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The unexploited unification of general relativity and quantum mechanics (QM) prevents the proper understanding of the
micro- and macroscopic world. Here we put forward a mathematical approach that introduces the problem in terms of
negative curvature manifolds. We suggest that the oscillatory dynamics described by wave functions might take place on
hyperbolic continuous manifolds, standing for the counterpart of QM’s Hilbert spaces. We describe how the tenets of
QM, such as the observable A, the autostates ya and the Schrodinger equation for the temporal evolution of states, might
work very well on a Poincaré disk equipped with rotational groups. This curvature-based approach to QM, combined
with the noncommutativity formulated in the language of gyrovectors, leads to a mathematical framework that might be
useful in the investigation of relativity/QM relationships. Furthermore, we introduce a topological theorem, termed the
punctured balloon theorem (PBT), which states that an orientable genus-1 surface cannot encompass disjoint points. PBT
suggests that hyperbolic QM manifolds must be of genus_> 1 before measuring and genus zero after measuring. We
discuss the implications of PBT in gauge theories and in the physics of the black holes.
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General relativity (GR) and quantum mechanics (QM) describe the nature through mathematical tools such as tensors and
probability theory (Yilmaz, 1982; Comte, 1996; Fre, 2013). GR and QM display very different behaviors and features,
starting from the subtending mathematical manifolds. General relativity entails a 3+1-dimensional pseudo-Riemannian
manifold with tensor fields, while quantum field theory entails a R* projective Hilbert space with operator-valued fields
(Tegmark 2008). In the Euclidean framework we attain vectors equipped with just one basis, while in the projective
infinite-dimensional Hilbert space of QM we attain vectors with different bases standing for sets of equivalence classes.
On one hand, the macroscopic world of GR is equipped with an orthonormal basis common to all the observables, i.e., a
set of vectors in Euclidean or Hilbert spaces such that all vectors have length one and any two of them are orthogonal and
every vector can be written as a linear combination of vectors (Tumulka, 2009). On the other hand, the microscopic world
of QM displays countless bases that are the source of the counterintuitive physical effects experienced during
experimental observation.

Despite GR and QM work very well in the description of different features of Nature, they are seemingly not comparable
and not reducible to a self-consistent unifying framework. The numerous efforts provided to correlate GR and QM paint
a somewhat incomplete picture (Ghose, 1997; Skalsky, 2010; Fre, 2013; Elitzur, Dolev, Kolenda, 2017; Aerts, 2017).
We provide a few examples and their limitations. Piazza et al. (2015) pointed towards the possibility of simultaneous
observation of quantization and interference patterns. Nonetheless, their approach stands for a technical device rather
than a proper conceptual framework able to unify GR and QM. Other investigations aimed to provide transformation
rules between GR and QM manifolds: e.g., Feffman et al. (2015) assessed the geometric Whitney problem on how a
Riemannian manifold can be constructed to approximate a metric space. Deformation quantization such as the Wigner-
Weyl transform permits the achievement of a complete phase space formulation of QM equivalent to the Hilbert-space
operator representation, with star-multiplications standing for isomorphically parallel operator multiplications (Curtright
et al., 2014). By expressing QM in the same phase space of classical mechanics, the achieved map recognizes QM as a
deformation of the classical one. However, these approaches limit themselves to the description of mere representation
changes from Hilbert space to phase spaces, since they cannot generate a successful quantization scheme, namely a
method to produce a quantum theory out of a classical theory.

