in complete form is E or C precise, the exponent in algebraic form is C precise. Would
[E precise exponent be used, it would get truncated by the cosine and sine functions used in the
formula 3.3

Multiplication and division operands and results are E or C precise, no truncation is per-
formed by the formulas. One can notice even with C precise operands, the result may be E
precise.

Theorem 2. Addition, substraction and logarithm results are only C precise

The formulas 3.4, 3.5 and 3.6 use the atan2 function in the imaginary part, thus the result
will always be situated inside the interval b € | — 7; 7], which is exactly the definition of the C
precision. The domain of the corresponding functions is therefore f : E x E — C.

The logarithm requires mixed precision, both operands requires the complete form which can
therefore be E or C precise, but the result is always C precise.

The addition and substraction are the only operations not requiring the complete form hence no
[E precision, operands exceeding the required precision are truncated to C precision by formulas
3.5 and 3.6.

Theorem 3. All fundamental operations defined in IE are monovalued

From the formulas 3.1 to 3.6, we can deduce both the real and imaginary part will always give
a single valued results, since no real multivalued function is used in the formulas.

Remark.

The Atan function as defined in this study is monovalued. An alternate definition with a
multivalued result of periodicity 27 is possible and would imply the logarithm, addition and
substraction are multivalued in E. Though a matter of definition, the single valuation arct-
angent is far more consistent algebraically and also geometrically as it will be seen in further
sections. The logarithm, addition and substraction results are intrinsically limited to C pre-
cision, exactly like a function defined as f : Z — N returns one positive integer, not all the
integers within the same equivalence class.

4 Comments on the exponentiation and logarithm defi-
nition in C

The complex exponentiation in C is defined by the formula 1.1, thus the primary multivalued
result is in the form e®te*me®+6kmi where a,a, b, 3 € R and k € Z. To express the result in
algebraic form a conversion is necessary, using the Euler formula the sine and cosine functions

10
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convert the result into algebraic form. However, during the conversion, precision is lost and the
result principal value may be shifted. For example (—1)3 = (e2(=1))3 = (emi+2kmi)3 — 3nit6hni
Converting those values into algebraic form returns —1 = e™*+2*¥™ thus the principal value is
reset to e™. Moreover there is no possibility to convert expressions such as 5% without loss of
information. In the example (i75)", when the result of i is reconverted into algebraic form the

T

principal value result is shifted from e~ % toe 3 , the result of (i*5)i becoming e? instead of e% .

The multi valuation of the complex exponentiation is not induced by the logarithm, but by
the algebraic form of the base. Since no identity is available to exploit the base as such, it
has to be substituted by an infinity of bases, the so-called exponential form, using the formula
2 = |z|e8) = |z|efF2k™  In general the multivaluation is assumed, unless explicitely restrict-
ing the exponentiation to real positives with notations such as |z|* or v/a? + b? which both
assume a single valued real positive base.

The complex logarithm as defined by L. Euler [1] is restricted to the base e or at least to real pos-
itive values. Euler himself does not mention a multivalued logarithm function, rather he speaks
of each real or complex number having an infinite number of logarithms. Indeed, as for the expo-
nentiation base, the logarithm operand cannot be exploited directly in algebraic form, thus has
to be converted into exponential form, In(z) = In(|z|e*8*)?) = In(|z|e?*2*™) = In | 2|+ 0i +2kni.
The primary result being in algebraic form, no conversion is required nor any loss of precision
is induced. The multivaluation is solely induced by the operand substitution, for example
In(1) = 2kmi and In(—1) = mi + 2kmi. On the other hand In|z| is assumed single valued as the
operand is implicitely substituted by ze%. Expressions such as In (™) = 7i are single valued,
unless €™ is converted to algebraic form, in which case In (™) = In(—1) = 7i + 2km7i.

Notations such as In, log, or log;, assume the logarithm base is in the form ze®. For bases the
same logic applies as for the exponentiation, a base in algebraic form can be substitued by the
equivalent exponential form, or by any particular value in complete form. As an example, for
log_, the base can be assumed as monovalued ™ or multivalued e™+2+7i,

It is clear there is only one unique exponentiation and one unique logarithm operation, the
different notations conventions and different assumptions regarding the operands substitutions
are creating some confusion. In complete form real positive numbers are not fundamentally

different, all operands are in the form e®e?.

When dealing with exponentiation and logarithm in C the equality e = e®*+2k™ is auto-

matically assumed, by an analogy with the trigonometric circle where an angle of « is equal

to a + 2kwx. However from a [E perspective only |e“|c = [e*2:™| is valid. The formulas
cos(a) + isin(a) = cos(a + 2km) + isin(a + 2kw) = > 7 % =3, (O”J“i# are strictly

equal, but are also equal in deconstructing the complete form and reconstructing a result in
algebraic form, as such they literally truncate the precision of the complete form.

As it will be demonstrated in next section, the failures of exponential and logarithm identities
in C are due to the unique reason the result of a multiplication, division or exponentiation
cannot be held with a sufficient level of precision. During calculation steps, the result may be
implicitely truncated to C precision level inducing an irremediable loss of information.

