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Abstract: It is quite easy to stochastically distort an original count variable to obtain a new count
variable with relatively more variability than in the original variable. Many popular overdispersion
models (variance greater than mean) can indeed be obtained by mixtures, compounding or randomly-
stopped sums. There is no analogous stochastic mechanism for the construction of underdispersed
count variables (variance less than mean), starting from an original count distribution of interest.
This work proposes a generic method to stochastically distort an original count variable to obtain
a new count variable with relatively less variability than in the original variable. The proposed
mechanism, termed condensation, attracts probability masses from the quantiles in the tails of
the original distribution and redirect them toward quantiles around the expected value. If the
original distribution can be simulated, then the simulation of variates from a condensed distribution
is straightforward. Moreover, condensed distributions have a simple mean-parametrization, a
characteristic useful in a count regression context. An application to the negative binomial
distribution resulted in a distribution allowing under, equi and overdispersion. In addition to
graphical insights, fields of applications of special cases of condensed Poisson and condensed negative
binomial distributions were pointed out as an indication of the potential of condensation for a

flexible analysis of count data.

Keywords: Erlang process ; condensed distribution ; probability generating function ; algebraic

moments ; Poisson remainder distribution; negative binomial remainder distribution

1. Introduction

The study of many physical, biological or social processes often involves some form of
event analysis. However, only the total number of events occurring in some time interval is
often available [1]. As a result, event analysis is generally reduced to count data analysis.
The statistical analysis of count data requires the specification of an hypothesized model
for the target response variable Y, i.e. a count distribution which describes the mechanism
underlying the generation of the counts and the error structure in the target population. In
practice, however, real counts often exhibit a variability, which differs from that anticipated
under the hypothesized model [2]. The modelling of counts thus, often, faces overdispersion
(the observed variance is greater the expected) or underdispersion (the observed variance is
lower than the expected) [2,3]. These phenomena result from one or many causes including
partial distortion of the observations by the method of ascertainment, lack of independence
between individual item responses, contagion, clustering and heterogeneity [1-4]. In fact,
an observed count x is a realization of a random variable Y which is a distorted version
(the observed probability distribution) of the distribution of X (original distribution) [2].

Distortions to the original distribution often lead to overdispersion. This has motivated
claims similar to “overdispersion is the polite statistician’s version of Murphy’s law: if
something can go wrong, it will" [5]. Indeed, the distorsion of the original distribution
can be interpreted as the mixture of distributions, which always induces overdispersion.
This mixture is related to positive correlation between individual item responses, contagion,
clustering or heterogeneity [1-4,6]. Mixture, interpreted as a distorsion mechanism, provides
a simple route for the construction of overdispersed count distribution for the analysis of
count data: inclusion of observation level random effect to disturb the mean of the original
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distribution. The most popular overdispersion model (negative binomial) can indeed be
obtained by multiplying the mean of a Poisson variable by a unit mean gamma variable [7].
Poisson-log normal [8] and Poisson-inverse Gaussian distributions are obtained by the same
approach [9]. Randomly-stopped sum [10,11] and compounding are less known mechanisms
which also leads to overdispersion [3].

Clearly, it is relatively easy to build overdispersion count models, using a stochastic
mechanism to distort an original target distribution. Underdispersion models, on the other
hand, have been overlooked [12], although they have recently received more attention
[2,13-15]. Underdispersion is often associated with negative contagion or correlation, where
the occurrence of one event makes future events somewhat less likely [6]. To the best of our
knowledge, there is no analogous of stochastic processes such as mixture, compounding or
randomly-stopped sum, to produce underdispersed count models.

This paper proposes a generic stochastic mechanism for the construction of an under-
dispersed version of any integer-valued distribution. The proposal, termed condensation, is
a generalization of a stochastic relationship between the Morse [16]-Jewell [17] distribution
[18,19], i.e. the asynchroneous counting distribution of the Erlang process, and the Poisson
distribution. It appears that the Fisher’s index of dispersion (variance-to-mean ratio) [20] of
the condensed variable Y is always less than the index of dispersion of the original variable
X. Our method offers a simple method to generalize existing overdispersion count models
to allow full dispersion flexibility [21] in the analysis of count data.

The remaining of the paper is organized as follows. Section 2 presents preliminaries on
the Erlang process, the Morse-Jewell distribution and its stochastic representation in terms
of the Poisson and Bernoulli distributions. Section 3 describes the condensation mechanism
and provides the general forms of the probability mass function, the probability generating
function and the algebraic moments of a condensed distribution. Section 4 illustrates the
proposal on the Poisson and negative binomial distributions, and Section 5 gives concluding
remarks.

2. The Erlang Process and the Morse-Jewell Distribution
2.1. The Counting Distributions of the Erlang Process

The Morse-Jewell distribution [16,17] is the asynchronous counting distribution of the
Erlang process. The counting distributions of the Erlang process are generalizations of the
Poisson distribution, obtained by replacing the exponential inter-events time distribution
by an Erlang distribution [22-24] of order m € NT (positive integers). When m = 1, the
counting process results in the Poisson distribution with expectation A € RT (positive reals)
which is denoted X ~ Poi(\) and has pmf (probability mass function) given by

e~ AN
!

fp(zIA) = (1)

for x € N (non negative integers). When m > 2, two types of counting distributions can
be contructed. The distribution is termed synchronous when the counting period starts
just after an event [19,25]. The synchroneous counting distribution will be called Goodman
distribution and denoted Good(\, m) because it is the generalized Poisson distribution of
Goodman [26]. The pmf of Z ~ Good(A, m) is [26]

3

fs(z|A,m) = fp(mz+¢A) for z € N. (2)
t

Il
o

The Goodman distribution arises when every mth event are recorded in a Poisson process,
starting from zero. The Goodman distribution appears for instance when gaps between
points on a line follow a Pearson Type III distribution [27].

When the counting period of the Erlang process begins at an arbitrary time point, the
counting distribution is termed asynchronous [19,25]. This distribution corresponds to the
Morse[16]-Jewell [17] distribution [18,19]. A Morse-Jewell (MJ) variable Y, which will be
denoted Y ~ MJ (A, m), has pmf [19]
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Here, Y is also the record of every mth events in a Poisson process, but the starting point
is random. As an example of application field, the MJ distribution is the most appropriate
counting distribution when modelling vehicle arrivals with an Erlang process [19]. The
special case m = 2 of the MJ distribution is the condensed Poisson distribution of Chatfield
and Goodhardt [22] used, for instance, for inferring the true intake distribution from recall
data [28].

2.2. Stochastic Representation of the Morse-Jewell Distribution

Let |z] denote the integer part of any = € R (reals) and Ber(p) denote a Bernoulli
distribution with success probability p € [0,1]. The following theorem stochastically relates
the MJ distribution to Poisson, Goodman and Bernoulli distributions.

Theorem 1 (Stochastic relationship). Let X ~ Poi(\) and m € N*.

1. The count variable Z = L%J follows a Goodman distribution, i.e. Z ~ Good(\,m).
2. Set R=X—mZ and let UR =71 ~ Ber(r/m). The count variable Y = Z + U has
a Morse-Jewell distribution, i.e. Y ~ MJT(\,m).