Here we suggest a different approach towards the unification of GR and QM. Starting from the evaluation of quantum
oscillations on a Poincaré disk, we examine the possibility that the oscillatory dynamics described by quantum mechanics
take place on microscopic negative-curvature, hyperbolic continuous manifolds. Further, we introduce a novel
topological theorem suggesting that the genus of the QM manifold modifies before and after experimental quantum
measuring.
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HYPERBOLIC DYNAMICS AS A CORNERSTONE OF QUANTUM MECHANICS

Dynamical features of QM can be described in terms of wave movements on hyperbolic manifolds since it is feasible to
map the Hilbert space to a negative-curved phase space. In the sequel, we define the counterparts of QM postulates in
terms of the concave features of geodesic flows. Geodesic flows have the unvaluable advantages to display well-known,
manageable and easily quantifiable topological properties, ergodic features, frame/horocycle flows, and so on (Pesin,
1981). Here we focus on the relatively straightforward Poincaré ball model, which stands for the n-dimensional
hyperbolic space in the n-dimensional unit ball in R,. We favour the Poincaré ball model instead of other hyperbolic
models such as, e.g., the Beltrami—Klein model, because the former is conformal, so that its angles/circles are preserved
and easier to assess.

Before measuring. Every quantum physical system is described by a (topologically) separable complex Hilbert space
of states H with inner product in which each vector can be decomposed in the linear combination of other vectors
(Cassinelli and Lahti, 2017). Every observable A in the space H is associated with an hermitian linear self-adjoint operator
and with an orthonormal basis of vectors, i.e., the base of its autostates ya (Dirac 1925; Gisin and Fréwis, 2018). The
autovalue a of the operator A displays one or more autostates ya. Since each autovalue a depicts a possible value of A,
ya forms a compete set, i.e., a wave function, standing for the superposition of all the ya. Before the measurement of the
observable A, all the autostates ya are superimposed, giving rise to a wave function which completely describes the state
of the system:

Avya=avya

In search of relationships between the dynamics of quantum oscillations and the movements on a hyperbolic manifold,
we suggest that the features of the Hilbert space, the observable A and the autostates ya before and after measuring could
be described in terms of their negative-curvature counterparts on the Poincaré disk. Since the spectrum of an operator
corresponds to the set of its autovalues that can be discrete or continuous, the continuous manifold of the Poincaré disk
is split in tessellated areas, giving rise to countless discrete tiles. The physical pattern occurring before the experimental
measurement can be illustrated in terms of the virtually uncountable number of ya, each one filling a single tile of the
Poincareé disk (Figure 1A). By the standpoint of the observer, the most of autostates ya are difficult to access, since the
most of them are in the periphery of the Poincaré sphere. In turn, by the standpoint of the observer, it is much easier to
assess the largest tiles in the center of the Poincaré disk. We shall see in the sequel that this observation has considerable
implications after the experimental measurement. The QM wavefunction evolves in time according to the time-dependent
Schrodinger equation (Batygin, 2018). In touch with this postulate, one of the most important features of our QM
hyperbolic model is that the continuous QM Poincaré disk is not at all a static manifold, rather it is equipped with rotations
that provide the tiles with effortless physical movements. This permits the shifts of the tessellated areas from the center
to the periphery of the disk surface, and vice versa (Figure 1B). Once described the dynamical tiles detectable by the
observer before measuring, we will describe what happens to the tiles after the measurement.

After measuring. After the experimental measurement of the observable A, the system collapses towards one of its ya
autostates, chosen based on probability. Every wa corresponds to a physical state in which, after the measurement of A,
one finds one of the values a, or ag, so that just a single autostate ya becomes detectable (Figure 1C). We suggest that
the very operation of measurement selects a single tile located inside the rotating Poicaré disk. Incidentally, the
movements must be random, because QM, according to another of its postulates, is described by statistical results of
continuous probability, where the square module of the vector coefficients stand for probabilities. Before the
measurement, the tiles are free to move on the surface of the Poincaré disk, following hyperbolic paths. In turn, the
experimental measurement “freezes” the movements of the tessellated areas so that, after the experiment, just a single
motionless tile can be detected by the standpoint of the observer. The experimental procedure of measurement generates
a stationary window of observation located at the center of the Poincaré disk, where the largest tile stands for the
tessellation which is the most accessible to the observer. To provide an analogy, think to the inspection of a single
“frozen” frame extracted from a long video sequence. Paraphrasing Cartas-Fuentevilla et al. (2020), pathologies
associated with the possible existence of many unitarity inequivalent representations on the hyperbolic disk disappear,
since the whole operation of QM measurement is realized by choosing only one representation, i.e., the ya located in the
central tile.