11
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5 Exponentials and logarithms identities in E

Theorem 4. All exponentiation identities valid in R are valid in E*

The result is strictly identical on both sides of the identity when 21, 25, 23 € E*

ot
—_

(2122)% = 2129

V4 >
21 3 2123
22 2973
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Theorem 5. The product and quotient logarithm identities valid in R are valid in E*

The result is strictly identical on both sides of the identity when 2, 2o, 23 € E* and z; # €%
log, (2223) = log, (22) + log,, (23) (5.6)

zZ
log.. (—) — log., () — log. (=) (5.7)

Theorem 6. The power and base substitution logarithm identities valid in RY are valid in E*
only at C precision level

The result truncated to C precision is strictly identical on both sides of the identity when
21,29, 23,24 € E* and 21,24 # €%%. The final operations on each side of the identity return
different levels of precision, the identity cannot be a strict equality.

log, (™) = ‘23 log,z1(z2)|(C (5.8)
log,, (21)

log, (29) = |—2—= 5.9

gzl( 2) 10g24(22) . ( )

As demonstrated within the following proofs, the trivial cases of exponential and logarithm
identity failures given in the introduction dissapear when both sides of the identity equation
are calculated in [E, thus when the formulas 3.1 to 3.6 are used at every calculation step.

Proof. (z129)% = 2723 is valid for all z1, 25, 23 € E*

Combining the multiplication and exponentiation formulas 3.1 and 3.3, let z; = e®eb?, 2z, =
e®2eb and z3 = e

z = (2122)%

a = e"((ay + az) cosby — (by + bo) sin bs)

b =e"((by + by) cosbs + (a1 + az) sin by)

z = 213233

a = e"(ay cosbg — by sinbz) + ™ (
= e®((a1 + az) cosbg — (by + ba)
b = €% (by cos by + aq sin bg) + €**(by cos by + a9 sin by)
e®((by + by) cos by + (a; + az) sin bs)

Qa9 COS bg — b2 sin bg)

sin b3>
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Example 3. (—1--1)z # (—1)% . (—1)%

(_1 . _1)% — (emem)% — (627ri)% — ™ — ]

When the first expression is evaluated in algebraic form in C, the result is 1, the reason of
the dissimilarity is because the result of the multiplication —1 - —1 was implicitely truncated
to a C precision level. In E equating —1 - —1 = 1 is an over simplification : e™e™ = 2™ £ %
though in algebraic form the 2 values are indistinctive. This imprecision, invisible at first glance,
is revealed when the exponent % 2 is apphed on e?™ or e giving dlfferent values respectively -1
and 1. Similarly, —i - —i = e"2%e"2' = ¢ ™ #£ ™ and —1-i = e™e2! —62Z7ée 27, On the
other hand, -7 = —1 and ¢ - —¢ = 1 are always valid.

Proof. (z1/22)% = 273 /23% is valid for all z1, z, 23 € E*
Combining the division and exponentiation formulas 3.2 and 3.3
(2)
z=[—=
zZ2
a = ea3((a1 — ag) COS bg — (bl — bg) sin bg)
b= e ((by — by) cosbs + (a3 — ay) sin bs)

<1
i
a = e"(ay cosbs — by sinbz) — €*(as cos b — by sin by)
= e®((a; — az) cosbs — (by — be) sin by)
b = €% (by cos by + ay sin bg) — e (by cos bg + as sin bs)
= e®((by — by) cosbs + (a1 — ay) sin bg)

Example 4. (1/— 1)% £ (1)%/(—1)%

()= () = =¥ =i

(12 ()2 _ 0 _ o«
T : T = T = e 2
(-1)2 (emi)2 e2

When the first expression is evaluated in algebraic form, the result is i. The error here is to con-
sider 1/ —1 = —1 which is an implicit truncation at C precision level. In E €% /e™ = e™™ £ ™.
The exponent % applied on €™ or 6*7”' givmg different Values in C, respectively -i and i. Simi-
larly, =1/ —i=¢e™/e 5 =51 £ e 5" and —i/i = e 57 /ed! = e ™ £ ™.

Proof. (27%)% = 27** s valid for all z1, 29, 23 € E*

Combining the multiplication and exponentiation formulas 3.1 and 3.3

_ ,R2%3
z =2z

a = e*1%(ay cos(by + b3) — by sin(by + b3))
b= e®%%(by cos(by + bs) + ay sin(by + b3))

13



Exponentials and Logarithms Properties in an Extended Complex Number Field D.Tischhauser

z = (21 )ZS
e

a = e (e"(ay cos by — by sinby) cos bg — €*2(by cos by + ay sin by) sin bs)
= ™€ (ay cos by cos by — by sin by cos by — by cos by sin by — a4 sin by sin bs)
= "7 (q(cos by cos by — sin by sin bg) — by (sin by cos bs + cos by sin bs)

= e*7%(ay cos(by + b3) — by sin(ba + b3))

b = e®(e*(by cosby + aj sinby) cos by + €2(ay cos by — by sin by) sin bg)
= e"2e"(by cos by cos by + ay sin by cos bg + a; cos by sin by — by sin by sin by)
= "7 (b (cos by cos by — sin by sin by) + a1 (sin by cos bs + cos by sin bs)

a2+a3 (bl COS(b2 —+ bg) “+ ap SiH(bQ + b3))

z= ()"
a = e"(e*(ay cos by — by sin bs) cos by — € (by cos by + ay sin bs) sin by)
e®t% (ay cos(by + bs) — by sin(by + b3))
b = e®(e®(by cosbs + aj sin bz) cos by + € (ay cos by — by sin bz) sin by)
= e*1%(by cos(by + b3) + ay sin(by + b3))

Example 5. ((i —1)?)" # (i —1)*
((i — 1)?)F = ((eéanG%”i)Q)i = (e ln2637"z)1 _ piln2,—%
(i —1)% = (e2 1n2e31)2z — giln2,—%

When (i — 1)? is evaluated in algebraic form, the result obtained is (: — 1)(i — 1) = —2i
which is only true in C. Some relevant precision for £ has been lost during the evaluation :

(i = 1)(i — 1) = =2 = 26781 £ (i — 1)2 = (322 F1)2 = (2o,

Example 6. Clausen paradox [5] [8]

) . N2 919 9,02 .
(€1+27rk1)1+27rk1 _ 6(1+27rk1) — eltarki—Ark® _ 1-4m?k® jdmki

(elH2mhiyid2mki — ol42mki — o o pl=47°K? pdnhi the equality holds only when k = 0.

