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Abstract: In this paper, we consider the relation of more than four harmonic points in a line. For this
purpose, starting from the dependence of the harmonic points, Desargues’ theorems, and perspec-
tivity, we note that it is necessary to conduct a generalization of the Desargues’ theorems for pro-
jective complete n-points, which are used to implement the definition of the generalization of har-
monic points. We present new findings regarding the uniquely determined and constructed sets of
H-points and their structure. The well-known fourth harmonic points represent the special case
(n=4) of the sets of H-points of rank 2, which is indicated by PZ.
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1. Introduction

The idea of studying and investigating the possibility of construing more than four harmonic
points was originally discussed in the article “The chords of the Non-Ruled quadratic in PG(3,3)"
(see [1]), where the forty-five chords of an “ellipsoid” in finite space PG(3,3) are described, show-
ing that they may be regarded as the edges of a notable graph that is in the group of automorphism
of the symmetric group. The hexastigm is considered to be formed by six points of general positions
in any of the four projective spaces. The six vertices of the hexastigm are joined in sets of two, three,
or four, and each edge meets the opposite space in a diagonal point (Figure 1).

Figure 1. Harmonic conjugate with fifteen diagonal points with respect to the first and second vertices of the hexastigm [1].
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Three edges that together involve all six vertices are met by a unique line called a transversal. The
correspondence between edges and transversals is seen in the fact that each transversal meets three
edges, and each edge belongs to three transversals, which form a configuration 153 of a harmonic con-
jugate with fifteen diagonal points with respect to the first and second vertices of the hexastigm.
Aiming to generalize the harmony of n-points in the projective geometry, we conducted a study in 1996
titled “Generalization of the Desargues theorems” [2] and more detailed presentation of set of harmonic
points in 1998 titled “Generalized Desargues’ theorems and its implications” [3].

In 2014, we expanded on our research with the study “generalized Desargues theorem” [4], where an
arbitrary number of points on each one of the two distinct planes is considered, allowing the corre-
sponding points on the two planes to coincide and three points on any of the planes to be collinear. In
the work [4, p.3] we identified the generalized Desargues’ theorem in the following form:

Let p, p’ be two distinct planes, (1), (2), .. ., (n), (n € N), distinct points on p, and (1), (2'), . . ., (') distinct
points on p’, both sets of points in general position.

(A) If all generalized lines (2)(Z') go through a common point, then all the intersections of the pairs of lines (2)(/),
(2)(/) for #£7 are nonempty and lie on a common line (the common line of p and p).

(B) If all the intersections of the pairs of lines (2)(), (£)(/) for £/ are nonempty, then all generalized lines ()(7)
go through a common point [4. Pp.3-4].

The proof of the proposition is made by mathematical induction, and we assume that the given points
(1), (2), etc. on a plane p; and (1), (2'), etc., some corresponding points on another plane p’, allow for the
possibility of some corresponding points coinciding. This restricts us from applying the generalization of the
harmonic n-points, and we are also not able to prove the unicity of the mentioned generalized De-
sargues’ theorem.

In this paper, we explore the complete n-points (the triangle is considered to have 3-points as special
case of n-points and dual-figure n-lines) and all of the cases in which the intersection line p is incident
with diagonal points. This allows us to define generalized harmonic points, mainly on the basis of
works [3] and [2].

In addition, we present the well-known four harmonic conjugate points in the projective space (and in the
projective plane).

Four harmonic collinear points: Four collinear points (4,B,C,D) are said to be a harmonic set, which is
denoted as H(AB,CD) if there exists a complete quadrangle (complete 4-points) (E,F,G,F) such that
two of the points are diagonal points of the complete four points (quadrangle) and the other two points

are on the opposite sides, determined by the third diagonal point (Figure 2).

Figure 2. Four Harmonic points
We note that H(AB,CD), H(BA,CD), H(AB,DC), and H(BA,DC) all represent the same harmonic set
of points.
Several natural questions arise about harmonic sets of points:

- Does a harmonic set of more points exist?
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- Given the determined number of collinear points, what number of a harmonic point sets can be
constructed?

- If the answer is yes, is the harmonic set unique or does it depend on the complete n-points defining
the points?

- How can we determine when a set of x collinear points is a harmonic set?

In this article, we begin by investigating these questions and present answers for each one.