The proof of Theorem 1 is given in Appendix A.1. The stochastic relationship provides a
method for generating variates from a MJ distribution. It is well known that the expectation
of Y ~ MJT (A, m) is pa(A,m) = X/m [19]. Moreover, on setting w = 27 /m, the variance
of Y has the expression [25]

A -1
Gm) = S5+ me2 + En(N), (4)
m—1 m—1
En()) = % e~ AI=eos(G9)) cos (A sin(jw)) Z k‘(l - :@) cos(jkw), (5)
j=1 k=1

with |Epn (V)] < mexp(—wxsin%ﬂ/m)/m) and Ep(A) — 0as A — oco. In

6m?2
particular, there is a very simple formula for the variance when m = 2 [19]

A 14e 2
Tt——=— (6)

0124()\,2) = S

It is worthwhile noticing that for m > 2, Y is underdispersed (variance less than mean) as
compared to the Poisson distribution which is equidispersed (variance equal mean). Indeed,
on letting d4(\,m) = 0% (A, m)/pa(A, m) denote the FID (Fisher’s index of dispersion) of
Y, i.e. the variance-to-mean ratio, we have % <da(A,m) < 1ifm>2.

3. The Stochastic Condensation Mechanism

The stochastic representation of the MJ distribution suggests a simple route for reducing
the variability in an original discrete distribution. Athougth the stochastic representation of
the Goodman distribution provides an alternative route, the MJ distribution has a simple
mean value expression, a characteristic useful in a regression context [29-31].

Let us consider a family of discrete distributions OD(), 6) on the set of integers Z,
indexed by the expectation A and possibly a vector of shape parameters 6. The stochastic
condensation mechanism is closely related to the remainder distribution, i.e. the distribution
of the remainder of a count variable divided by a positive integer, which we first introduce.
Let “mod" denote the modulo operator, i.e. “R = X mod m" stands for “R is the remainder
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of the quotient X /m" for m € NT. Also set S;, = {0,1,--- ,m — 1} for m € N* and let

“i

" stand for “equal in distribution to".

3.1. The Remainder Distribution

Definition 1 (Remainder distribution). A random variable R is said to follow the remainder
distribution RD(X, 8,m) generated by the original distribution OD(X,0) with a modulus

meNT, if RZ X mod m where X ~ OD(\,0).

The pmf f,(-|A, 0, m) of the remainder variable R ~ RD(\, 8, m) is given by the series

[ee]
fo(r|X, 8,m) = Z fo(mz 47X, 0) for r € Sy,. (7)
For n € RT, let ug") (AN 6,m) = Z:”;ll ™ fo(r|\, 8,m) denote the nth algebraic moment of
R. Set p,(X,0,m) = pf)l)()\, 6,m) and define (,(\,0,m) = E{%(l - %)}, given by

MP(A767m) :ul(Jz)()‘?e’ m)

Cp()‘vevm) = m - m2 . (8)

The quantity ¢,(\,0,m) will prove useful when deriving the variance of a condensed
distribution. Note that {,(X, 0, m) < min{1/4, u,(X,0,m)/m,1 — p,(X,0,m)/m}. Indeed,
for 2 € [0, 1], the quantity (1 — ), is less than both z and 1 — z, and is maximal at = 1/2.

3.2. Integer-Coefficient Condensation of Discrete Distributions

Definition 2 (Integer-coefficient condensed distribution). A random variable Y is said
to follow the condensed distribution CD(u,0,m) generated by the original distribution
OD(myu, 0) with a condensation coefficient m € N1, if it has the stochastic representation

YU=u,X=2 = z+4u (9)
UX ==z Ber(r/m)
X ~ OD(my,9),

2

where z = |x/m| and r = x — mz.

By the definition 2, the distributions in the family OD()\, 8) are recovered in the class
CD(u,0,m) with m = 1. Let OD(),0) has pmf f,(:|\, 0), cdf (cumulative distribution
function) F, (|, 0) and quf (quantile function) Qo(-|A, 0). Also let [2] = —|—z| for z € R.

Theorem 2 (Distribution function). The pmf and the cdf of Y ~ CD(u, 0, m) are respec-
tively given, for y € Z, by

m—1
m— |t
fC(y|Ma 97m) = Z THfO(my+t|mu79), (1O>
t=1—-m
m—1 m—t
Fe(yln,8,m) = Fo(my—1mp,0)+ = fo(my + tjmp, 8), (11)

t=0

and on setting o = Qo(ulmpy,0), yo = [2] =1 and uo = Fe(yo|p, 0, m) for u € (0,1), the
quf of Y is given by

. Yo Zf Uop Z u
Qc(ulp,0,m) = {yo +1 otherwise’
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The proof of Theorem 2 is given in Appendix A.2. The general form of the pgf
(probability generating function) of a condensed distribution is as follows (see Appendix
A.3 for a proof).

Theorem 3 (Probability generating function). For any s = exp(it), i> = —1 (imaginary
unit) and t € R, the pgf of a condensed distribution CD(u,0,m) is given by

1™ >
Ge(slp,0,m) = Gqls|p,0,m) 42 Z Z s*fo(mz + rlmp,0) (13)
where Gq(s|lp,0,m) = Z Z s* fo(mz + rlmu, 0) (14)

r=0 z=—00
is the pgf of the quotient Z B (X—R)/m, R=X mod m, X ~OD(mpu,0).

For X ~ OD(),0), let u(] k)()\, 0, m) denote the (j, k)th joint moment of X and its
remainder R = X mod m,

co m—1

pk) X\, 0,m) = Z Z (mz +7)rk f,(mz + 7|\, ) (15)

z=—o00 r=0

and u,(] )()\ 0,m) denote the jth algebraic moment of the quotient Z = (X — R)/m

co m—1

pPnem) = S0 ST 2 fo(me 41N, 0). (16)

z=—00 r=0

The general form of integer order algebraic moments of a condensed distribution is as follows
(see Appendix A.4 for a routine proof).

Theorem 4 (Moments). The nth algebraic moment of Y ~ CD(u,0,m) is given by

n—1
n n 1
W om) = uf0em) 25 () e an)

k=0
where u((]]f.’l)()\, 0,m) = mk Z < ) Yu (k ; H_J)()\, 0,m). (18)
From the definition 2, E[Y] = u, by the law of iterated expectations (see (2) in [32]).
Let 02(), 0) be the variance and 6,(), 8) be the FID of OD(A, 8). The variance o2y, 8,m)
and the FID 6.(u, 0, m) of Y ~ CD(u, 0, m) satisfy
2 2(m/~L7 9)
o2nom) = 20 i .m) (19
|6o(mﬂve)| < |5C(NJ, 9,m)| < |6o(m/~La )| —l—min{l,ﬂp(u’ 67m)} (20)
m m Apl” mlul

From Equation (20), it appears that for fixed p, condensation allows the FID d.(u, 8, m)
to reach smaller and smaller values as m increases. This suggests the following limiting
behavior.
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Conjecture 1 (Limiting condensed distribution). Let Y ~ CD(u,0,m), and set po, = | ]

and € = p — po. Let U ~ Ber(e) and set Y] 2 to + U, with variance o () = e(1 —€). As
m — 00, Y tends in distribution to Y] (a shifted Bernoulli distribution), and accordingly,
a2 (n,8,m) = of ().

Note that o7(u) is the minimal variance of Y [21].