In the first expression the exponentiation base is taken as multivalued e'e? ¥, the exponent in
algebraic form 1+ 27k7 is also multivalued, with both k synchronised. Nothing wrong here. The
result of the exponentiation will obviously be multivalued, the first formula given is correct. In
the second expression no exponentiation is performed, instead a double truncation from E to
C precision. Equating e!t?™ = ele?™ i = ¢ . 1 = ¢ is imprecise, |e!*?™|c = e is correct. After
the truncation only the value within the interval b € | — 7; | remains thus when k& = 0.

Proof. 2;%221% = 22%% s valid for all 2y, 29, 23 € E*
The identity is similar to the identity e“'e%? = e“1 T2 with wy, ws € C

z1tz2 __ 21 %2
Z

=Z"Z
(ea z)z1+ZQ (eaebz) ( bi)ZQ
(ea z)zﬁ—zg (ea+bz)z ( a bi)zg
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(a+bi)(21+22) _ e(a+bi)z1€(a+bi)zz

e (all exponents can be reduced into the form z = = + yi)
e(a+bi)(21+22) _ e(a-i—bi)zl-‘r(a-‘rbi)zg
e(a+bi)(zl+22) _ e(a+bi)(z1+ZQ)

The identity can be verified using the multiplication 3.1 and exponentiation 3.3 formulas and

the conversion formulas 2.1 and 2.4. Let z; = e®e?? 2, = e®2e?? and 23 = e™ebs’

22 z3

Z=21 "2

a = e*(ay cos by — by sinby) + €*(ay cos by — by sin bs)
b= e™(by cos by + a1 sinby) + €™ (by cos bs + ay sin b3)
z = le2+z3

— - (e*2 cos ba+e®2 sin by i)+(e*3 cos bg+e®3 sin bz 1)
2 (e*2 cos ba+e®3 cos bz)+ (€22 sin by +€23 sin b3)i

2 c+di

a= eéln(“’2+d2)(a1 cos(arctan (£)) — by sin(arctan (£)))

b

\/1 \/1 + 2
= a1C — bld
= ay(e™ cos by + € cosbs) — by (e® sin by + € sin by)

= e*?(ay cos by — by sinby) + €**(ay cos bg — by sin by)

b= ez n(c+d?) )(by cos(arctan (4 )) + a; sin(arctan (4)))

J AT
= blc + ald
= by (e cos by + €™ cos bs) + a1 (e sin by + € sin by)

= (b1 cos by + aj sinby) + € (by cos bz + a; sin b)

=V + &

=V +d

Proof. z1%2 /2% = z27% s valid for all z1, 2, z3 € E*
The identity is similar to the identity €' /e"? = e~ with wy,wy € C

21
z
Z1—z
P -

ZZ

(eaebz)zlfn —
(eaeri)zlfzz _

(atbi)(z1—22) _ &
ela+bi)zz

a+bi)z1—(a+bi)z2

e (all exponents can be reduced into the form z = x + yi)

6(a+bi)(zlfzg) _ 6(
e(a—l-bi)(zl—zz) _ e(a—i—bi)(zl—zz)
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Proof. log, (22%) = z3log, (22) is valid at C precision level for all 21, zp, 23 € E*

Combining the multiplication and logarithm formulas 3.1 and 3.4

z = z3log, (22)

1 24 by?

2 CL12 + b12
aiby —azby \ .
b= b3+ At _
3 + an ((llaz + blbg) !

Combining the exponentiation and logarithm formulas 3.3 and 3.4

1 l (62“3 (ag cos by — by sin b3)? + €233 (by cos by + ay sin b3)2)
a=—-1In
2 Cl12 + b12
1 | %% (ay? cos® by + by? sin® by + by cos? bs + by? sin® by &= 2a9b, cos by sin bs)
=—ln
2 CL12 + b12
_ lln (6203 . (as? + by®)(cos? by + sin? bg))
2 a12 + b12
1 CL22 + b22
gy —In 2
72 (a12 +b,?
b = Atan

aye”(by cos by + ag sin bz) — €3 (ag cos by — by sin bz )by
aie(ag cos by — by sin bs) + bye® (by cos by + ag sin bs)

a1by cos bg + aqas sin by — asby cos by + b1bsy sin b3>
an

a1ag cos bs — a1by sin bs + by1by cos bs + asb; sin b

< (a1bg — agby) cosbs + (ayag + byby) sin bg)

== an

a1a2 + b1b2 COS bg (a1b2 — CLle) sin bg

a1bo—asby + sin b3
ajaz+bibs cos bg

= Atan

_ aibs—asgb; | sinbz
ajas+bibs cos bs

= Atan sin b + Atan M
cos b ai1as + biby

Cllbg — CLle

a1ao + ble

In((=i)2) —> In ((e—’?)Q) — In(e=™) = —mi
=

Example 8. log ,((—2)%) # 5log_,(—2)
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In the following calculation done in C the exponentiation is not applied to the imaginary part,
giving a wrong result. There is anyway no place in C to hold the exact result of (—2)°

5\ _ _ In(—=32) _ In(32)4mi __ (In(32)4mi)(In(2)—mi)
log_5((—2)°) = log_,(—32) = In(—2) — In@)+m  (In@)+xi)(n(2)—=i)

_ In(32) In(2)+(In(32)-In(2))mi+7w? _ )
- In(2))2 72 = 1.18568. .. + 0.84157...¢

The same calculation in E

2 = —2 == eln2em
29 = (_2)5 _— (€1n26m>5 — 65ln265m
z=log,, 2

as2+bs2\ In2)24+(5m)2\ _
a=3ln (%) =1ln (%) =1In(5?) =In5

a12+b1 (ln2)2+7r
— arba—biaz | _ 5rln2—57In2 ) __ o
b = Atan <a1a2+b1b2) = Atan (—2(1n2)2+5ﬂ2 > = Atan(0) =0
5 = eln5eOz =5

Example 9. Identity failure at E precision level

32 . 1 2 ;
( m) =i = ezM(M)e3?