In an exercise on basic theorems, we produced the generalized Desargues’ theorem for two complete
n-points and the existence of a complete n-point [5]; thus, from these results, it follows that a harmonic
set of x collinear points exists and can be constructed.

2. Generalization of the Desargues’ theorems

Desargues theorem, the converse of Desargues theorem, and the theorem of the perspective quadrangle
are the principal theorems in projective geometry [5, pp. 31-32].

A brief description of three principal theorems is presented below:

Theorem 1. (Desargues theorem). If two triangles are perspective from a point, they are perspective from a line.
Theorem 2. (the converse of Desargues theorem). If two triangles are perspective from a line, they are per-
spective from a point.

Theorem 3. (perspective quadrangles). If two complete quadrangles are in (1-1) correspondence and so situ-
ated that five pairs of homologous sides intersect in points of the same straight line, then the point of intersection
of the sixth pair of the homologous sides is also on this line, and the quadrangles are perspective to one another
from a point and from a line.

It is important to note that the proof of Theorem 3 is based on the Desargues theorem and the con-
verse of Desargues’ theorem.

In addition, the objects called points and lines satisfy at least one of the following three axioms:

(i) Any two distinct points are incident with exactly one line.

(if) Any two distinct lines are incident with exactly one point.

(iii) There exist four points of which no three are collinear and where incidence is used as a neutral
word meaning that the point belongs or lies on the line and meaning that the line passes through or
contains the point.

Collinearity has the usual meaning. We know that for projective spaces of at list three dimension, are
defined as the projective planes either by a set of incidence axioms or by algebraic constructions, De-
sargues’ theorems are always true [5].

In this study, we use a property of the projective geometry, the principle of duality, which proposes that
once a theorem is proved, by the principal of duality (in the plane and in the space), the duality of the
theorem is also valid [5].

Additionally, we bear in mind that Desargues' theorem and its duality presented a relationship be-
tween the vertices and sides of the perspective triangles (three points).

We next consider the relationships between certain points and sides determined from complete n-
points and/or its dual figure complete n-lines; we present all of the proof of the propositions related to
the complete n-points.

The simple question derived from Theorem 3 is when are two complete plane n-points perspective from a
point and from a line?

First, let us define the n-points:
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A complete n-point is a set of n points (vertices) of a plane, no three of which are collinear, and the
@ line (side) joins every pair of these points. We denote the complete plane n-points A;4; ... 4y,
where n is a natural number and n > 2.
All of the sides A;A; correspond to the order number r(AiAj) defined by

r(Ady), =)+ (i - Don-tgj=123,,0 (¥
for example, the side A;A, corresponds to the number r(4;4,) = 1;the side A;A4; corresponds to the
number r(A;A3) = 2; the side r(4,-14,) = @; etc.
Now, we define the perspectivity for two complete plane n-points [5]:
Two complete planes n-points are in the perspective position if they are ina (1 — 1) correspondence
such that pairs of homologous vertices are joined by lines concurrent at one point.
Based on the principle of duality in projective geometry, we accept and consider definitions for the
perspectivity of the two complete plane n-lines.
Is it important to determine when and what the conditions are when the two complete n-points are
perspective?
We find the answer in the following theorem [2]:
Let there be two given coplanar (or noncoplanar) complete plane n -points, A;4, .. A, and
BB, ... By, and let there be X, jy» = 4;4; - B;A; points of intersections of the correspondent sides,
where 7(44;) =j+(-1)-n-"2;0j=1,23,.,n and i <.
GCD Theorem (Generalization of the Converse of Desargues’ theorem): If two complete plane n-points
arein (1—1) correspondence and so situated that (2n — 3) intersections’ points X jyn are collinear points,

then the remaining @23

intersections’ points of homologous sides of the two complete n-points are collin-
ear with the same line, and the two n-points are perspective from a point and from a line.
Proof of GCD Theorem. We prove this theorem via mathematical induction.
Let there be two given coplanar (or noncoplanar) complete plane n-points, A4;4, .. 4, and
ByB, ... By. (Figure 3).
i) For n = 3, the GCD theorem is equivalent to the Theorem 2 (the converse of Desargues’ theorem).
For n = 4, the GCD theorem is equivalent to Theorem 3 (perspective quadrangles).
ii ) We suppose that the GCD theorem is true for n = k — 1.
We must prove that the GCD theorem is true for n = k.
We consider X, j)x = 4;4; - B;B; and intersections of the correspondent sides, where
r(4idy), =j+G-1-k-"E2;1=1,23,.. k=2 and j=2,3,.. k- 1.