3.8. The Generalized Stochastic Condensation Mechanism

For a fixed mean value u, the variance o2(ju,8,m) and the FID d.(u,0,m) of a
condensed distribution take discrete values in terms of m. This may make condensed
distributions difficult to work with, especially when one desires to estimate m along
with other distribution parameters p and 6, or in a regression context. There exists a
generalization of the MJ distribution (recall this results from the condensation of the
Poisson distribution) by the mean of the incomplete gamma function [19]. However, this
generalization does not enjoy the simplicity of the stochastic representation in Theorem
1 and the expression of the variance in Equation (4). The following generalization to any
m € [1,00) enjoys the simple defining stochastic representation and, if the variance of the
integer-coefficient condensation has a simple expression (as for the MJ distribution), so does
the generalized condensed distribution.

Definition 3 (Generalized condensed distribution). A random variable Y is said to fol-
low the generalized condensed distribution GCD(u, 0, m) generated by OD(mpu, ), with a
condensation coefficient m € [1,00), if it has the stochastic representation

YU=u,X=z,W=w = z+4u (21)
UX=z,W=w ~ Ber(r/(m,+w))
X|W=w ~ OD((my,+w)u,0)
W~ Ber(p).

where p = (m —my)(me+1)/m, me = |m|, z = |z/(Mmo+w)| and r =z — (my +w)z.

By the definition 3, a generalized condensed distribution with condensation coefficient
m is the mixture of the condensed distributions with condensation coefficients m, and
me + 1 and weights 1 — p and p respectively. It thus has, for y € Z, the pmf

fo(ylp, 8,m) = (1 —p) fe(ylp, 0,m0) + pfe(ylp, 0,m0 4 1). (22)

Likely, the algebraic moments of GCD(u, 8, m) are given by

5 (1, 0,m) = (1= p)ud™ (1, 0,m0) + pul™ (11,8, m0 +1). (23)

For m € N, p = 0 so that GCD(u, 0, m) is reduced to CD(u, 0, m). Note that the two
mixed distributions have the same expectation p so that E[Y] = p and Y has variance
aé(,u, 0,m) = (1—p)o2(u,0,my) + po(u,0,me +1). (24)
The expression of p was chosen to yield, when the variance of OD(\,0) has the form
02(\,0) = a\ +bA\? for (a,b) € [0,00)? a function of 8, the simpler variance expression
a
73 (1, 0.m) = 5 4 bya® (1= p)Gp (1. 0,m0) + Gy 11,0, +-1). (25)

This holds, for instance, for the Poisson (a = 1, b = 0), negative binomial (a = 1, b € R™)
[7] and Consul’s generalized Poisson (a € R™, b = 0) [33] distributions.
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3.4. Conditional Distribution of the Original Count Variable

The condensation mechanism stochastically distorts a non-observable count variable
X to obtain the observable count variable Y. Interestingly, the stochastic representation
Equation (21) can be used to provide insights on the original variable X. Indeed, the
conditional distribution and in particular the conditional mean of the original distribution,
given an observed value y of Y, may be useful for predicting X. Moreover, although this
work does not target the estimation of condensed count distributions, the expectation-
maximization algorithm [34] is a useful tool for maximum likelihood inference in latent
class-like models, exploiting the conditional distribution of latent variables given the observed
values of observables quantities. The following theorem gives some basic results useful for
these purposes (see the proof in Appendix A.5).

Theorem 5 (Conditional distributions). Let X, W and Y be defined as in Equation (21).
Then, fory € Z with probability mass fq(y|p, 0,m) > 0:

fo(@|(mo +w)p, 0)
fc(y|/1'7 67 me + w)

fX|W,Y(x|W:w’YZyaM797m) = n(xay7m0+w) (26)

where
z x
n(z,y,m) = (1 +y— E)IS’” (x —my) + (1 —y+ E)Ig;ﬂ(my —x), (27)

Sm =10, ,m—1} form e Nt S¥ ={1,--- ,m—1} if m >2 and S}, = {} otherwise,
Iy (z) is the indicator function, which equals one if x € A and zero otherwise. Moreover,

Sy @Y =y, p1,8,m) = p2[1—p,]' " for w e {0,1}, (28)
fO o 76
Py aly = pnom) = (1= p) L2 )

fo(z|(mo +1)p, )
fe(ylp, 0,m0 +1)

n(z,y,me+1) (29)

where py = [(1—p) fe(ylp, 0, m0) + pfe(ylp, 0, mo + 1)]_1pfc(y\,u, 0,mo+ 1) is the success
probability of the Bernoulli variable W given that Y = y, p = (m —my)(me +1)/m,
me = |m]. Furthermore, for n € N, the nth moment of X conditional on'Y =y is

(1_ )EX(n?y““Laeva) EX(n’y|:u767mO+1)

Exy XY = 0
Xy [ X"Y =y, p,0,m] FeWlim0mo) T oyl 0,mo + 1)

(30)

where, for m € NT, Ex(n,y|u,8,m) denotes the nth partial moment of X for X € Sy,
Smy ={my+(1—m), - ,my,--- ,my+ (m—1)}:

1
n m—|t
Ex(uglp0m) = 3 (my+0 " gy st ). (30)

t=1-m

Remark 1. Given the original variable X and the Bernoulli variable W, the distribution
of the distorted variable Y does not depend on the parameters y and 0:

fyw x YW =w, X =z, 11,0,m) = n(x,y,m, +w). (32)

Therefore, in the expectation-mazximization algorithm framework, the maximization of the
complete-data likelihood:
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fW,X,Y(wa z, y) - pw(l - p>17wf0(x| (mo + w)ﬂa 9)77(% Y, Mo + w) (33)

of W, X and Y is reduced, for a fized m, to the mazimization of the conditional likelihood
of X given W:

Fxyw @W = w,1,8,m) = fo((mo +w)y +t](mo +w)p, 0). (34)

The expectation-conditional-mazimization algorithm [35] allows breaking the mazimiza-
tion step of the expectation-mazximization algorithm in many but computationally simpler
conditional-maximization sub-steps, while retaining the appealing properties of the basic
expectation-mazximization algorithm. Each conditional-mazximization sub-step updates only
a subset of the model parameters conditional on the remaining parameters. It stems from
Equation (34) that if the mazimum likelihood estimation of the original distribution pa-
rameters p and 0 is easy, then the expectation-conditional-maximization algorithm will be
appropriate for fitting the corresponding condensed distribution.

4. Applications

We illustrate the use of the condensation mechanism on two popular count models.
Apart from the equidispersed Poisson model, another appealing candidate for the application
of the condensation method is the negative binomial distribution, which is the most
popular overdispersion model. In fact, there already exists a condensed negative binomial
distribution [22,36-38] which, as for the condensed Poisson distribution [22], corresponds to
the condensation of the negative binomial distribution with condensation coefficient m = 2.
This special condensed negative binomial distribution has been used in consumer-purchasing
models [22,36,37] and alcohol consumption modelling [38]. We obtain here the general form
of the distributions with m € [1,00) by applying condensation.

4.1. The Generalized Condensed Poisson Distribution

Definition 4 (Generalized condensed Poisson distribution). A random variable Y is said
to follow the generalized condensed Poisson distribution GCP(u,m) with p € Rt and
m € [1,00), if it is generated by the generalized condensation mechanism (21) with the
Poisson distribution Poi(mu) as generator, and accordingly has, for y € N, the pmf

Ty (ylp,m) = (1 —=p) fa(ylmop, mo) + pfa(yl(mo + 1), mo + 1) (35)

where p = (m —my)(me +1)/m, me = |m] and fa(-|\,m) is given in Equation (3).