327 | ( ) 632m€2 1n(7r )egz — 6% 1n(7r2)€657”i

Proof. log, (2;) = log,,(22)/log.,(21) is valid at C precision for all z1, 2y, 23 € E*

z = log, (22)
1 (a22 + b22)
a=zln|——=
2 Cl12 + bl
b= Atan (M)
ajas + bl bg
Combining the logarithm and division formulas 3.4 and 3.2

_ 10g23 (22)
]'Og23 (Zl)

1 CL22 + b22 1 a12 + b12
a=—-1In — 3] 3 In — 7 3
2 CL32 + b3 2 0,32 + b3

= —(1H((122 + b22) — 1[1(&32 + b32) — ln(a12 + 612) + 1I1((I32 + 632))

— N =

= —(In(ay® + by?) — In(a,® + b,?))
_ by (M)
2 CL12 + b12
asag + bgbg asay + bgbl

azba—agby  azbi—aibs
— Atan azaz+bzba azai+bzby

[\]

aszbo—asbs  azbi—aibs
azazx+bzbz  azai1+bsby

17
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— At ((a3b2 — agbs)(asay + bsby) — (asby — a1bs)(asas + 5352)>
CL36L1 + b3b1)(a3(l2 —+ bgbg) (ang — (Igbg)(agbl — bgal)

aias b2 + agblbgb;g — &1@2@3()3 — a2b1b3 — a2a32bl — a3b1b2b3 + alagagbg + a162b3 )
alag&g + a1a3b2b3 + a2a3b1b3 + b1b2b3 + (l32blb2 — a1a3b263 — agagblbg + a1a2b3

( as® + b5%) (arbs — asby)
E )

as® + b3 )(araz + biby)
a1b2 — agbl)
a1a2 + blbg

Example 10. Identity failure at E precision level

, log,(4) 2 ezl
logi(él):—l:em 1~ o9 m2om € "
log, (4) 2  enZe

Proof. log, (2223) = log, 2z +log,, 23 is valid for all zy, z, 23 € E*

Combining the multiplication and logarithm formulas 3.1 and 3.4

z = log,, (2223)

lln (((IQ + a3)2 + (bg + b3>2>

a =

2 CL12 + b12

b— Atan <a1(b2 -+ b3) — b1<CL2 -+ ag))
&1(&2 + ag) + bl(bg + bg)

For simplicity, the algebraic form is used in the following equation, since neither the logarithm
nor the addition require the complete form for the result representation

z =log, (22) + log., (23)
ajaz +biby  ajby —aghy . ajaz +biby  aibs — asby
ar® + by” " a% + by” ' ar® + b,” a® + b,”
a1ay + b1bs + ajas + bibs  ajby — agh; + a1bs — aszby .
a? + b,” * a? + b,” '

The result in algebraic form needs to be converted into complete form using conversion formula

24

0= 11 ((CL1G2 + b1by + araz + 5153)2 + (a1by — ashy + a1bs — G3bl)2)
2 (@12 + by?)?
1 ay(ag + az) + by (b + b3))* + (ay(by + b3) — by(ag + az))?
5 ( (a1? +bl2)2 )
_1 ( (ag + az)?® + by (b + b3)? + a1?(by + b3)? + b1 *(ag + a3)2)
2 (a2 + 1912)2
lln ( a1+ b:%)((az + az)? + (by + b3)2)>
2 (a2 + by?)2
lln(CLQ—I—(Ig b2+b3))>
2 a2 + by?

18
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a1by — ashy + a1bs — asby
b = Atan
a1ao + blbg + a1a3 + b1b3

— Atan (al(b2 +b3) — by(ax + a3))
ay(ag + az) + by(by + bs)

Example 11. In(—1--1) # In(—1) + In(—1)
In(—1-—1) =In (e™e™) = In (™) = 271
In(—1) + In(—1) = mi + 7i = 27i

Proof. log, (22/23) = log,, 25

Combining the division and logarithm formulas 3.2 and 3.4

22
z =log,, (—)
Z3
o= lln (CLQ — CL3)2 + (b; - bg)2
2 CL12 + bl

b— Atan (al(bz - b3) - bl(az - a3)>
ai (CLQ — Cl3) + bl (bg — bg)

— log,, 23 is valid for all z;,2z5,23 € E*

)

z =log,, (22) — log., (23)
_a1az +biby  arby —agby . ajaz +01bg  aibs — asby .
Toa24b2 a2+ b a?+b% a2 +b°
1G9 + b1by — ajaz — bibs a1by — asby — arbs + azby .
B a2 + by’ a2 + b’ '
lln ( aray + biby — ajasz — bibz)* + (a1by — ashy — aibs + a3b1)2>
2 (a2 + by?)2
lln ( ai(az — az) + by(ba — b3))* + (a1(by — bg) — by(ay — ag))Q)
2 (a2 + by?)2
lln ( (ag — a3)? + by(by — b3)? + a1%(by — b3)? + b1%(ay — as)
2 (a2 + by?)2
lln ( a1? +b:%)((ay — az)? + (by — b3)2))
2 (a2 + by?)2
lln(aQ—ag bg—b3)>)
2 a? + by”

albg — a21)1 — a163 + (l3b1
b = Atan
a1ao + b1b2 — a1az — blbg

= (o)
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6 Formulas for transcendental equations

The formulas 3.1 to 3.6 can be combined to obtain formulas linking the real and imaginary
arguments of expressions using the fundamental operations.