Matrices and noncommutativity in QM. In QM, the operator is linear and can be represented as a matrix. The Taylor
series development grants the hurdle of operator functions to be reduced to operations of sum and multiplication among
matrices. In a base of autovectors, the operator is represented by a diagonal matrix. The simplest solution, i.e., the base
of common autovectors, can be uncovered just in case the operators commute. To every observable in classical
mechanics, there corresponds a linear, Hermitian operator in quantum mechanics. Instead of using matrices, in concave
QM models we can use gyrovectors, i.e., the hyperbolic vectors introduced by Ungar (2005). A gyrovector space
approach to analytic hyperbolic geometry is analogous to the vector space approach to Euclidean geometry. In touch
with our definition of autostates, the sides of a hyperbolic geometric figure are uniquely determined by its hyperbolic
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angles, unlike Euclidean geometric figures. Further, a relationship has been demonstrated between Einstein (Mobius)
gyrovector spaces and Beltrami-Klein (Poincaré) ball models of hyperbolic geometry (2005). It is noteworthy that the
special grouplike loops termed gyrocommutative gyrogroups are compatible also with the special theory of relativity, in
particular with the nonassociativity of Einstein’s velocity addition law (Ungar, 2013).

Talking about operations of sum and multiplication among matrices, it is noteworthy that a further notable difference
does exist between the two physical frameworks of GR and QM, i.e., the mathematical operations of commutativity and
noncommutativity (Goodman, 2003). In the macroscopic world dictated by GR, the binary operation of multiplication is
usually commutative, i.e., changing the order of the operands does not change the result. This means that: ab=ba. On the
contrary, in QM the linear operators representing a pair of physical variables do not commute, rather they are mutually
complementary. This means that ab #ba. Examples of complementary quantum properties that cannot be simultaneously
observed/measured are position and momentum, energy and duration, spins on different axes, wave and particle,
entanglement and coherence (Kalckar et al., 1996).

Efforts have been provided to tackle special relativity by the noncommutative standpoint too (Besnard and Bizi, 2017).
Girelli and Livine (2004) argued that Deformed Special Relativity is obtained by imposing a maximal energy to special
relativity and by deforming the Poincaré symmetry to accommodate this requirement. Variations of this procedure lead
to noncommutative space structures that preserve conservation laws. In turn, the Very Special Relativity’s (VSR)
approach suggests that the subgroup of the Poincaré group is enough for the description of the spacetime symmetries of
observed physical phenomena. Das et al. (2011) introduced a novel noncommutative spacetime structure enjoying the
symmetries of deformed VSR. This tricky procedure allowed them to build a point particle Lagrangian that lives in a
noncommutative phase space. Some Authors view QM as a deformation of the combinatorial or Hamiltonian quantization
of three-dimensional gravity in the Chern-Simons formulation (Schroers, 2011). In this case, quantum groups replace the
local isometry groups and noncommutative spacetimes replace the classical model spacetimes. Kalau and Malze (1995)
derived an action for gravity in the framework of noncommutative geometry by using the Wodzicki residue. They
achieved a gravity action for commutative geometry which is the usual Einstein-Hilbert action. Also, they provided a
noncommutative extension given by the tensor product of the algebra of smooth functions on a manifold and a finite
dimensional matrix algebra. By assessing inflation on a noncommutative space-time within the framework of enveloping
algebra approach, Calmet and Fritz (2015) showed that the dominant effect of the noncommutativity of spacetime comes
from contributions to the process of structure formation. The last, but not the least, an extension of Connes’ notion of
even spectral triple to the Lorentzian setting has been proposed (Connes, 1994; Besnard and Bizi, 2017). It turns out that
the data available in noncommutative geometry (i.e., the algebra of functions, the Krein space of spinor fields, the
representation of the algebra on it, the Dirac operator, charge conjugation and chirality) play a role in this characterization.
In this approach towards a noncommutative generalization of the modern theories of spacetime and matter, only space
and time-oriented spin manifolds of even dimension are considered.