The generalized condensed Poisson (GCP) distribution has the Morse-Jewell (M.J)
distribution introduced in section 2 as a special case, when the condensation coefficient m is
a positive integer. The condensed Poisson distribution of [22] is the special case when m = 2.
The general form of the moments of the MJ distribution has for long evaded discovery,
apart from the first two moments [25]. We obtain these moments using the representation
as a condensed distribution.

4.1.1. The Poisson Remainder Distribution

As defined in section 3, condensation is closely related to the remainder distribution of
the original distribution to be condensed. We introduce in this section the Poisson remainder
(PR) distribution, i.e. for m € Nt the distribution of R = X mod m when X ~ Poi(\).
The probability that X is even is given by P(R = 0) = (1 +e72)‘)/2, in the instance
m = 2. This special case is well known [39] and has attention in informal discussions
on probability theory, see e.g. https://math.stackexchange.com/questions/2007238 /what-
is-the-probability-of-getting-an-even-number-from-a-poisson-random-draw and https://
stefanengineering.com/2020,/05/15/probability-of-even-generating-functions (accessed on


https://math.stackexchange.com/questions/2007238/what-is-the-probability-of-getting-an-even-number-from-a-poisson-random-draw
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March 09, 2021). A generalization of this result (i.e. P(R = 0)) for any integer m has
been given by Serfling [25] who indicated that this was already well known before the
1970s. As a useful device for obtaining many distributional properties of the generalized
condensed Poisson distribution, we derive here P(R = r) for any r in the sample space
Sm ={0,1,--- ,m —1} of R.

Definition 5 (Poisson remainder distribution). A random variable R is said to follow the

Poisson remainder distribution PR(A,m) with A € RT and m € NT, if R 2 X mod m
where X ~ Poi(N).

Let us consider the series defined for z > 0, m € N* and t € Z by

0 Lmjtt

fmn(2) :Z (mj +1)! (36)

j=0

with the convention z™/*t/(mj +t)! = 0 if mj +¢ < 0. The function f,,; and the
following related lemma will prove to be central to the study of both the PR and the GCP
distributions.

Lemma 1. Setf t( ) = O frni(2)/02F. Letr € {0,1,--- ,m —1}, and for t € Z, let
v=t/m] and s = t — mv. Then, on setting w = 2mw/m,

fm,t(z) = fm,s(z)*jzo (m]+s)' 'Lf v>1 (37)

fmi(z) = fms(z) if v<0 (38)

For(z) = fnrr(2) (39)
m—1

fmr(2) = % e <809 cos(z sin(jw) — jrw). (40)
=0

The proof of Lemma 1 is given in Appendix A.6. Equation (40) generalizes Lemma
3.2 in [25]. Using Equation (40), the pmf and the cdf of a PR variable are as follows (see a
routine proof in Appendix A.7).

Theorem 6 (Poisson remainder distribution function). Let R ~ PR(A,m). Then, the pmf
and the cdf of R are respectively given, for r € {0,1,--- ,m—1}, by

m—1
_ l A(cos(kw)—1) o -
fr(rIA,m) = - z:: e cos(Asin(kw) — krw) (41)
m—1
1 . r+ 1Y cos(Asin(kw) + kwr/2)
Fr(r|A,m) = m{r—i— 1+ ; sm(kw 5 > (oo 2y —eoslia)) [ (42)

The nth moment of PR(\, m) is denoted pr(r|A,m) and given by

m—1
u m) = 7 " fr(rlAm). (43)
r=0
4.1.2. Probability Generating Function and Moments

On using Equations (13) and (37), the probability generating function (pgf) of a GCP
variable is obtained as follows.
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Corollary 1 (Probability generating function of a generalized condensed Poisson variable).
Let Y ~ GCP(\,m). The pgf of Y is given for any s = exp(it), i> = —1, t € R, by

Gy (slp,m) = (1—p)Ga(slmu,my) + pGa(slmu, me + 1) (44)

where

Ga(s|]\,m) = Gg(s|A\,m) - Z rs ™ fr(Ast ™) (45)

is the pgf of a Morse-Jewell distribution MJ (X, m) which has the pmf (3) and

m—1
Gs(s|a,m) = e Z siT/mfm,T()\sl/m) (46)

is the pgf of a Goodman distribution Good(\, m) which has the pmf (2).

Equation (46) is equivalent to formula (3) in [27]. The expression (46) is simpler in the
sens it uses the more common exponential, sinus and cosinus functions (through Equation
(40)), instead of the raw infinite sum in [27]. By the definition 4, GCP (i, m) has expectation
u. The algebraic moments of a GCP distribution are as follows (see the proof in Appendix
A8).

Theorem 7 (Moments of a generalized condensed Poisson variable). Let Y ~ GCP(u, m).
The nth moment of Y is given, for n € N*, by

w(m) = (1= ) (mop, mo) + pul (mo + 1), mo + 1) (47)

where ugl)()\, m) is the nth moment of the Morse-Jewell distribution MJT (X, m)
(n) (n) 1= () 1 = (k (h=L1+1)
n +
W0 = iP5 () 3 ()0 o as)
k=0 =0

where ,ugn) (A, m) is the nth moment of the Goodman distribution Good(\, m)

n -1)" - -
ug) (m) = (m){ EDY ( ) Vel ’“><A,m>}, (49)
k=1
ME?RZ)()\,m) is the (k,1)th joint moment of X ~ Poi(\) and R =X mod m
k
:“XR ZS (k,j A]URC (Am), (50)
Jj=1

S(k,7) is the Stirling number of the second kind []0,41]

J .
ki) = (1) 6 -0 651)
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and ,ug% )()\ m) are probability cycled (PC) moments of a PR variable PR(A\,m), defined
as

m—1

lu’RC ()‘m)_e)\zrfmr] ) (52)

and given, for any v € N and s € {1,2,--- ,m — 1}, by

pe Om) = 1 (53)

™ Om) = (A m) (54)
m—s—1 m—1

H%Lémws)()\,m) = Z (r+s)"fr(r|X,m) + Z r+s—m)" fr(r|\,m). (55)
r=0 r=m-—s

Note that, as expected, Equation (47) is reduced to the nth moment of a Poisson
distribution Poi(p) when m =1 [42]:

n

iy (1) = 3 S(n,j)w. (56)

=1

On setting (A, m) = ,ug,%l)()\,m)/m - ug)()\,m)/m2, the variance of Y ~ GCP(u, m)
reads

o3 (1m) = £ 4 (1= )Cr(mopt, mo) + pCr((mo + Dty mo + 1), (57)
and the FID of Y is given by

By (1) = e+ - [(1 = p)C(mop, mo) + (o + Do +1)). - (58)

4.1.3. Ilustrations

In order to point out the potential of the GCP distribution to accomodate equidispersion
and underdispersion situations, we display the pmf (probability mass function) and the
FID (Fisher’s index of dispersion) of the GCP distribution. The pmf and FID values were
computed in the R freeware [43] using Equations (35) and (58) respectively.

Figures 1 and 2 show the pmf of the GCP distribution for selected mean (u) and
condensation coefficient (m) values. It can be observed that the probability masses of
quantiles around the mean value increase with m, whereas the probability masses of quantiles
far from the mean value decrease with m. In other words, the spread of the distribution
decreases with m.