Example 12. 2z = 2, - w® where w, 21,29 € E*, 2, # %%, a € R

Explicit formulas linking the real and imaginary arguments a,,, b,, of w can be obtained.

29 = 210 w®

as = €" (ay cos by, — by sinby,) + a,«

by = e (by cos by, + ay sinby,) + b,

204

(ay cos by, — by sin by,)?
2aw(

(ag — aua)?
(by — bya)?
(ag — awa)? + (by — bya)? = €™ ((ay cos by, — by sinby,)? + (by cos by, + ay sin by,)?)
€™ (a3 cos® by, + b sin by, + b? cos® b, + a3 sin® b, &= 2a1b; cos by, sin by,
™ (a1%(cos? by, + sin? by,) + by?(cos® by, + sin? by,))

= ¥ (a, + b %)

by — by ajcosb, — bysinb,

e
e (by cos by, + ay sin by, )?

as — o by cosb, + aqsin by,

From which the final formulas are obtained :
2™ (a1 4+ b1?) = (ag — aw)? + (by — byar)? (6.1)

by — ¢/ 2w (ag? + 612) — (ag — apa)?
o

Q
aq cos b, — by sin b,

o — —(by — by«
Ay = > bycoshy, +aysinb, ) (6.3)
a

a, = In ( b =~ buar ) (6.4)

by cos by, + aq sin b,

Example 13. z =log, (w) - w® where w, z1, 2 € E*,w, 2 # %" o € R
Explicit formulas linking the real and imaginary arguments a,,, b,, of w can be obtained.

7 = log, (w) w*

1 w2+ by?

2 CL12 + b12
by — Qb b b
by = Atan | 220902 L 0 = Atan [ 22 ) — Atan [ 2 ) + bua
10y + blbw Ay ai
by — \/62(02—awa)<a12 + %) — a2 (6.5)
b
Qy = by, cot (bz — b,a + Atan <—1>) (6.6)
a1

20
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7 Geometric representation of £

7.1 Logarithmic representation

The complex numbers in complete form are identified in a unique way by their real and imag-
inary arguments. Positioning the arguments coordinates on a Argand-Gauss diagram [6] is a
possible representation. One can notice (a;bi) and (a + bi) are equivalent notations for the co-
ordinates, both are derived from the complete form e®e® or e, Expressions at the exponent
level only require C precision, thus all operations as defined in C can be used in an exponent.
For example —1 -4 = —i or (—2)? = 4, which both implicitly perfom a C truncation, can be
used, the loss of precision will be without consequence. The number 0 is used in expressions as

a normal number.

In(Im((z)) = b

In(2) = In(e* ") = a + bi

: s In(Re((z)) = a

Figure 1: Logarithmic representation of z = e%" on a Argand-Gauss diagram
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7.2 The complex helicoid

The complex plane is clearly insufficient to represent E precise numbers, one can notice only
e%e with b €] — 7; 7| can be positioned in an unique way. The lack of "place” is solved by an
additional axis, herafter named the i axis, on which the imaginary argument b can translate
rectilinearly without any boundaries. The rotation of the imaginary argument b is maintained
with a 27 period, giving a unique perpendicular half straight line for each b argument on which
the real part e is positioned. Hereafter those half-lines are named "rays”. Viewed in a three
dimension euclidian space, with the origin situated at 0 on the i axis, every number w = e%e®
can be given a unique orthogonal coordinate (x,y,z) = (e*cosb,e®sinb,b). Thus the set E

forms exactly an helicoid surface, herafter named the complex helicoid.

bi

r=e%cosh
y=esinb

z==b

—2mi

0

i axis

A

3m

Figure 2: Representation of e®e” and e’ on the complex helicoid
The i axis is a singularity itself, on which only the value 0 can be positioned. The value 0 was
included into the E set only for algebraic purpose. Zero and infinity are equally singularities

without a unique positioning.

The complex helicoid is the counterpart of the complex plane for C and the real axis for
R.

22



Exponentials and Logarithms Properties in an Extended Complex Number Field D.Tischhauser

7.3 Constant functions representation on the complex helicoid

The constant function w = e® is the set of points situated at the position e* on each ray. The
function appears as an infinite helix surrounding the i axis. The multiplication and division
operations such as w = e+ translate the position of the point on each ray, thus bring closer
or further the helix to the i axis.

The constant function w = e is the set of points on a ray pointing in the direction given

by b, excluding the 0 situated on the i axis. The multiplication and division operations such
b+ b)i

as w = el operate a rotation and a translation around and along the i axis.