Thus, by the hypothesis of this theorem, the points X, ), wherei,j =1,2,3,... k; i <j are colinear
points with p, and the straight lines A4;B; are concurrent lines with the point 0.
The complete plane k-points A;A; ... Ay and BB, ... By arein (1 —1) correspondence, and (2k —
3) sides pass through A; and A,

Ay € AyA; i =2,3,.. kand A, € AyA; ,j = 3,4, ...,k

meet the corresponding sides of the other complete k-points in the point of line p formed by the cor-

responding vertices Bj, B, of the complete plane k-points B;B, ... By;i.e.,

By € ByB;,i=2,3,.. ,k; B, € B,B; ,j =3,4,... k.
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Figure 3. Perspectivity of two complete n-points from a line.

We consider the complete plane (k —1) points A;A; ... Ax—; and B;B; ... By_;.
According to hypothesis ii), they are perspective from the axis p(X;,X, .. ,) and we note that
2(k —1) — 3 = 2k — 5 intersection points are the following collinear points:
AyAy; ~ BB, = X,
A1Ag-1 N BBy = Xy
AyAs ~ ByBs = X,

Ap—2Ak-1 N Br—3Br—1 = X(e-2) (k-1
2

Lines A;By, i =1,2,3,...,(k — 1) are concurrent with point 0.
Therefore, the others intersect points

A3Ay N B3By = Xpp—»

Ag-2Ak-1 ™ Br—2Bj-1 = Xee-1)_,
2

are collinear with the same line p, and lines A;B;, i = 1,2,3, ...,k — 1, are concurrent with point 0:
0eAB;,i=12 ... k—1 (1)
The two complete plane (k — 1) points, A;A4; ... Ax_2Ax and BB, ... By_,By, are perspective related
to the p(Xy,X,,...) axis according to hypothesis ii), because for two complete plane (k — 1)-points,
A4, ... Ag_2Ax and BB, ...By_;B;, wehave 2(k —1) —3 = 2(k — 5) collinear points:
AyAy, ~ BB, = X,
A1Ag-2 N B1By_; = Xy—3
AjAx BBy = Xi—1
AyAs ~ ByBs = Xy,
AgAg—2 N BBy = Xop—s
AzAx N BBy = Xok—3
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Therefore, the other intersect points
AzAy N BBy = Xok-1
A3Ag-2 N B3Bi_z = X3k-s
AzAx M B3By = X3k

Ak-28k M Br—2Bi = Xkge-1)_|
2

are collinear with line p, and lines A;B;; i = 1,2, .. ,k — 2,k are concurrent with point 0:

0 €eAB;,i=12 .., k=2k (2)

We must prove that the points Aj_1A, ™ By_1B) = Xrw-1 are collinear with the points

In fact, the triangles A;Ay_1A; and B;By_1Bj are perspective-related to point O; therefore, they are
perspective from the line p according to Theorem 1 (Desargues’ theorem).
Then, the pairs of homologous sides meet at collinear points:
AjAg—1 N B1Bg_1 = Xy
AjAx BBy = X

Ay—14x N By_1Bx = X1
Z

However, the points X,_, and X;_; lie on theline p, and the point Xkx-1 must lie on the line p.
2

Thus, considering relations (1) and (2), the two n-points are perspective from the point O, which proves
that the GCD theorem is true for Vn € N.

The GCD theorem is also valid when the line p passes through diagonal points of the complete n-
points.

Now, in an analogical way, we can prove the generalized Desargues’ theorem (GD).

For this purpose, in similar way, let there be two given coplanar (or noncoplanar) complete n-points,
A1A; ... Ay and B;B, ... B,. Additionally, let there be X, j), = 4;4; - B;A; points of intersections of

i(i;—l); i,j=1,2,3,..,n, and i <j, and let

the correspondent sides, where r(AiAj)n =j+(@{—-1 n-—
there be a P-intersection point of the lines determined by homologues vertices:

03A4;B;,i=123,..,n.
GD Theorem (Generalized Desargues’ Theorem). If two complete plane n-points are in perspective from a
point P and the (n — 1)-sides passing through one vertex meet the corresponding sides of the other n-point in
the colinear points of a line, then the two complete n-points are perspective from a line.
Proof. Let there be two given coplanar (or noncoplanar) complete plane n-points, 4,4, ... A, and
ByB; ... By. (Figure 3).
i) For n = 3, GD theorem is equivalent to Theorem 1 (Desargues’ theorem).
ii) We suppose that GD theorem is true for n = k — 1.