It is noteworthy that the pairs (1,1) in a linear matrix won’t work with hyperbolic grids. To provide an example Figure
2 illustrates that the two tiles UR and RU in the Poincaré disk cannot commute. Furthermore, the transformation matrix

in Euclidean spaces that gives rise to combined matrix is transformed in combined gyrovectors in hyperbolic spaces. This
means that noncommutativity can be expressed in the language of gyrovectors, such that, for example,

(AeB)eC = Ae(Be(C)

In sum, the Poincaré disk displays many of the features of QM, including noncommutativity.
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aytostate ya

Figure 1. An observable of a QM system is portrayed in terms of a collection of tiles on a hyperbolic Poincaré disk. The
Poincaré disk’s tiles are painted in different colors to emphasize that each tessellation corresponds to a single autostate
ya. Figure 1A. Before the experimental measurement of the observable A, all the autostates ya are detectable, since no
preferential autostate can be chosen. Before measuring, the wave function of the autostates a is described by a sheaf of
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vectors lying on orthonormal basis (right Figure). Figure 1B. The operations occurring on the Poincaré disk permit the
movement of every tile. For sake of clarity, some of the tiles are numbered to show their movements from the initial state
(left) to the final state (right). In long times, every QM wave subject to action necessarily crosses the central tile of the
Poincaré disk: to provide an example, the peripheral tile 4 in the left Figure moves towards the center of the disk in the
right Figure. Figure 1C. After the experimental measurement of the observable A, the system is “frozen”, i.e., it collapses
so that just a single autostate ya becomes detectable. After measuring, the wave function of the autostates wa is described
by a single vector lying on orthonormal basis (right Figure). Once the QM system has been “immobilized” by the
measurement, the probabilistically selected single autostate is detectable in the central tile, in case we have chosen this
central tile as the frame of our observation. ~ Modified from: Rendering Hyperbolic Spaces - Hyperbolica Devlog #3
(https://www.youtube.com/watch?v=pXWRYpdYc7Q)

Figure 2. Noncommutative features of a Poincaré disk. The movements on a Poincaré disk are not commutative: for
example, a mapping from the central tile to the tile Up Right (UR) does not commute with a mapping from the central
tile to the tile Right Up (RU).
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LACK OF DISJOINTNESS IN GENUS-1 SURFACES: THE PUNCTURED BALLOON THEOREM

Two sets are disjoint if they have no elements in common, or in other words, if their intersection is an empty set (Cormen
et al.,, 2001). Many topological manifolds contain disjoint subsets such that a N b = @. To provide an example, the
opposite antipodal points on the genus-0 n-sphere described by the Borsuk—Ulam theorem cannot meet, therefore are
disjoint (Matousek 2003; Peters 2016).

Here we provide a novel theorem, colloquially labelled the punctured balloon theorem (PBT), confronting jointness and
disjointness of different genus manifolds.

Theorem

e An orientable genus-1 surface cannot encompass disjoint points. See the upper Figure 3 for a pictorial
rendering.

Proof

e Letusassume that a genus-1 surface contains two (or more) disjoint points, such that a N b = @ (lower Figures
3).
o When a deformation retraction is performed, it unavoidably happens that two (or more) disjoint points a and b
(lower left Figure 3):
a) Approach the hole border.
b) End up closer.
e  Because the two (or more) disjoint points a and b cannot meet, they leave an empty region connecting the internal
of the hole with the external of the genus-1 surface.
e This would mean that the hole gets lost, being the manifold of genus-0 instead of the genus-1 advocated in the
assumption (lower left Figure 3).
e This is a contradiction; hence the assumption must be incorrect.