—2mi

eaeui .
0i

2mi

3n

Figure 3: Constant functions w = e® and w = e” representations on the complex helicoid
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7.4 Complex helicoid projections on the plane

The orthogonal projection of the complex helicoid (x,y, z) to (z,y,0) represents the complex
plane, through a new perspective. The projection corresponds exactly to a C truncation of
E and can be noted as P(w) = P(e%") = P(e®cosb,e®sinb,b) = (e®cosb,e*sinb,0) or as
a truncation |w|c = |e%e’|c = e®cosb + e?sinb i. The Re- axis cannot be passed without
generating a C truncation. The singularity 0 is given the appearance of a normal point. The
exponentials and logarithms identity failures in C represented on the complex plane are all due
to a "careless” crossing of the Re- axis generating a C truncation. The projection should not be
confused with the logarithmic representation of E, though both representations are graphicaly
identical.

lwlc= et ' \
Re - < \J > Re +

W
Im -

Figure 4: Projection of the complex helicoid (z,y, z) to (z,y,0)
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The orthogonal projection of the complex helicoid (x,y, ) to (z,0, z), transforms the constant
helix into a cosine curve. The projection can be noted as P(w) = P(e%") = P(e®cosb, e*sinb, b) =
(e*cosb,0,b)

—2mi 0i 2mi

. P(w) = e

— =

> iaxis
0
eaebi
—m ™ Plw) = e

Figure 5: Projection of the complex helicoid (z,y, z) to (z,0, 2)

Similarly the orthogonal projection of the complex helicoid (z,y,z) to (0,y,z2), transforms

the constant helix into a sine curve. The projection can be noted as P(w) = P(e%") =

P(e*cosb,e*sinb,b) = (0,e*sinb, b)

w
El
| A

™ _ | Pw)= e

f ! I/ '| "I . .
7 . 2 : - —3 iaxis
/ \ \ /

L

3m,

Figure 6: Projection of the complex helicoid (x,y, z) to (0,y, z)
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7.5 Representation of the complex logarithm operation

Let 21,2 € E* with 21, 20 # %% be 2 points on the complex helicoid. The representation of
the point z = log, (22) reveals, under a new perspective, a similar formula as the division on
the complex plane.

b b
1 =Va2+b? c=Va2+b? o =Atan el oy = Atan 2
a1

a2

2., 2
1 ag”+by ) bo—aoby \ b by \ -
In ajby—ag 1) So2ap 2 ( ba 4)
Since » — IOg (ZQ) _ 62 <a12+b12 6Atan<a1a2+b1b2 i_ a2?+ba e Atan P Atan ar)?
1 a124b12

G2 elaz—an)i

Z = logz1 (’22) = c1

01

i axis

b1i

Figure 7: Logarithm operation representation on the complex helicoid
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7.6 Representation of the complex exponentiation operation

Let 21,20 € E* with z; # %% be 2 points on the complex helicoid. The representation of the
point z = 2?2 is best visualised by 2 formulas. The exponent z; only being used at C precision,
quite obviously the full by distance on the i axis is not used in the formulas.

b a
Ty =e2cosby Yy =e2sinby ¢ =Va2+b°> o =Atan Rl £ = Atan b—l
3] 1

Since z = 2 Z2 66"‘2 (a1 cos by—b; sin b2)66a2 (b1 cosba+ai sinbs)i

oy = lez _ 6a1x2—b1y26(blx2+a1y2)z

and z — 2,72 — eea2\/a12+b12cos(b2+Atan ‘%)ee%\/a12+612cos(b27Atan %)1
=% =

ag ag —B1)i
5y = leg — fM2a cos(b2+a1)ee c1 cos(ba—p1)i

i axis

b1i

Figure 8: Exponentiation operation representation on the complex helicoid
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7.7 Representation of the addition and substraction operations

The addition and substraction do not require any [E precision, representing them on the com-
plex helicoid is basically useless, a projection on the complex plane is sufficient. Let z1, 2o € E*
by 2 points on the complex helicoid, with their corresponding projections |z1|c = x1 + y1i and
|z2|c = 2 + yoi on the complex plane.

r1=e"cosby y; =eMsinh; xy=e"?cosby Yo = e sinby

1 sin by +e?2 sinb .
1 2 2 £ - Smnbjre 28inody
z=2z + 29 = eiln(e a1 4292 £2e%1 192 cos (b1—b2))6Atan<ea1 cosby £72 cos b2>l

c= /€2 4 e202 — 2em1t2 cog (by — by)  d = /€201 + €202 + 2em1+02 cos (by — by)

Atan(w)i Atan(3{1+y2)i
Z=z1—Zy=cC-¢€ T =2 z=z1+29=d-e SRS
Im +
71+ 272
___—’/‘.\
- s N
-1 s \
lz:lc 2. d,’ \
| -y ¢ N
. T Tyl
¥ Ib1]c e
1 s |bz]c :Yz
Re- & 1 > Re+
= X1 X2

Im -

Figure 9: Addition and substraction representation on the complex plane
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8 Algebraic properties of the E number set

From the properties of the real operations and functions composing a complex operation, it is
possible to deduce the algebraic properties of E. The properties of the value 0 are by convention
inherited from C since the formulas 3.1 to 3.6 do not apply to that value.

8.1 Commutativity

The addition and the multiplication are the only commutative operations.

2] X 29 = 29 X 21 (8.1)

21+ 20 =20+ 21

8.2 Associativity

The addition and the multiplication are the only associative operations.

(214 22) + 23 = 21 + (22 + 23) (8.3)
(Zl X Zg) X zZ3 =21 X (ZQ X 23)

8.3 Distributivity

The multiplication is distributive at C precision level over the addition and substraction, the
division is right distributive at C precision level over the addition and substraction.

| 21 X (20 + 23) |[c =21 X 29+ 21 X 23

|ZlX<22—23)|C:ZIX22—21XZ3

R | (8.7)
Z1 C Z1 21
Z9 — 23 _ é _ ﬁ (8 8)
21 C Z1 Z1 .
8.4 Identity element
The identity element of addition and multiplication :
21 % e’ = 2z (8.9)

The right identity element of division and substraction, exponentiation having an infinite set
of right identities :

2 ] % =2 (8.11)
21— 0=12 (8.12)
7 = 21 (with k € Z) (8.13)

8.5 Inverse
Multiplication, division and exponentiation are the exact reciprocal of their inverse operation :

arxz_ ., (8.14)

21
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2% =2 (8.15)
Z1

leogzl(ZQ) = 2 (816)

Logarithm, addition and substraction are only the C precise reciprocal of their inverse operation:

log, (217) = |22l¢ (8.17)
Z9 + 21— 21 = |Z2|(C (818)
20— 21+ 21 = |22|C (819)

8.6 Symmetry

e el = 0 (8.20)
a,bi
ce 0,0i
— = 8.21
b = €€ (8.21)
el 4 et RO —  (with k € Z) (8.22)
6aebi - 6aebi+2k‘7ri =0 (823)

8.7 Singularities

At first we consider the singularities of operations where both operands are in E\{0}.