Thus, we can prove that the GD theorem is true for n = k.
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The complete plane k-points A;A; ... Ay and BB, .. By are (1 —1) correspondence; k-pairs of ho-
mologous vertices are joined by lines concurrent at one point O; and k — 1 pairs of homologous sides

intersect at the collinear points of the line p.

Xyqk-1)2

X5

Figure 3. Perspectivity of two n-points from a point.

Based on the hypothesis of the mathematic induction, the two complete plane (k — 1) -points
A4, ... A_1 and BB, ... By_; are perspective from the axis (line) p(X;, X, ...) and from a center
0, because for complete plane (k — 1)-points A;4, ... A,_; and BB, ... By_;, we have O € A;B;, i =
1,2, ..,k—1and (k—1)—1=k—2.
The collinear points are as follows:
AyAy ~ BB, =X,
AjAp—1 N B1Bg_1 = Xy
Therefore, the others intersect points
A,A; ~ B,Bs = X,
AzAr-1 N BBy = Xok-s
AzAy N B3By = Xok—2

Ak-28k-1 M Bi2Bk-1 = Xk@e-n) _,
2

are collinear points of the same line p.
Similarly, the two complete plane (k — 1)-points A;4; ... Ax_,Ax and B;B; ...By_,B) are perspective

from the axis p(X;, X,..) and from a centre (point) O according to the hypothesis of the theorem
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for complete plane (k —1)-points A;4, ... Ax_»A, and BiB, ... By_,B;. Thus, we obtain 0 € A;B;,
i=1,2, ..,k—2,k and (k—1)—1 =k —2.C collinear points:
A1A; N BB, =X,
A1Ag—2 " BBy = Xi—3
AjAx BBy = X
Therefore, the other intersect points
A,A; ~B,B; = X
AzAk—2 M ByBg_z = Xok-s
AyAg N BBy = Xok—3
AzAy N B3By = Xk

Ak-28k M Br—2Bi = Xkge-1) |
2

are collinear points with the same line p.
We must prove that the point Ax_;Ax ™ By—1By = Xra-y is collinear with the points X;,i = 1,2, ...
2
In fact, the triangles A;A;_1A4; and B;By_1By are perspective-related to the point O; therefore, they
are perspective from a line (on the basis of Desargues’ theorem). Thud, the pairs of homologous sides

A1Ag—1 N B1By_1 = Xy
AlAk m BlBk = Xk—l

Ag—1Ax N Bg—1Bx = Xk@e-1)
Z

are collinear points.

Because the points Xj,_, and Xy_; lieon theline p, point Xkx-1 also lies on theline p. Thus, we have
2

proven that the GD theorem is true for Vn € N.

The duality of the GD theorem is true on the basis of the principle of duality.

Maintaining the synthetical logic of proof of the generalized Desargues’ theorems, it is not difficult the
analytically prove them.

The proof of the generalized Desargues’ theorem is independent of the incidence of the axis of the per-
spectivity with diagonal points of the complete n-points (n-lines). This is an important fact in the next

part of the paper, which discusses the generalization of the harmonic points of the line.
3. The structure of n-harmonic points

Let A;4; ...A, be complete n-points and p a coplanar line (Figure 4). Then, the following cases may
occur:

- Theline p can be incident with at most two vertices of complete n-points.

If, e.g., the line p is incident with vertices A; and A, then we can write p = A, (s¢), Wwhich means that
the line p coincides with the side As A;. The other sides of the n-points 4,4, ... A, are intersected by

(n-2)(n-3)

the line p at —different points.
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w opposite sides and

Indeed, every side (in our case the line p) of the complete n-points has ¢
2(n — 2) adjacent sides.