In plain terms, take a balloon, that is a genus-one manifold. If you break the jointness by piercing its surface, the hole
gest lost and the punctured balloon becomes a genus-0 manifold. Starting from this trivial claim, we proved a topological
theorem which plainly states that “the ends of a donut can meet, whilst the ends of a kidney pie cannot”. Therefore, a
manifold including two (or more) disjoint points turns out to be a genus-0 manifold. Note that we did not use the term
“connected” in our definition of surface, since PBT casts doubts on the role of topological connectedness in the assessment
of both sets and subsets. Even though deformation retraction stands for a mapping that captures the idea of continuously
shrinking a space into a subspace, PBT suggests that a genus-0 manifold must necessarily encompass (at least two) non-
intersecting elements.

PBT rules out the occurrence of continuity/indivisibility among the elements of a physical genus-0 manifold, holding
instead to a discrete operational approach. In touch with this observation, when a choice is performed, e.g., a gauge is
introduced in a symmetric manifold (Sengupta et al., 2016), disjoint subsets are generated and manifold connectedness
gets lost. This means that a genus-0 manifold, although theoretically shrinkable, must contain some disconnected
elements. Take the Poincaré—Brouwer theorem, also termed the “hairy ball” theorem (HBT), stating that there is no non-
vanishing continuous tangent vector field on even-dimensional n-spheres (Eisenberg and Guy, 1979). This implies that
the poles of a genus-0 sphere are disjoint from the neighboring elements. PBT suggests that the vanishing tangent vector
fields disappear when the ball is drilled completely through: in this case, since the poles have been removed, we achieve
a genus-one torus instead of a ball and HBT does not hold anymore.

PBT implies that a genus-1 surface contains just intersecting, neighborhood points. When shrinking a genus-1 space into
a subspace, BPT entails that all the points gather, apart from the ones inside the hole. Therefore, a genus-1 manifold,
despite being a set that is not simply connected, must encompass just connected elements, except for the region occupied
by the hole.

PBT affects not only disjoint points, but also disjoint vertexes, shapes, functions, vectors, energies, and so on (for a survey,
see Tozzi et al., 2017). In physical terms, PBT suggests that a genus-1 manifold must contain homogeneous
elements/features/functions all around the hole, since every part of a genus-1 system is required to topologically intersect
with every other part. Therefore, in a physical system encompassing holes - i.e., vortices/antivortices (Padavi¢ et al.,
2020), Betti number 1 > 1 (Don et al., 2020), topological defects in nanoscopic materials, fragile topology features (Po
et al., 2018) and so on - all the regions surrounding the impurities must display at least a few homogeneous and ergodic
elements/features/functions.

Concerning the hyperbolic counterparts of QM postulates, PBT suggests that a homogeneous Poincaré disk must
encompass a manifold of genus > 1 before quantum measuring. Indeed, the autostates ya before measurement are not
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discernible on a Poincaré disk, therefore they are arbitrarily near to each other and do not contain disjointed elements.
In turn, the QM manifold becomes genus zero after the experimental measurement. The measurement corresponds to the
loss of genus-one (or higher) in the QM manifold, so that a single ya becomes assessable after measuring.

3~ o

Genus-1 Genus-0

O
= O

Figure 3. A genus-1 surface cannot contain disjoint points (upper Figure). If two points meet, the hole and the genus
are preserved (lower left Figure). In turn, if two points do not meet, the hole gets lost and the surface turns out to be a
genus-0 manifold (lower right Figure).
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CONCLUSIONS

