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B-Lift Curves in Euclidean 3-space
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Abstract In this study, we introduce a new type curve in 3-dimensional space
which called B-lift curve and we obtain the Frenet operators of the B-lift curve.
Moreover, we consider the correpondence of Frenet operators between the B-
lift curve and the natural lift curve. Finally, we investigate the B-lift curve
according to the main curve is slant helix or darboux helix.
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1 Introduction

The theory of curves plays an important role in differential geometry, kine-
matics, computer design, etc. One of the well-known curves is the natural lift
curve. The definition of the natural lift was first encountered in Thorpe’s book,
see [1]. According to the definition, the natural lift curve was formed by com-
bining the end points of unit tangent vectors of the main curve. Natural lift
curves have attracted the attention of many mathematicians. M. Çalışkan and
E. Ergün [4] introduced Frenet operators of the natural lift curve in terms of
the Frenet operators of the main curve.

A regular curve γ in R3 is characterized by the situation of the curvature
and the torsion. For example, a straight line has no curvature (i.e. κ=0) and
a plane curve has no torsion (i.e. τ=0). [2] A curve γ is called general helix
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in Euclidean 3-space if tangent vector of the curve makes a constant angle
with a fixed straight line. If both κ 6= 0 and τ > 0 are constant, a curve γ is
called circular helix. [2] In 1802, M. A. Lancert proved that the ratio of the
curvatures is constant along the curve in general helix (or cylindirical helix).

Many authors have written articles on helices and different types of helices.
S. Izumiya and N. Takeuchi [9] defined slant helices as the principal normal
vector makes a constant angle with a fixed direction. They have also introduced
conical geodesic curve. L. Kula, N. Ekmekci, Y. Yaylı, K. İlarslan [11] gave
some characterizations of slant helices and introduced Frenet operators of slant
helices in R3. E. Zıplar, A. Şenol and Y. Yaylı [12] defined Darboux helix that
Darboux vector makes a constant angle with a fixed straight line. Morever,
they gave the relation between slant helices and darboux helices.

However, there is no research about B-lift curves. In this paper, based
on Thorpe’s definition, B-Lift curve is defined and some characterizations of
the Frenet operators are given. We also investigate the relation between the
Frenet operators of the B-lift curve and the Frenet operators of natural lift
curve. Furthermore, we examine the status of the B-Lift curve according to
whether the main curve is slant helix or darboux helix. Finally, some examples
are given and we draw our curves with Mathematica program.

2 Preliminaries

In this section, some basic definitions and theorems in differential geometry
are given. Furthermore, some properties of the natural lift curve, general helix,
slant helix and Darboux helix are denoted.

Let ~A = (a1, a2, a3) be a vector in R3. The norm is defined as || ~A|| =√
a21 + a22 + a23. If || ~A|| is equal to 1, then ~A is called unit vector in R3. For the

vectors ~A = (a1, a2, a3) and ~B = (b1, b2, b3) in R3, the inner product is defined

as < ~A, ~B >= a1b1 + a2b2 + a3b3.
A parametrized curve γ : I →R3 is called regular curve if γ

′
(s) 6= 0, where

s ∈ I. Let γ be a curve in R3, if γ
′
(s) is equal to 1 then the curve γ : I →R3

is a unit speed curve.
Let γ be a unit speed curve in R3. T(s), N(s), B(s) is called Frenet-

Serret frame of the curve γ(s). T (s) = γ
′
(s) is the unit tangent vector of

the curve γ(s). The unit principal normal and binormal vectors defined by

N(s) = γ
′′
(s)

‖γ′′ (s)‖ and B(s) = T (s)×N(s), respectively. Frenet-Serret formulas

of the unit speed curve γ(s) are as follows:

T
′
(s) = κ(s)N(s),

N
′
(s) = −κ(s)T (s) + τ(s)B(s),

B
′
(s) = −τ(s)N(s),

where κ(s) = ‖γ′′
(s)‖ and τ(s) = −〈B′

(s), N(s)〉 are the curvature and torsion
of the curve γ(s), respectively [1].
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Definition 1 Let γ : I → M be a unit speed curve, where M ⊂ R3 be a
hypersurface. We called an integral curve to the curve γ if

γ
′
(s) = X(γ(s))

where X is a differentiable vector field on M [4].

Definition 2 Let γ : I → M be a unit speed curve. The natural lift curve γ̄ :
I → TM of the curve γ is defined as follows:

γ̄(s) = (γ(s), γ
′
(s)) = γ

′
(s)|γ(s).

Therefore, we can write

dγ̄(s)

ds
=

d

ds
(γ

′
(s))|γ(s)= Dγ′ (s)γ

′
(s)

where D is Levi-Civita connection in R3 [4].