Theline p (which, in this case, is identical to a side of full n-points)is intersected by 2(n — 2) adjacent
sides at points Ag and A,, while with opposite sides (non-adjacent) at other points B, , u =

1,2, ..., (n=2)(n-3) (n-2)(n-3)

, which in total are > + 2 points (Figure 4).

r{2n)n

Priazn

Figure 4. The line is incident with two diagonal points of complete n-points.
Similarly, we can discuss the other four cases:
- Theline p can be incident with one vertex of complete n-points.
- Theline p can be not incident with any vertices and diagonal points of complete n-points.
- Theline p is not incident with any vertices and is incident with one diagonal point of complete n-
points.
- Theline p is not incident with any vertices but is incident with two diagonal points of complete
n-points.
Thus, regarding the intersection points of the straight line and complete plane n-point, we can prove

the following proposition:
n(n-1) _

The intersection points of the complete n-points and a straight line p can be @ -2, n—
1), or @ — k, where k is the number of diagonal points incidents with the line p, and k=1, 2, 3, ...n-

2.
Definition 1. A set of points in which the sides of complete plane n-points meet a straight line, where
the line is not incident with any diagonal points and any vertices of complete n-points, is called a set of

H-points of rank 0, which is indicated by PJ.
nn-1)
2
Definition 2. A set of points in which the sides of a complete plane n-point meet a line, where the line

The number of points of set PY is K|PY| =

is incident with the k diagonal point and not incident with any vertices of complete n-points, is called
a set of H-points of rank k, which is indicated by PE.

The number of points of set Pf is K|P¥| = @ -k

Example: A set of the points in which the sides of a complete n—point meet a line p, where the line p is
incident with two diagonal points and not incident with any vertices of complete plane n—point, is

called a set of H-points of rank 2, and it is indicated by P2

n(n-1) )

The number of points of set P} is:K|PF| = —
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In the case of n = 4, this is the set P3, which presents four conjugate harmonic points—a set of points in
which the sides of a quadrangle meet a line, where the line is incident with two diagonal points of the

quadrangle and not incident with any of vertices of it (see the definition for harmonic points on page

1).

On the basis of the principle of duality, we can define a set of H-lines of rank 0, and it is indicated by 8.
The number of lines of set 82 is K|89| = @

In addition, the set of H-lines of rank k is indicated by &%.

The number of lines of set 8% is K|6¥| = @ -k

Example: A set of H-lines of rank 2 is indicated by 62

The number of lines of set &2 is K|62%| = b _ o

2
In the case of n = 4, this is set 82, which present four conjugate harmonic lines, that is, four concurrent

lines, two of which are diagonal lines, while the other two are lines passing through the two vertices
lying on the third diagonal line.
Now, it is important to study the relation between the sets Pk for different values of n and k, k <
n+2.
If the set PQ,, is determined from the complete (n + 1)-points, and, from these vertices’ isolates (ex-
clude), the point n and the rested complete n-points determine the set P, then it is evident that the set
P? is a subset of the set P, ;.
Example: the set P is determined by complete three points, A;4,4;. If the set P is determined by
complete 4 points, A;4,A34,, then PY c P}.
In addition, if P is determined by complete 5-points, 4;4,454,A5, and the derived complete 4-
points, A;4,A34,, then PP c P2, etc.
Therefore, the following relation is valid: PY c P} ¢ P? ¢ .- c P € P2, ... *)
On the other hand, for the set P, the relation of the inclusion of (*) is different.
Let there be A;4; ... A, n-points, which determine the set B;}.
The definition of the set P} implies that there is a diagonal point, which means that two opposite sides
of complete n-points A;4; ...A, are incident with the same points of the set B;.
Let there be the sides A4,A; and A.A,, two opposite sides of n-points A4, ... 4.
If we exclude one of the vertices A, A, Ay or A,, then we obtain complete (n — 1)-points; these deter-
mine the set P2_;, which is PY_; c B?. In this case, considering relation (*), we have
PlcpPlc-cPl ch (*
We consider the complete (n + 1)-points 434, ... AyAp+1, which determine the set PZ, ;. The set P2,
includes two diagonal points of complete (n + 1)-points, A;4; ...ApAn41.
Let there be D; and D, diagonal points included in the set P2,; and
Dy = AmAy - ApAg, Dy = AvAs - AA,.
If from the complete (n+1) points A;A;A3..4,4,41 we exclude one of the vertices
A, Ap, Ay, Ag, Ay, As, Ap and A, then, we will obtain the complete n-points that determine the set Py
and P} c PZ,,.
Now, considering the relation (**), we have
PPcPlc--cPl,cPlcPt, (**
If from the complete (n+1)-points A;4; ... A,Ap.; that determine the set PZ,;, we add the new vertex
Apyo, then we will obtain the set PZ,, and the relation