We proposed a negative curvature-based mathematical approach that allows to merge in a single group theoretic
framework the operations of both the macroscopic relativistic world and the microscopic quantum realm. It should be
remembered that several approaches have already described QM in terms of hyperbolic manifolds. For example, the
quantum free particle on the hyperbolic plane can be investigated through the quantization of the Noether momenta if the
curvature « is considered as a parameter (Carifiena et al., 2011). Axenides et al. (2021) described the construction of the
space of states, of the evolution operators and the continuum limit of the dynamics of a quantum particle, whose phase
space is the single-sheeted hyperboloid. lomin (2013) studied quantum dynamics of a particle in the vicinity of a
hyperbolic point, while Khrennikov (2003) developed a quantization formalism in a hyperbolic Hilbert space. The latter
Author found that that unitary transformations in hyperbolic Hilbert space represent a new class of transformations of
probabilities able to describe a peculiar type of hyperbolic interference. The hyperbolic quantum formalism has bee also
used as a new theory of probability waves developed in parallel with the standard QM, since its distinctive feature consists
of the restricted validity of the superposition principle (Khrennikov, 2003). This approach leads naturally to covariant
thermodynamic fluctuation theory correlated with Riemannian thermodynamic curvature in information geometry
(Ruppeiner 1995). The classical and quantum formulations for open systems related to dissipative dynamics are
constructed on a complex hyperbolic ring following universal symmetry principles and considering the double thermal
fields approach for modeling the system under evaluation and the surrounding environment (Cartas-Fuentevilla et al.,
2020). By an experimental standpoint, a step towards on-chip quantum simulation of materials science and interacting
particles has been recently achieved in hyperbolic curved space. Indeed, Kollar et al. (2019) used cavity quantum
electrodynamics with superconducting circuits and lattices with constant negative curvature as a promising platform for
quantum computations/simulations.

Contrary to the above-mentioned studies, we take it a step further. While these Authors claim that QM may be
methodologically assessed through a hyperbolic approach, we claim that, as GR really takes place on Euclidean manifolds,
QM might really take place on non-Euclidean hyperbolic manifolds. We propose a macroscopic Euclidean world
encompassing microscopic regions where a negative-curvature fabric encompasses the paths and waves described by QM.
Hyperbolic manifolds are not anymore a methodological tool to approach QM, rather they become part of the description
of QM. Hyperbolic manifolds provide a purely mathematical framework where the unification of the symplectic phase
space of the macroscopic relativistic world and the noncommutative phase space of the microscopic quantum world might
take place.

Another possibility, not explored here, is to use of an involutive functor between the opposite categories of commutativity
and noncommutativity, to attain a dagger structure with the adjoint of a morphism being the inverse. This treatment
would make it possible to achieve morphisms that are unitary in finite dimensional Hilbert spaces, to build a dagger
symmetric monoidal category (Blute and Panangaden, 2011) which is also compact closed, resulting in completeness
results that extend the use of Hilbert spaces to relativity issues. To accomplish a dagger category, a fusion category is
equipped with a dagger 1 so that morphisms f : A — B have a two-side inverse (Huenen and Karvoven, 2016).

Based on the novel PB theorem, we concluded that the hyperbolic QM manifold must be of genus > 1 before the
measurement. In touch with this observation, it must be emphasized that several scholars before now provided an effort
to study quantum waves in genus one manifolds. For example, Biswas and Ghosh (2019) studied the quantum dynamics
of point particles moving on non-trivial torus knot, while Narnhofer (2002) discussed reducible representations of particle
on toruses with magnetic field (Narnhofer 2002). Kowalski and Rembielinski (2007) examined the coherent states for the
quantum mechanics on a torus and their basic properties, while Athanasiu et al. (1996) studied Finite Quantum Mechanics
on tori of arbitrary integer discretization, providing the generators of the “rotation group” as well as their quantum
mechanical eigenvalues and eigenstates. Giving these premises and the PBT, other physical conclusions can be drawn.
A black hole (Chesler 2019), either hyperbolic or not hyperbolic, cannot contain a singularity, unless the black hole itself
displays genus > 1. If a black hole was a genus-0 manifold (therefore shrinkable to singularity by the huge amount of
mass/energy), its own elements would be intersecting. But it runs counter PBT. Hence, the options for a black hole are
two:

1) Either the black hole is genus-0 and singularities are not allowed.
2) Or the black hole is genus > 1 and its elements can be compressed down to a tiny region surrounding the hole(s).
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