Figure 3 shows the FID of the GCP distribution for mean values y in the range (0, 20]
and selected condensation coefficients m in the range [1,500]. It appears that the FID
is close to 1/m for large mean values (1 > 5) and not too large condensation coefficient
(m < 10). For very large condensation coefficients (m > 10), we observe, in addition to
severe underdispersion (FID < 0.2 for p > 1), an oscillating index of dispersion with an
amplitude approaching zero as m increases. The observed limiting behavior is in accordance
with the Conjecture 1, which implies maxima of the limiting variance at half integer mean
values and minima at integer mean values.

4.2. The Generalized Condensed Negative Binomial Distribution

By allowing underdispersion, the generalized condensed Poisson distribution is more
flexible than the basic Poisson distribution. However, a phenomenon displaying very low
variability at micro-scale usually becomes more versatile at the aggregate level. For instance,
when the number of purchases in a fixed time interval is Poisson distributed, but the
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Figure 1. Probability mass of the generalized condensed Poisson distribution for mean values of
2.5 (left panel) and 5 (right panel) and condensation coefficients m = 1,3 and 5.
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Figure 2. Probability mass of the generalized condensed Poisson distribution for mean values of
10 and 30 and condensation coefficients m = 1,5 and 10.
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Figure 3. Fisher’s index of dispersion (FID), i.e. variance-to-mean ratio, of the generalized
condensed Poisson distribution for mean values p in the range [0,20] and selected condensation
coefficients m in the range [1, 500].

purchasing rate is gamma distributed for individuals in a target population, the distribution
of purchase events for persons randomly chosen from the population is negative binomial [44].
If the individual level distribution is condensed Poisson, then the distribution is condensed
negative binomial at the aggregate level [37]. We develop in this section the generalized
condensed negative binomial distribution which allows full dispersion flexibility [21]. Let
X ~ NB(), ¢), i.e. X follows a negative binomial distribution with expectation A € R"
and dispersion parameter ¢ € R™. For y € N, the pmf of X is given by

i) = it (48) (5vs) o

A negative binomial variable X ~ NB(), ¢) has mean A and variance A + A%/ .

Definition 6 (Generalized condensed negative binomial distribution). A random variable
Y s said to follow the generalized condensed negative binomial distribution GCNB(u, ¢, m)
with 4 € RY, ¢ € RT and m € [1,00), if it is generated by the generalized condensation
mechanism (21) with the negative binomial distribution NB(mu,¢) as generator, and
accordingly has, for y € N, the pmf

fY (y|:u? m) = (1 _p)fCN(y‘mOM7 QS, mo) +prN(y|(mO + 1)/’La ¢7 mo + 1) (6())

where p = (m —my)(mo +1)/m, my = |m] and

1

fentliom) = S " gyt tmp, o) (61)

t=1-m
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The expectation of X ~ GCNB(u, ¢, m) is . The moment generating function [45]
and the moments [37] of the GCNB distribution have been derived for the special case
m = 2. In order to obtain the moments of a GCNB variable for arbitrary m values,
we first derive the distribution of the remainder of the negative binomial distribution.
Interestingly, the negative binomial remainder distribution can be obtained from the Poisson
remainder distribution, using the Poisson-gamma mixture property of the negative binomial
distribution [7].

4.2.1. The Negative Binomial Remainder Distribution

Definition 7 (Negative binomial remainder distribution). A random variable R is said to
follow the negative binomial remainder distribution NR(\, ¢, m) with A € RT, ¢ € RT and

m € NT, z'fRiXmodm where X ~ NB(\, ).

By using the representation of the negative binomial distribution as the Poisson-gamma
mixture [7], the distribution function of the negative binomial remainder distribution is
obtained as follows (see the proof in Appendix A.9).

Theorem 8 (Negative binomial remainder distribution function). Let R ~ NR(X, ¢, m).
Then, the pmf and the cdf of R are respectively given, for r € {0,1,--- ,m—1}, by

m—1
1

Tr(r|A @, m) - Z af (N) cos(pBr(N) — krw) (62)

k=0
) 1 r+ 1Y cos(¢fk(N) + kwr/2)
Fp(r|\, ¢,m) - r+1+ ()\) sm(kw 5 ) sin(ko/2) (63)
z sin(kw
where w = 2m/m, ax(z) = \/(A+¢)2—22(>\¢+¢) o M Bk(e) = arctan (53200 ).

From Equation (62), the nth moment of NR(\, ¢, m) can be obtained as

m—1
W gm) = 31" falrlr, gom) (64)
r=0

and the quantity (8) is given by (z(\, ¢, m) = uR ( ,O,m)/m— uR ( ,¢,m)/m2.

4.2.2. Probability Generating Function and Moments

The probability generating function and the moments of the generalized condensed
negative binomial distribution are as follows.

Theorem 9 (Probability generating function of a condensed negative binomial variable).

Let Y ~ GCNB(\,m). The pgf of Y is given for any s = exp(it), i* = —1, t € R, by

y(slu,o,m) = (1—p)Gne(slp, ¢, mo) +pGn, (s, ¢, mo + 1) (65)

where
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GNc (S|M7¢,mo) = GNS (S|M7¢am) +GNu (s|u,¢,m) (66)
m—1 m—1
1 —r/m m m
Gn, (s|lp,p,m) = p. Z s/ Z ai ()\sl/ ) cos(qbﬂk()\sl/ ) — krw) (67)
r=0 k=0
m—1 m—1
Gn, (s|u,p,m) = sn;l rsT/m Z ai ()\sl/m> cos((bﬂk()\sl/m) — krw). (68)
r=1 k=0

Theorem 10 (Moments of a condensed negative binomial variable). Let us consider a
count variable Y ~ GCNB(u,¢,m). The nth moment of Y is given, for n € N, by

/J,gzl)('u7¢7m) = (1 - ):uCI\)/'(mO:u7¢’ mO) +p:uCN((m0+ l)ﬂ,Qi), m0+1) (69)

where :“CN( , &, m) is the nth moment of a condensed negative binomial distribution when
m e Nt

" . 1 n—1 1 k k
p O\ b.m) = ué)(x,¢,m>+m2(2)mk2(1) (D" um), (70)
=0

gl)()\,cb,m) is the nth moment of Z = L%J, X ~NB(\ ¢):

WP 0gm) = S 1) { ¢7m>+2() nl e, )}, (71)

g?]’?l)()\,¢,m) is the (k,1)th joint moment of X ~ NB(X,¢) and R =X mod m

-1

k
(kl) )\JF (647) — 1
'uXR ]2_:15 (b]r((b) Tz:;) r V](T)v (72)

vi(r) = L3 ¢+J( A)cos((@+ J)Br(N) —kws), s = S0 if o > 0 and s = m+ s, if
so<0wzthso—(r—j) mod m.

Theorems 9 and 10 are straightforwardly obtained starting from Theorems 1 and
7 respectively, and using the Poisson-gamma mixture property of the negative binomial
distribution (see e.g. the proof of Theorem 8 in Appendix A.9). Their proofs are thus
omitted. The variance of Y ~ GCN'B(u, ¢, m) is given by

2
7, 6,m) = 1+ (1= p)Ca(mops 6,m0) + PCa((mo+ Vs 6,mo +1). (73)

and the FID of Y is given by

By (1. 6.m) = -+ & (0= )t 6, 1m0) + G ((mo + Dt g+ D). (74)

4.2.3. Tlustrations

To illustrate the full dispersion flexibility property of the generalized condensed negative
binomial distribution, we display its pmf (probability mass function) and FID (Fisher’s
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index of dispersion). The pmf and FID values were computed in R using Equations (60)
and (74) respectively.