2 2
Piy1 © Prys
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We can continue this process, and considering the relation (***), we obtain the following relation:

PdcP)c--cPl,cPlcP?,cPi,. (*%
Let us observe the case of complete u-points 4;4; ... A, that determine the set B3, u >n+ 3.
The set P} includes three diagonal points of complete u-points 4,4, ... 4,.
Let there be Dy, D,, and Ds, the diagonal points of u-points A;4; ... Ay:

Dy = Ay Ay, - Ay Ar,,
D, = Ag As, - A, Ag,, and
Dy =AyAr, ArAr, TiES EL, i=1234
If, from complete u-points A;4; ... 4,, we exclude one of the vertices, 4,, As, or Ay, i =1,2,3,4, then
we obtain complete (u-1)-points, which determine the set PS_; and the following relation:
P i c P}
Now, considering the relation (****), we obtain the following;:
P)cP)c-cP) cBlcP? cP?,ccP?, cB} (%
This process, in the same way continues, and we obtain the following relations:
PlcPlc-cPl ,cBhlcP?,ccP?,cPicPi, c
PJcP} cP cPy c-CP, CPlcP c-CP; cP}c-

where k; =3,456.. k,=567,.. k3=56785,..

We present all of these relations of sets of harmonic points in Figure 5.

; / /o / s / /« / §

Figure 5. The structure of generalized harmonic points.

Analyzing Figure 5, we note that a set of harmonic points Py is the subset of the set of H-points with
a smaller rank or equal to r + 2; thus, the relation is
Pi € Py,
P c PI} or
Pl c PLi2.
In fact, if we add a new vertex to the complete k-points, we obtain a new complete (k + 1)-points,

which determine the following set:
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- Pg., ofrank r if the number of the diagonal points is not increased.

Pyl of rank 7+ 1 if the number of the diagonal points is increased by one.

Pi¥2 of rank 1 + 2 if the number of the diagonal points is increased by two.

As the number of diagonal points incidents with the line, it is not possible for it to be more than 2,
because each point is determined by two lines.

Thus, if we add the vertex Ax4; as an intersection of the two lines to the complete k-points A;A4; ... Ay,
each of them incidents with a point of the set P; and one of vertices of the complete k-points
A1 A, ... Ay. This provides us with the set of H-points of rank 7 + 2: P

If we add the vertex Ay, as an intersection of the two lines to the complete k-points A;A4; ... Ay, only
one of them is incident with the points of the set P; and one of the vertices of the complete k-points
A1 4, ... Ay. This provides us with the set of H-points of rank r + 1: Pi{1;

If we add the vertex Ay, as an intersection of the two lines to the complete k-points A;4; ... Ay, not
one of them is incident with the points of the set Py, thereby providing us with the set of H-points of
rank r: Py, ¢;

Considering Figure 5 and the relation of inclusion, for the harmonic points Py, we can present the ma-
trices’ form:
For example, if we consider the set P6°, the series of inclusive sets is P?, n = 3,4,5:

Pl cpP)cPdcP?
We can denote with the symbol (0000) that the first column presents the set Py, the second column is
the set P, the third column is the set P2, and the fourth column is the P2.
Each of the sets of H-points of rank 0 can be presented by matrices of one row and n-2 columns. The
series of the inclusion of H- points of rank 1 is with two rows; for example, the set P} is presented by
the following matrix:

P)cP)cPlcpt

P)cP)cPlcpt

P cPlcpPtch}

00 0 1 0 0 1
(0 0 1 1) or (0 1 1)
01 11 111

The number of elements in the matrix for the set B! is n — 3. Thus, the matrix for the set B! is

Equivalent matrix:

(n—3) x n—2), or, if we exclude the set P, then the corresponding matrix for B} is in the form of
n—-3)x(n-23).
The matrix of the inclusion for the set of H- points of rank 2 is reached. The matrix of the set PZ is as
follows:

P)cP? cP?cp?

P c P c P} c P?

PY c P} c P} c P?

P c P) c P? c P?

PY c P} c P2 c P?

P)c Pl cP?cP?

Equivalent matrix:
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00 0 2 00 2
0012\ /012
0112, o 112
00 2 2 0 2 2
0122/ \122
02 2 2 2 2 2

The number of rows for the set P? is m—z;ﬂ Thus, the matrix of inclusion for the h-points P? is
I

If we exclude the set PJ, they will have the form [(n_z)zﬂ] xn—3).