From the logarithm formula 3.4, one can easily deduce logarithms have a singularity when
z1 = %% and/or zo = €% caused by the division by 0, the In with operand 0 and the Atan
with 0/0 argument. Interestingly the singularities vanish if the operands are in the form e®e?*™

with £ # 0.

log(eoni)(ZQ) = 0 (824)
log., (e°¢”) =0 (8.25)
10g 0.0y (€”€”) = undefined (8.26)

From the formulas 3.5 and 3.6, it is possible to deduce both addition and substraction have
singularities caused by the In with operand 0 and the Atan with 0/0 argument.

eeb + el TN () (with k € Z) (8.27)

eaebi o eaebi—l—Qkﬂi =0 (828)

The introduction of the element 0 allows to reduce some of the above singularities, but also
adds new ones.

21-0=0 (8.29)
2z /0=00 (8.30)
0/2=0 (8.31)
0 / 0 = undefined (8.32)
Q0= 2 (8.33)
21— 0=2 ( )
0— 29 = ‘zg«e’”"(c ( )
0-0=0 (8.36)
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2 =ee (8.37)
0% =0 (8.38)
00 = el (8.39)
log, (0) = o0 (8.40)
logy(22) =0 (8.41)
log,(0) = undefined (8.42)

In order to reduce the singularities, it is possible to include the infinite element such as E' =
E U {oo}, and define the results of operations using co. However it would lead to new singu-
larities such as oo — 0o, whatever definition of E’ there will remain singularities that can ony
be treated analytically.

8.8 Algebraic structure of E

Conclusions can be made from formulas 3.1 to 3.6 and from the properties listed above :

E for all the 6 fundamental operations has a closed algebraic structure, except for the
singularities all results can be represented

e The multiplication and division maintain all their intrinsic properties such as in C

e The addition and substraction maintain all their intrinsic properties but only at C preci-
sion, since both operations do not require nor can provide any [E precision

e The distributivity property generally only holds when the left side is truncated to C
precision, thus distributivity is only C precise

e The multiplication is clearly the defining operation and possess all the properties to
constitute a multiplicative group (E*,-)

e The field axioms are not all verified, since the addition/substraction reciprocity and the
distributivity do not hold exactly in E

It would be a mistake to limit £ to a multiplicative group, as many properties over the expo-
nentiation and logarithm operations are added. All properties and identities hold to a certain
extent, only limited by the operations maximum precision level. [E is more to be considered as
a complete number system.
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8.9 Properties comparison between R, C and E

Table 3: Basic operations properties.

Property R C E
Addition and substraction closure yes yes yes
Multiplication and division closure yes yes yes
Addition and substraction monovaluation yes yes yes
Multiplication and division monovaluation yes yes yes
Addition and multiplication commutativity yes yes yes
Addition and multiplication associativity yes yes yes
Multiplication distributivity over add/sub yes yes C precise
Division right distributivity over add/sub yes yes C precise
Identity element of add/sub 0 0 0
Identity element of mult/div 1 1 e =1
Addition/substraction inverse yes yes C precise
Multiplication /division inverse yes yes yes
Table 4: Exponentiation and logarithm properties.
Property R C E
Exponentiation z;? closure if 21 e Ry yes yes
Logarithm log, (2,) closure if 21,20 € Ry yes yes
Exponentiation monovaluation no no yes
Logarithm monovaluation yes no yes
Exponentiation inverse of logarithm
z108=1(22) = ) if 21,20 € Ry subset ! yes
Logarithm inverse of exponentiation
log, (#1?) = 2 if 2y € Ry subset ! C precise

I The left side of the equation produces many more results, of which only a subset is equal to the right side.

The equation always holds at principal value
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Table 5: Exponentiation and logarithm identities.

Property R C E
Exponent distributivity over multiplic.
(2129)%8 = 2178297 if 21,20 € R, no 2 yes
Exponent distributivity over division

z3 2 .
(;—;) =23 if 29,20 € Ry no 2 yes
Exponential product z;%2z;% = z;%"% if 21 e Ry subset ! yes
Exponential quotient ZZ =227 if 21 € Ry subset ! yes
Exponential power (z;%2)% = z,%2% if 2, € Ry no 2 yes
Logarithm product
log,, (z223) = log, (z2) + log,, (z3) if 21,29, 23 € Ry no 2 yes
Logarithm quotient
log., <§—§> = log,, (#2) — log,, (23) if 21, 20,23 € Ry no 2 yes
Logarithm power
log, (22%) = 2z3log, (22) if 21,29 € Ry no > C precise

Logarithm base substitution

logzl (22) = Ingg(zl)

= o) if 21, 29,23 € Ry if z3 € Ry C precise

I The left side of the equation produces many more results, of which only a subset is equal to the right side.
The equation always holds at principal value