Figures 4 and 5 show the pmf of the GCNB distribution for ¢ = 0.25 and selected
mean (u) and condensation coefficient (m) values. It appears that the probability masses
are more and more attracted and condensed around the mean value, for increasing m value.
In addition, condensation reduces the skewness of the distorted distribution (m > 1) as
compared to the original distribution (m = 1).

0 5 10 15
| | | | | | | |
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0.3 F
0.2 =
0.1 =
. .JH‘M'......
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Figure 4. Probability mass of the generalized condensed negative binomial distribution with

¢ = 0.25 for mean values of 2.5 and 5 and condensation coefficients m = 1,3 and 5.

It appears from Equation (74) that the FID essentially decreases with both m and
¢. In order to avoid redundancy, the distribution can be reparametrized in terms of u, m
and 7 € R, by setting ¢ = (m + 1)7. Under this parameterization, and with p > 1, the
distribution is overdispersed for any 7 < 0. However, when 7 > 0, the distribution allows
full dispersion flexibility. Figure 6 shows the FID of the GCNB distribution for mean values
p in the range (0,20] and selected condensation coefficients m in the range [1,500] with
7 = 2. It can be observed that the distribution can be under-, equi- or overdispersed, with
FID values in the range (0,5). For instance, for u = 5, the distribution is overdispersed
when m < 2.1406, equidispersion if m = 2.1406, and underdispersed when m > 2.1406. In
accordance with Equation (74), the FID increases linearly for large mean values (1 > 5) and
not too large condensation coefficient (m < 10). For very large condensation coefficients
(m > 10), we observe, in addition to severe underdispersion (FID < 0.25 for p > 1), an
oscillating index of dispersion with an amplitude approaching zero as m increases.

5. Conclusion

This paper introduces condensation, a generic stochastic mechanism for the construction
of an underdispersed version of an original integer-valued distribution of interest. The
method can be described as a probabilistic rounding mechanism operating on the original
count variable divided by a positive integer. In this respect, the method is similar to the
recent balanced discretization method [31], but operates on count distributions whereas
the later starts with continuous probability distributions. An important ingredient in
condensation is the distribution of a variable following the original count distribution
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Figure 5. Probability mass of the generalized condensed negative binomial distribution with
¢ = 0.25 for mean values of 10 and 30 and condensation coefficients m = 1,5 and 10.
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Figure 6. Fisher’s index of dispersion (FID), i.e. variance-to-mean ratio, of the generalized
condensed negative binomial distribution with ¢ = (m + 1)2 for mean values y in the range [0, 20]
and selected condensation coefficients m in the range [1, 500].
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modulo a positive integer, useful for establishing basic distributional properties (generating
function and higher order moments) of a condensed distribution. The general form of
the probability mass function of a condensed distribution indicates that the stochastic
condensation mechanism attracts probability masses from the quantiles in the tails of the
original distribution and redirect them toward quantiles close to the expected value. As a
result, the condensed distribution becomes more symmetrical than the original distribution.
Interestingly, if the original distribution can be simulated, then the simulation of variates
from a condensed distribution is straightforward. Furthermore, condensed distributions
have a simple mean-parametrization, a characteristic useful in a regression context [29-31].

With a view to illustrate the proposal, we have developed the generalized condensed
Poisson and negative binomial distributions. We have derived the Poisson and negative
binomial remainder distributions in order to obtain the generating functions and the
algebraic moments of the two developed classes of condensed distributions. We observed
that some special cases of condensed Poisson and negative binomial distributions have
been used in applications which demonstrate the potential of the proposal to allow full
dispersion flexibility [21] in the analysis of real count data. The Consul’s generalized Poisson
distribution [33] is a popular overdispersion model aside the negative binomial model. For
underdispersion situations, the distribution requires a sample dependent truncation of the
distribution support, and the model violates a probability axiom (probabilities do not sum
up to one) [15,31]. A generalized condensed version of the Consul’s generalized Poisson
distribution will endow the distribution with full dispersion flexibility.
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Appendix A. Proofs of Lemmas and Theorems

Appendix A.1. Proof of Theorem 1

Proof. Point 1. (Z=2) < (X =mz+rlre{0,1,--- ,m—1}). Applying the law of total
probability straightforwardly gives the pmf (2) and the result follows.

Point 2. Since u € {0,1} are the elementary events in the sample space of U,
the probability to obtain Y = y is by the law of total probability (a): Py (Y = y) =
211;:0 Py y(Y = y,U = u). Moreover, Py (Y =y, U =u) = P;y(Z =y—u,U = u).
Since r € {0,1,--- ,m — 1} are the elementary events in the sample space of R, we
have by the law of total probability Pz (Z = y—u,U = u) = Y1, PX (X =
m(y —u) +7,U = u). We therefore have Py (Y = y,U = u) = Y7, PU\X(U =
ulX = m(y —u) +r)Px(X = m(y —u)+r). Note that Px(X = m(y—u)+r) =
fe(my +r—mul)). Pyx(U =ulX =m(y—u)+r) =1—7r/m for u= 0 hence (b):
Pyy(Y =y, U=0)=3" 01 L fp(my +r|X). For u = 1, we have PU‘X(U =ulX =
m(y —u)+r) = &, so that Py y(Y =y, U =1) = St fo(my 4 r —m|A). The

m r=1 m
change of variable t = r —m yields on using r = m+t = m — [¢| (since t < 0) (¢):
Pry(Y =y U =1) = 32" ™ ‘t|fp(my+t|/\) Finally, (b) and (c¢) in (a) yield

Equation (3). O

Appendiz A.2. Proof of Theorem 2

Proof. A proof of Equation (10) follows the same path as the proof given for Theorem
1, replacing X ~ Poi(A) by X ~ OD(mpu,0). Equation (11) is trivial for m = 1. For
j €N, let us define Hy(j) = >%_ y—i fe(K|p, 8,m), and note that Hy(j) — Fe(y|p, 6,m)
as j — oco. For m > 2, let
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L omat <
(P> Hy(]) = Z 7.]00( (yfj)+t|mﬂ?9)+ Z fo(t|mlu"6)
t=t-m " t=m(y—)
m—1 m—t
+ fo(my + tlmpy, 0).