In the same way, we can construct the matrices for each of the sets of the H-points.

The set of the four harmonic points obtained from complete 4-points and a line incident with two diag-
onal points is the subset of the largest set of H-points constructed before B¥, k <n-—2.

We can demonstrate the same for the harmonic H-lines.

Now, we can prove the following propositions:

Proposition 1. The set of points Py is uniquely determined when (2n — 3) collinear points are given.

Proof. If @ points Ty, T, ... ,Tam-1y are on a line p and form a set of PY defined by a complete
2

plane n-point A;A; ... Ay, then a second complete plane n-point B;B, ... B, in the same plane or in
any plane passing through p, which has (2n — 3) sides passing through T;,i=1,2, .., (2n—3)
and through any two of the vertices By,B,, ...,B,, will have its the remaining sides passing through
Tj=2n-22n-1,.,% 2

This was evident from the GCD theorem (the generalized Converse of Desargues’ theorem).
Therefore, we draw arbitrarily in any plane through p, (n — 1)-concurrent lines with a point. Let there
be point 4; and (n — 2)-concurrent lines with a point; let there be point A,, A, € A;T; —one through
each of the given Ty, Ty, ... , Ton—3 points. The remaining vertices A;, i > 2 are determined with

Ai = A1Trli m AZTrZi
n(n-1)

where r; =1r(414), =i —1, 1y; =1(44;), =n+i—3,and 2

sides of the constructed n-point

A1 A; ... A, meet theline p in the desired points:
n(n-1)
2
The GCD theorem ensures that any other complete plane n-point B;B; ...B,, constructed in the same

T;,,i=12,.., 2n—3,2n—-2, ...,

way as the complete plane n-points 4,4, ...A, will determine on p the same points, Tj,j = 2n —
2,2n—1, .., 20

) R
Proposition 2. The set of points P; is uniquely determined when (2n —4) collinear points are given.
Proof. As in Proposition 1, in this case, we have one pair of opposite sides intersecting at T;,i which
is an index of {1,2,...,2n —4}.

Based on the GCD theorem, the points Tj,j = 2n — 3,2n — 2, ...,n(n_l)

— 1, are uniquely determined.
Proposition 3. The set of points P2 is uniquely determined when (2n—5) collinear points are given.

Proof. As in Proposition 1, ,in this case, we have one pair of opposite sides intersecting at T; and a
second pair of opposite sides intersecting at Tj; i,j, which is an index of {1,2,...,2n — 5}. Based on
GCD theorem, the points Tj,j = 2n—3,2n -2, ... ,@ —1 are uniquely determined.

Now, we formulate the main proposition:

Theorem 4. For every set of n-collinear points, the set of H—points of rank 0, rank 1, or rank 2 are always
uniquely determined.

Proof. Every natural number n has the form n = 2k or n =2k -1, k € Z*.
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If n= 2k, then n =2k =2(k+2)—4. For (2(k+2)—4) collinear points, Proposition 2 implies
that the set of points P}, isuniquely determined.

Ifn=2k—1,then n=2k—-1=2(k+1)—-3 orn=2k—1=2(k+2)-5.

For (2(k+1)—3) collinear points, Proposition 1 implies that the set of points P, is uniquely de-
termined.

For (2(k+2)—5) collinear points, Proposition 3 implies that the set of points PZ,, is uniquely de-
termined.

One interesting case is that when n = 3. In this case, for three collinear points A;, 4,, A3, Theorem 4
implies that we may constructed sets P and P3%. The set P% has four points that represent the well-
known set of four harmonic points.

Thus, for three collinear points A;,A4,, A3, we can determinate the fourth harmonic point A, =

H (A1, A3 ;4,) thatis H (A, As ; Ay, Ay).
3. Conclusions

The ordering of points on a line according to a rule determined by the relation of the line and the sides
of complete n-points is presented as the generalization of harmonic points. According to this rule of
ordering the points of a line, it was necessary to generalize the well-known Desargues theorems. Both
results will hopefully facilitate a debate in the mathematical community.

It is also necessary to study the algebraic structures of the sets of H-points P¥ (and the sets of H-lines).

In this paper, we examined only the relationship between these sets of H-points of different ranks.
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