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Abstract. An image consisting of (m, n) pixels can be seen as a matrix of m x n size.
Based on the formula of angles between two subspaces, a pair of angles can be defined
between two matrices, by utilizing column spaces and row spaces of the two matrices.
The singular values of each matrix can be used to calculate distances. Thus, a distance
representation is obtained, and a pair of angles between 2 matrices of the same size.
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I. INTRODUCTION

In text-mining, such as in search engines, the basic concept of Linear Algebra, angular, is
often used to measure how close the search vector is relative to the corpus [1] [2]. Based on the
basic concept of angles in linear algebra, and by using vector representations of matrices that
are used to calculate angles between two matrices, the usual understanding of angles between
two vectors can be used, namely by calculating the magnitude of angles formed by two vectors
into a way to calculate the angles of two matrices. By utilizing the angular formula between
two subspace, we also get a pair of angles between two matrices, this calculation utilizes the
column space and row space of the two matrices.

A, B € R™": Images formed from m x n pixels, as a matrix.

I1. Pair of Angles Between Two Images
2.1. On Angle between two subspaces

We rely much of the result in this work on the definition of angle between two subspaces
([41,[51,315).

Let (X, < .,. >) Is the product space in dimensions of 2 or more, U = span{uy, ug,--- ,u,}
and V = span{vy,vs, --- ,v,} are 2 subspace in X wherel < p < ¢ < oo. Let also
{uy,us, -+ ,u,} and {vy,v9,--- ,v,} are orthonormal, then 6 is the angle between subspace
U and V, given as follows.

cos?(0) = det(MM™) (1)

with M := [< u;, vy, >] = [ul *vy] is a matrix of p x ¢, and M7T = [v} x u;]. Note that, for the

case p = ¢, the angular formula becomes:

cos(#) = | det(M)| (2)
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2.2. Singular Value Decomposition [6] :

A=UsDpVi Uy€ R™ Dy e R V] € RP",
B =UgDgV2 Ug € R™ Dy € R VI € R™"

with Uy, Ug, V4, Vg are orthonormal matrix, and D4, Dpg are diagonal matrices.
Ua, Up in sequence are the column space base of A and B. The same thing applies to V4, Vp
which are sequentially the row space base of A and B.

2.3. SVD Approximation property

Li et al.[10] pointed the following describes the best approximation properties of SVD
theorem.

Theorem.[9] M € RY™" d < rank(M), and singular value decomposition for matrix M
is
M=Uxv" = [Ur, Ua] [ X[V, VQ]T, 3)
where U; € R™*4 %, € R4 and V;, € R™*,

If the energy of image is expressed by the square of the F-norm, one can get
IMJ% = tr(M"M) = tr(VEUTUSVT) =) " a7, (4)
i=1

where o; is nonzero singular value for M. r is the rank of matrix.

After the singular value decomposition, we can see from formula 4 that the texture and
geometry information are concentrated in the U and V7. The singular value of ¥ represents the
energy information of the image.

If 335 is small enough, I/ = U 121\/1T is the best d rank approximation of M, namely,

|A = L'|| = min,ank(x)=al|A — L. (5)

U can be regarded as its theme matrix, and singular value > determines the importance
of these themes. The smaller singular values reflect unimportant or subject to “noise” affected
theme. Therefore the best low-rank approximation of M is to get rid of these secondary themes.
When ¥, is small enough, d = rank(X;) is the number of important topics of M. U; ¥ VI is
the best low-rank decomposition for M.

2.4. On Angle Between Two Column Subspace

Let:
Upa:=Ux, Vyp = Up.

Let also Uy = [ujug - - - up) and Vg = [v1v2 - - - v,]. Angle between A and B can be calcu-
lated :
M = [Uf 4 Vi)
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cos’() = det(M x M™T)

2.5. On Angle Between Two Row Subspaces

Let:
Uya = VA7 Ve = Va.

Let also Uya = [ugus---uy] and Viyp = [v1v9 - - - v,]. Angle between Uy 4 and Vi can be
calculated :
M = [Uy 4 Vv 8]

cos’(¢) = det(M x M7T)

2.6. Pair of Angles Between Two Images

e Angle 6 called left angle (column) between two matrices and angle ¢ called right an-
gle (row) between two matrices. Furthermore, pair (6, ¢), were called the pair of angles
between two matrices

e From SVD factorization of matrices A and B, we can get a singular value of d4 =
diag(D4)and dp = diag(Dp). Both values are used to calculate the distance between
the two matrices, i.e p(A, B) = ||d4 — dg||, with ||.|| is Euclidean distance from a vector.

III. Computing Pair of Angles Between Two Images

An image of size m x n pixel can be seen as a matrix, hence we may be able to compute
pair of angles between two images of the same size.

Example 1.

Here is an example of a matrix which is a representation of a black-and-white image.
Theta = 1.1921e-07
Phi = 0.66133

In the appendix of [3], GNU-OCTAVE script to compute the pair of angles (6, ¢) between
two matrices was given, which is easily to modify for the case of images.

Example 2.

In the following example, a color image is used. The color image consists of 3 layers,
respectively the Red, Green and Blue layers. Measured angle between pairs of pairs of layers
of IPB color photo images.

SudutAntaraDuaGambarRGBrektoratIPB
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Green vs Red
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(a) Result 1

Figure 1. Examplel.

(b) Result 1

Figure 2. Example?2.

Theta = 0.0000 + 0.00001 ;
Phi = 1.5708 + 0.00001
Green vs Blue

Theta = 0.0000 + 0.00001i ;
Phi = 1.5708 + 0.00001
Red vs Blue

Theta = 0.0000 + 0.000041 ;
Phi = 1.5708 + 0.00001

IV. CONCLUSIONS AND FUTURE RESEARCH DIRECTION

This paper shows how to calculate a pair of angles between two images of the same size,
using angles formula between two subspace. Another result that can be obtained is how to
calculate the distance between two images of the same size for free.

The similarity angle (or cosine similarity) is used as a way to measure the similarity of
two information vectors. Then, the angular pair (6, ¢), becomes the double angle of similarity
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(cosine double similarity, bi-cosine similarity) of the two images. To be precise, the angle 6
denoting angle of separation between theme subspace of the two figures, while the angle ¢
denoting angle of separation of geometric subspace between the two figures.
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