Theorem 1 Let γ̄(s) be the natural lift curve of γ(s). Then there is the fol-
lowing equation between Frenet frames of the curves γ(s) and γ̄(s):

T̄ (s) = N(s),

N̄(s) = − κ(s)

||W (s)||
T (s) +

τ(s)

||W (s)||
B(s),

B̄(s) =
τ(s)

||W (s)||
T (s) +

κ(s)

||W (s)||
B(s),

where {T (s), N(s), B(s)} and {T̄ (s), N̄(s), B̄(s)} are Frenet frames of the curve
and its natural lift curve, respectively. The Darboux vector W is presented as
W = τT + κB. Moreover, κ = ‖W‖ cosϕ and τ = ‖W‖ sinϕ are represented
as curvature ans torsion. Here, ϕ is the angle between Darboux vector and
binormal vector of γ(s), see [4].

Theorem 2 Let γ̄(s) be the natural lift curve of γ for a given regular curve
γ. Then there are the following equations:

κ̄(s) =
κ2 + τ2

||W ||
, τ̄(s) =

−κ′
(s)τ(s) + κ(s)τ

′
(s)

||W ||2

where κ̄ and τ̄ are the curvature and torsion of γ̄(s), respectively [4].

Proposition 1 Let γ : I → R3 be a unit speed curve with curvature κ and
torsion τ . The curve γ is the general helix if and only if

τ
κ is a constant [6].

Proposition 2 For any unit speed curve γ : I → R3 with κ 6= 0 , γ is a slant
helix if and only if

σ(s) =
κ2

(κ2 + τ2)
3
2

(
τ

κ
)
′
(s)

is a constant fonction [9].
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Theorem 3 γ : I → R3 is the Darboux helix if and only if

σ∗(s) =
(κ2 + τ2)

3
2

κ2
1

( τκ )′(s)

is a constant function [12].

Theorem 4 Let γ be a curve in R3. If κ
τ is not constant, then γ is a slant

helix if and only if γ is a Darboux helix [12].

3 B-Lift Curves in 3-Euclidean Space

In this section, we describe the B-Lift curve which is the curve obtained by
the end points of the binormal vectors of the main curve. We also obtain the
Frenet operators of the B-lift curves and compare the Frenet operators of the
B-Lift curves with the Frenet operators of the natural lift curves. Morever, we
examine the case of the B-lift curve according to whether the main curve is
slant helix or darboux helix and we give some examples with these situations.

Definition 3 For any unit speed curve γ : I → M, γB : I → TM is called the
B-Lift curve of γ which provides the following equation:

γB(s) = (γ(s), B(s)) = B(s)|γ(s) (1)

where B is the binormal vector of the curve γ.

Theorem 5 Let γB be the B-Lift curve of a regular curve γ. Then the follow-
ing equations are provided:

TB(s) = −N(s),

NB(s) =
κ(s)

||W (s)||
T (s)− τ(s)

||W (s)||
B(s),

BB(s) =
τ(s)

||W (s)||
T (s) +

κ(s)

||W (s)||
B(s)

where {T (s), N(s), B(s)} and {TB(s), NB(s), BB(s)} are the Frenet vectors of
the curve γ and its B-lift curve, respectively. Furthermore, κ is the curvature, τ
is the torsion and the Darboux vector W = τT +κB of the curve γ . (Specially
torsion will be taken greater than zero.)

Proof. Let γB be the B-Lift curve of γ, then we can write:

γB = B , γ
′

B = −τN

TB(s) =
γ

′

B

||γ′
B ||

=
−τN
|τ |

= −N (τ > 0), (2)
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γ
′′

B = −τ
′
N − τ(−κT + τB),

γ
′′

B = κτT − τ
′
N − τ2B, (3)

γ
′

B × γ
′′

B = τ3T + κτ2B, (4)

||γ
′

B × γ
′′

B || = τ2
√
κ2 + τ2. (5)

From BB(s) =
γ
′
B×γ

′′
B

||γ′
B×γ

′′
B ||

, the equations (4) and (5) we get

BB(s) =
τ

||W ||
T +

κ

||W ||
B. (6)

Using (2) and (6), we have

NB(s) = BB(s)× TB(s) =
κ

||W ||
T − τ

||W ||
B. (7)

From the equations (2), (6) and (7), the proof is completed.

Theorem 6 Let γB be the B-Lift curve of a regular curve γ in R3. Then, we
have the following formulas:

κB(s) =

√
κ2 + τ2

τ
, τB(s) =

κ
′
τ − κτ ′

τ(κ2 + τ2)
,

where κB and τB are curvature and torsion of γB, respectively.

Proof. From (5), we know

||γ
′

B × γ
′′

B || = τ
√
κ2 + τ2 , ||γ

′

B || = τ. (8)

Since κB =
||γ

′
B×γ

′′
B ||

||γ′
B ||3

is provided, we obtain the following equation:

κB(s) =

√
κ2 + τ2

τ
. (9)

The torsion of γB is given as

τB =
< γ

′

B × γ
′′

B , γ
′′′

B >

||γ′
B × γ

′′
B ||2

. (10)

Using (3), we get

γ
′′′

B = (κ
′
τ + 2κτ

′
)T + (κ2τ − τ

′′
+ τ3)N − 3ττ

′
B. (11)

From (4), (7) and (11), we have

τB(s) =
κ

′
τ − κτ ′

τ(κ2 + τ2)
. (12)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 March 2021                   doi:10.20944/preprints202103.0580.v1

https://doi.org/10.20944/preprints202103.0580.v1


6 Anıl Altınkaya and Mustafa Çalışkan

Corollary 1 Let γB and γ̄ be the B-Lift curve and the natural lift curve of
the regular curve γ, respectively. Then the following equations are provided:

TB(s) = −T̄ (s),

NB(s) = −N̄(s),

BB(s) = B̄(s),

where {TB(s), NB(s), BB(s)} and {T̄ (s), N̄(s), B̄(s)} are the Frenet vectors of
γB and γ̄, respectively.