The proposition (P) can be proved by induction on j as follows. For j = 0, we have
Hy(y) = fe(ylp, 0,m), and this is consistent with (P) by Equation (10). Next, notice from
the definition of Hy(j) that Hy(k+1) = fe(y — k — 1|p, 0,m) + Hy(k). Assuming that (P)
holds for j = k, routine algebra give for j =k + 1:

-1 my

Hy(k+1) = Z m—ﬂfo (y—(k+1)+tmp,0)+ > fo(tlmp,6)

t=1-m t=m(y—(k+1))

m—1 m—t
+ tz_; Tfo(my"_ﬂmﬂae)'

Therefore, (P) holds for all j € N. As j — oo, fo(m(y —j) + t|mpu, 0) — 0. Moreover, we
have Z:lym(y_j) fo(tlmu, 8) — F,(my|mpu,8) as j — co. As a result, as j — oo, we have
Hy(j) — Fo(mylmpu, 8) + 377" M=t f,(my + t|mu, 0), and Equation (11) follows. From
Equation (11), we have u = F,(my|mu, 0) + > 1 m=t ¢ (my + t|mpy, 8) which implies
that w > F,(my|mu, 6) and thus g, > my. Next, note that Equation (11) can be rewritten:

m— m
m t
Fe(ylu,m) = Fo(mylmp, 6) E T o(my +tlmy, 0) + —Jo(my +t{mpu, 6)
=1 =1

- Z *fo(my + t|mﬂa 9)
t=1 m

m—1

— Fy(mylmp0) + 3 folmy + tlmp,0) + fo(m(y + 1)|mp. 0)
t=1

Tt
= —fo(my + timy, 6)
t=1 m

m

= Fy(m(y+1)[mp,0) Z

t
— fo(my + timy, 0),

— m

which implies that u < Fy(m(y + 1)|mu, 6) and thus ¢, < m(y +1). Overall, we have
Go—m < my < qo, de. -1 <y <P If (qo/m) € Z, yo = (go/m) —1. In this
case, if u < wu,, then y = y,. Otherwise, y = y, + 1. If, on the contrary, (¢,/m) ¢ Z,
then y = [go/m] = yo (here y, = [¢o/m] — 1) in accordance with Equation (12) (since
u = Fe(yo|ps,0,m)). O
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Appendiz A.3. Proof of Theorem 3
Proof. A direct calculation using Equation (11) is straightforward:
> m—
Ge(slp,0,m) = Z § Z Tfo mz~+rimpy, 0)
Z2=—00
o0
+ Z s Z 7]"0 (mz + t|mpy, 0)
z=—00 t=1-m
00 m—1 00 m—1 r
— Z s Z fo(mz +r|lmpu, 0) — Z s* Z Efo(mz—i—ﬂmu,ﬂ)
Zz=—00 r=0 2=—00 r=1
[e'¢) m—1 r
+ Z N Efo m(z —1) 4 r|mpy, 0)
2=—00 r=1

1 00 m—1
= GQ(S|M7 6) m) - E Z s* Z rfo(mz + r|mu, 6)

z=—00 r=1

% ;i mz rfo(mz + rlmu, 0).

O

Appendix A.4. Proof of Theorem /4

Proof. By the representation (9), we have Y™ = (Z +U)" = Z" + Y12} (1) Z*U since
Uk = U for k # n. Next, using the law of iterated expectations (see (2) in [32]), we

have ut(; )(M,G,m) = Ex{Ey{Y"|X = mZ+ R}} = Ex{Z" + Zk:o (M) Z*R/m} (since

Ey{U|X = mZ + R} = R/m). Setting uqlﬁ’l)()\7 8,m) = Ex{ZFR'} yields Equation (17)
and replacing Z = (X — R)/m gives Equation (18). [

Appendiz A.5. Proof of Theorem 5
Proof. The joint pmf of W, X, U and Y follows from Equation (21) by Bayes’ rule as

fW,X,U,Y(waxaU,y) = pw(l 7p)1_wa|W(x‘W = w,,u,ﬂ,m)

u 1—u
T T
X<m0+w> (1—mo+w> I{y}(z—i-u)

= p“(1—p)""fxw (=W =w, u,0,m)

x u x 1-u
X<m0+w_z> <l—mo+w+z) Iy (2 + ).

where z = |2/(mo +w)|, r = x — (mo +w)z. Then, replacing fx|w (z|W = w, 11,0, m)
by fo(z[(mo +w)p,0), 2 =y —u, [tp(z+u) = I, ., (r) if u="0and Ity (z+u) =
I« (—r)ifu=1withr =2 — (m,+w)(y —u) and summing over u € {0, 1}, we obtain

mo+w
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1

fwxywzy) = > fwxoywzuy)
u=0

= pU(1- p)l_wf0(37| (mo +w)p, 6)

+(1—y+ )Ig:now((mﬁw)y—x) :

me + W
The reason for using Isx  ((mo +w)y —x) instead of Is,, ., ((mo+w)y—x) when u =1
is that » = 0 implies u = 0, so that the case r = 0 must be ruled out if u = 1. Next, by
summing fy x )y (w,x,y) over z, we get

fwywy) = p(L=p)'™" > fola|(me+w)p, O)n(z,y,mo +w).

T=—00

0 only for € Sy, 4wy, i-e. for z = (m0+w)y+twitht e{l1—(mo+w),---,0,- (
w) — 1}. In addition, note that 1 +y — —%— =1—¢/m (with ¢ > 0) and 1 —

motw

14t/(mo + w) (with ¢ < 0) can both be written 1 — [t/ (mo + w). We thus have

Setting Spy = {my+ (1 —m),--- ,my,--- ,my + (m — 1)}, notice that n(m Y, Mo +w) +
+

(motw)—1

w —w o+ — |t
fwyoy) = 00 g (gt ti(m + ) 0)
z=1—(mo+w) °

= p“(1—p)'""fe(ylp, 0,m0 + w).

Note that the last equation is consistent with the definition of generalized condensation as
the mixture of condensed distributions with m = m, and m = m, + 1 and weights 1 — p and
p respectively. Equation (26) follows by Bayes’ rule as fx |y y (z|W =w,Y =y, u,0,m) =
fwxyw,z,y)/ fwy(w,y). Likely, Equation (28) follows by Bayes’ rule and on using
() = falu,0,m) as fyy (w|Y =y,u,0,m) = fwy(w,y)/fy(y), which leads to
py = fw vy (L,y)/ fy (y). Moreover, Equation (29) follows by first using Bayes’s rule to obtain
fw xy (w,z]Y =y) = fxwy @W =w,Y =y) x fiy(w) with fyr(w) = p*(1—p)' ™"
and then summing the result over w € {0,1}. Finally, Equation (30) is obtanied by
directly summing 2" fx|y (z[Y = y) over & € Sy, 4w,y for w € {0,1} (since x € Spy, 4wy if
fxwy@W=wY =y)>0). O

Appendix A.6. Proof of Lemma 1

Proof. From t = mv + s, we have mj +t = m(v + j) + s so that f, ((z) = > ;2 i

1=v (mi+s)!”

For v > 1, this gives fi¢(2) = D0 ZWH i Zm+s) and yields Equation (37).