2 Both sides of identities equations produce a different set of results, which are not necessarily equal at the
principal value. Only when the imaginary argument remains within the | —7; 7] boundary (from a E perspective)

during each calculation step does the identity remain valid within a given branch

Proof. Distributivity of multiplication over addition is C precise

Combining the multiplication and addition formulas 3.1 and 3.5, let z; = e®eb?, zy = 2eb2?
and z3 = e%3eb3

2=z (29 + 23)

1
a=a + 3 In(e?2 + %% 4 2¢%21% cog(by — bs))

€% gin by + €% sin b
b=0b + At
Lo Alan (ea2 cos by + €3 cos b3>
Z =212+t 21" %3
1
a=3 In(eXortez) 4 e2artas) 4 gplartaz)tlartas) cog((phy + by) — (by + bs)))
1
=5 In(e® (€22 4 €298 4 2¢2193 cog(by — by)))
1 2a 2a az+a
=q +§ln(e 2 4 €% 2927 cos(by — b3))
b= Atan et sin(by 4 by) + €73 sin(by + bs)
etz cos(by + by) + e 793 cos(by + bg)
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At €2 (sin by cos by + cos by sin by) + €23 (sin by cos by + cos by sin bg)
= an ; ; B B
e%2(cos by cos by — sin by sin by) + €93 (cos by cos by — sin by sin bs)
cos by (€2 sin by + €3 sin b3 ) + sin by (€2 cos by + €3 cos bs)
= Atan : , :
cos by (%2 cos by + €23 cos by) — sin by (e sin by + €23 sin bs)
€2 sin bo+e%3 sin by + sin by
o Atan e%2 cos ba+€e%3 cos b3 cos by
- €92 sinby+e3 sinbs | sinby
€22 cos ba+e%3 cosbg  cos by

_ Atan sin by + Atan €% sin by + € sin by
cos by €22 cos by + €23 cos by

€2 8in by + €3 sin by
€22 cos by + €23 cos by

Example 14. Distributivity failure at I& precision level

. . . . . 1 . 3 5 ;
—9. (Z + 1) s eln2€7rz . (egl + 601) — eln2€m . 651n2€%1 e§ln2€fz

. . . . . 37 : 3 37,
(_2 . Z) + (_2 . 1) s eln2pmi . 6%7' + eln2pmi | p0i — 61n2€7ﬂ'z + eln2emi — 6511126_7”2

In the first line the E precision is preserved because the final operation is a multiplication,
in the second line the addition operates a C truncation, hence the results can be different.

Proof. Ezponentiation is the exact inverse of logarithm

b1t bat

Using the logarithm formula 3.4 converted into algebraic form, let z; = e*e and

__ ajaz+biby arbo—asby ;
lngl (22) T a1?+b? - a12+b? t

, 29 = e®%e

5 = leogzl(zz) = 2,
_ai(ayag + biby) — by(aiby — bias)
a2 + by

ar2as + a1byby — byaiby + bi2as

a2 + by

_ag(a® + bi?)
a2+ b2
_ bi(ayag + biby) + ai(ai1by — bias)
B a2 + b’

- biaiay + by*by 4 a1%by — arbyay
B a;% + by

 ba(as® + 017
a2+ b’

:CLQ

b

— by

9 Conclusion

As demonstrated in this article, the complex exponentiation base, result and both complex log-
arithm operands cannot be represented precisely in algebraic form. The same observation holds
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for the multiplication and division results when used in combination with an exponentiation or
logarithm. For this reason alone, multivalued results, identity failures and even wrong results
are obtained when computing exclusively in C.

The establishment of the complete form is an attempt to restore the properties of exponentiation
and logarithm, and to ease the conceptualization and handling of both operations. Moreover
the E set of complex numbers in complete form can be viewed as a "natural” extension of C.
Within the sequence N C Z C R C C C E each set extends the capacity of the predecessor set
by providing new elements, thus new symbolic representations of numbers. Each element in a
given set is uniquely linked to a predecessor set element through an equivalence relation, there-
fore an element can always be truncated to the predecessor set precision level. Similarly the
geometric representations are extended while preserving the predecessor sets representations.

Labelling expressions such as e®e” as numbers might seem strange, though we believe it is
totally justified by the extra precision and possibilities they introduce, and as they overcome
some limitations encountered in C with both the algebraic and exponential form. As we have
frequently illustrated with examples, it remains possible to combine the algebraic and complete
form inside expressions and formulas, keeping in mind that outside the | — 7; 7] boundary of
the imaginary argument, the elementary algebra rules cannot all be applied.

References

[1]  Euler, Leonhard; De la controverse entre Mrs. Leibnitz et Bernoulli sur les logarithmes
des nombres négatifs et imaginaires. 1749, 165-178 .

[2]  Euler, Leonhard; Recherches sur les racines imaginaires des équations. 1749, 272-276.
[3]  Ohm, Martin; Systems der Mathematik, Theil 2, 1829, 426-443.

[4]  Cajori, Florian; History of the Exponential and Logarithmic Concepts. The American
Mathematical Monthly 1913, vol. 20, no. 6, 173-182.

[5]  Steiner J., Clausen T., Abel Niels Henrik; Aufgaben und Lehrsétze, erstere aufzuldsen,
letztere zu beweisen. Journal fir die reine und angewandte Mathematik 1827, wvol. 2,
286—287.

6] Argand, Jean-Robert; Essai sur une maniére de représenter les quantités imaginaires
dans les constructions géométriques, Gauthier-Villars, 1874.

[7]  Shilov Georgi E.; Elementary Real and Complex Analysis, revised english edition; Dover
publications Inc., 1996.

[8]  Nahin, Paul J.; An Imaginary Tale, the story of /—1, Princeton University Press, 2016.

35