Corollary 2 Let γB and γ̄ be the B-Lift curve and the natural lift curve of the
regular curve γ, respectively. Between the curvature and torsion of the B-lift
curve and the natural lift curve there exists the following formula:

τB
κB

= − τ̄
κ̄
. (13)

Theorem 7 γ : I → R3 is a slant helix if and only if γB is a general helix.

Proof. Assume that γ is a slant helix. From Proposition 2, we have

σ(s) =
κ2

(κ2 + τ2)
3
2

(
τ

κ
)
′
(s) = constant,

where κ and τ are curvature and torsion of the curve γ. We have to show if
γB is a general helix.
From Theorem 6, we can have

τB
κB

= − κ2

(κ2 + τ2)
3
2

(
τ

κ
)
′
(s) = −σ(s) = constant. (14)

Then, γB is a slant helix.
Conversely, let γB be a slant helix. Then we can write

τB
κB

= −σ(s) = constant.

Since σ(s)=constant, the curve γ is a slant helix.

Corollary 3 γ : I → R3 is a Darboux helix if and only if γB is a general
helix.

Theorem 8 γ : I → R3 is a general helix if and only if γB is a plane curve.

Proof. Let γ be a general helix. Then the ratio of τ
κ is constant. Hence ( τκ )

′
=0

and consequently we can write

− κ2

(κ2 + τ2)
3
2

(
τ

κ
)
′
(s) =

τB
κB

= 0
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Since τB
κB

=0,we have τB=0. So, the curve γB be a plane curve.
Conversely, let γB is a plane curve. Then, τB=0 and from (14)

(
τ

κ
)
′
(s) = 0.

So, τ
κ is constant. Since τ

κ is constant, γ is a general helix.

Example 1 Assume that the unit speed slant helix is given as

γ(s) = (
1

6
sin2s+

2

3
sins,

1

6
cos2s+

2

3
coss,

4
√

2

3
cos

s

2
).

Then the Frenet vectors of the curve γ are given as follows:

T (s) = (
1

3
cos2s+

2

3
coss,−1

3
sin2s− 2

3
sins,−2

√
2

3
sin

s

2
),

N(s) = (− 4

3
√

2
sin

3s

2
,− 4

3
√

2
cos

3s

2
,−1

3
),

B(s) = (−1

3
sin2s+

2

3
sins,−1

3
cos2s+

2

3
coss,− 4

3
√

2
cos

s

2
).

Fig. 1 The slant helix γ(s)

since γB(s) = B(s), we have the following equations:

γ
′

B(s)× γ
′′

B(s) = (
2
√

2

3
sin2

s

2
sin

3s

2
,

2
√

2

3
sin2

s

2
cos

3s

2
,−8

3
sin2

s

2
),

κB(s) =
||γ′

B × γ
′′

B ||
||γ′

B ||3
=

1

sin s2
,

τB(s) =
< γ

′

B × γ
′′

B , γ
′′′

B >

||γ′
B × γ

′′
B ||2

= − 1

2
√

2

1

sin s2
.
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Therefore, we obtain

τB
κB

= − 1

2
√

2
= constant.

Since the ratio of the curvatures are constant, the curve γB is a general helix.

Fig. 2 The general helix γB(s)

Example 2 Consider the unit speed circular helix with

γ(s) = (cos
s√
2
, sin

s√
2
,
s√
2

).

After some calculations, the Frenet operators of the curve γ

T (s) = (− 1√
2
sin

s√
2
,

1√
2
cos

s√
2
,

1√
2

),

N(s) = (−cos s√
2
,−sin s√

2
, 0),

B(s) = (
1√
2
sin

s√
2
,− 1√

2
cos

s√
2
,

1√
2

).

From (1), we have the following equations:

γ
′

B(s) = (
1

2
cos

s√
2
,

1

2
sin

s√
2
, 0),

γ
′′

B(s) = (− 1

2
√

2
sin

s√
2
,

1

2
√

2
cos

s√
2
, 0),

γ
′

B(s)× γ
′′

B(s) = (0, 0,
1

4
√

2
),

γ
′′

B(s) = (−1

4
cos

s√
2
,−1

4
sin

s√
2
, 0).
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Fig. 3 The circular helix γ(s)

If the above equations and (10) are used, τB(s)=0 is obtained. Then the curve
γB(s) is a plane curve.

Fig. 4 The plane curve γB(s)

4 Conclusion

In this article, introduced the B-lift curve and the relation between Frenet
operators of the natural lift curve and the B-lift curve of the main curve are
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given. Based on the definition of B-lift, the situation of the curve being slant
helix, darboux helix and general helix is examined.
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