1= 0 mz+5 mZJFS

For v < 0, because i < 0 = mi+ s < 0, Equation (38) follows by the conven-
tion 27/j! = 0 if j < 0. Next, the derivatives féﬁﬁi(z) = ;io % are straight-

forwardly obtained, resulting in Equation (39). On using then Equation (38), we get

Py fmr( ) = ;”;Ol fmr(2) = ;’o 0 '2, Hence fp,, satisfies the m — 1 order linear
differential Equation (E7): Z fm T( ) = e*. On setting w, = €’ the mth root of unity
with i the imaginary unit (4 = —1), the general solution of the homogeneous Equation has

the form y(z) = Z;”;ll cjeng where ¢; are complex coefficients [46]. A particular solution

of the nonhomogeneous Equation is y*(z) = %ez so that the general solution of the non-
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homogeneous Equation (E1) has the form fy,,(z) = ;;e* + >0 ! cje e [25]. Evaluating

the limits f,(,ff 2«(0) gives the boundary conditions requlred for finding the coeflicients c; as

0 otherwise’

fnf,;v(o) {1 ifk=r

From the general form of f, ., we have fﬁf 2"( )= Ler 43 i . cjwo Fe2w0 This especially
results in f%),«( 0) ==+ -+ Z 1 c]wo =1 leading to ¢; = i(,uo . The series is thus
fma (2 imz ST e (A1)
m =

Because fm r is real valued, the sum over j of the imaginary parts of w, ez‘“g is zero. From

o Te s = = exp(— jrwz + zcos(jw) +izsin(jw)) = exp(zcos(jw) + i(zsin(jw) — jrw)),
the real part of wy 7" e is Re (w ar ezwg) = ¢2050%) cos(z sin(jw) — jrw) and Equation
(40) follows. O

Appendix A.7. Proof of Theorem 6

Proof. From the definition 5, fr(r|A\,m) = Px (X = mj+r,j € N), which by Equation
(36), reads fp(r|A,m) = e~ f.r()), so that Equation (41) follows by Equation (40). Next,
for r € {0,1,--- ,m — 1}, the cdf is

r m—1
Fr(r|\,m) = Z{1+ ! Ze’\(cos(kw)_l) cos()\sin(kw)—k;tw)}

1 § (cos(kw)—1) 2 :
= r+1+4 t
m{ e COs /\Sln(kw) k w)}

k=1 t=0

and Equation (42) follows by the second equation of the Theorem in [47]. O

Appendiz A.8. Proof of Theorem 7

To prove Theorem 7, we shall make use of the following lemma.

Lemma Al. Let us consider the function fm, given in Equation (40). For k € NT and
teR,

g; (fm,r()\et/m)) — % il S(k,7) A ejt/mfm,r_j()\et/m) (A2)
j=

where S(k, j) is the Stirling number of the second kind [/0,41] given by Equation (51).

Proof. We prove Equation (A2) by induction on k. The expression is obvious for k = 1
because % (fm,T()\et/m)> = %et/mf%)r()\et/m) = %et/mfmﬂ,_l ()\et/m) by Equation (39)
and S(1,1) = 1. Assuming that Equation (A2) holds for k € NT, we have
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k
P () = kS L 3007)
~ k
Z Qi+ t/mfm,rf(j—i-l) (}\et/m>
L
= TrLkH]z_;JS k‘,] )\Jejt/mfm,r—j ()\et/m>
|k
kL ZS =N eIty ( t/m)
j=2
- (k+1 S(k DX fin 1 ()\et/m)
1 L _ _ M .
e jz_;[JS(k,j)—kS(k,j—l)]WW(,\e )

1
+m7 (k k))\k+1 k‘-‘rl t/mfmr k;+1) ()\et/m>

Next, from the identities S(k,1) = S(k+1,1) = 1 and S(k,k) = S(k+1,k+1) =1 for
all k € NT, and the recurence relation S(k+1,5) = S(k,5 —1) + jS(k, j) [40], we get

% (fm”“ (”\et/m)) - #S(k +1,1) A et ™ fr (/\et/m)

k
k+1 Z (k+1,0) X /™ f o i(Aet/™)

+ S(k+ 1,k +1) AN ebtDmp ()‘et/m)

k1
k1
RS

= T D S L) N I (2.
j=1

O
We now give the proof of Theorem 7.

Proof. Equations (47) and (48) result from a direct application of Equations (23) and (17)
respectively. From Equation (46), the moment generating function of Z ~ Good(\,m) is
given, for t € R, by

Mg(t) = e Z e_ﬁfmr (Aet/™).

Set M (t) = 9"Mg(t)/0t™. Since each term of Mg(t) is the product of e~"*/™ and
fm T()\et/ ™), the nth derivative of Mg with respect to ¢ is by the general Leibniz’s rule [48]

m—1 n

0= 552 (1) 5 (e (7)) e (o7

0 k=0
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It is easly seen that 2 pa ok ( _”/m) (ﬁr)n_ke_”/m. Furthermore, by Lemma A1, we

have, for k > 1, 2 E (fm r()\et/m)) = ﬁ Z§=1 S(k, NI/ ™ fr i </\et/m). Therefore,

m

n m—1
Mén) (t) = 7(_12 e Z r" e_%fmyr (Aet/m)
r=0

e N T k k o
Ry X_Z ) (k)<—r>"— N S (e YN (A

Jj=1

G = /
- X P e o (A
—I—W;Li:(n) nkZSk])\]Zrnk L (r—j) Afmr j(}\t/’lﬂ)
k=1

Then, on using the identity ugn) (A\,m) = Mén) (0) and Equation (43), we obtain

(—1)" i (A, m)

Hg (/\’m) - mn
(—l)n n k k mfl .
] n— .

which yields Equation (49) on setting u% ’])(/\ m) = e A" fr i (A). For any
j €N, let s=7 mod m so that j has the form j = mv—l—s Then fomr—j(A) = fnr—s(\)
by Equation (38), and Y- L e ™ frn o i(A) = S0 e frnres (V) = 70 e A frna(A) =

-t fr(r|A, m), hence Equation (53) holds. If s = 0, we then have :“g:g )()\ m) =
e ZT:_Ol " fmr(X) by Equation (38), hence Equation (54) follows. For s > 0,

m—1
wed m) = e A3 f (M)

r=0
s—1 m—1

= e_/\ Z rn_kfm,m—(r—s) ()‘) +e A Z rn_kfmﬂ“*s()‘)
r=0 r=s
m—1 m—s—1

= ¢ Z (r+s—m)"Ffnr(\) +e? Z (r+8)"" fnr(N)
r=m-—s r=0

and Equation (55) follows. In order to obtain ugg’é) (A, m) by identification, we compute

directly 10" (\,m) = B{Z"} (where Z = (X — R)/m, R = X mod m and X ~ Poi(}))
as:

(n) _ 1 - n n—k kpn—k
(Am) = ()" E{X"R""}
i k=0 <k>

_ ){ R”+Z<) 1)FE [ XFR" ’f}}

Equation (50) then follows by the identification of E[X*R"*] in the expression (49) of
n (Am). O
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Appendiz A.9. Proof of Theorem 8

Proof. Note that fi(z[\,¢) = [ fp(z|vA) fa(v], ¢)dv where fe(v]é,\) = A%)‘le—kv

is, for v € R™, the probability density function (pdf) of a gamma distribution with mean ¢/ .
Thus, fr(r|X, ¢,m) = > 22, fn(mz 471X ¢) =322, [o° fr(mz+7r|vl) fa(v]¢, ¢)dv. On
switching the integration and summation order (since all the terms are positive) and then
using Equation (A1), we have

e finr (W) f (0], §)dv

fR(TP\, ‘Z)vm)

3

I
3= S—

oo . . j
/0 ef)\vefyrwze)\vwf, fa (’U|¢, qb)dv

o

<.

3

|
3=
™

<
Il
o

¢¢efjrwi /oo vo! ef()\-‘rd)f)\ej“’i)vdv
o T(¢)

3

¢¢e—jrwi
Ot & — Aedwi)o”

1
m

<.
o

. L - iarctan(qwi\ji;im)
Then, writing A+ ¢ — A/ = /(A4 ¢)2 — 2A(A + ¢) cos(jw) + A2)e ’
and extracting and keeping only the real parts of the terms in the sum result in Equation

(62). Equation (63) then follows by the second Equation of the Theorem in [47]. O
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