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Abstract

We present the mathematical model of cooperative functioning of unconscious
and consciousness. The model is based on the theory of open quantum systems.
Unconscious and consciousness are treated as bio-information systems. The latter
plays the role a measurement apparatus for the former. States of both systems are
represented in Hilbert spaces. Consciousness performs measurements on the states
which are generated in unconscious. This process of unconscious-conscious inter-
action is described by the scheme of indirect measurements. This scheme is widely
used in quantum information theory and it leads to the theory of quantum instru-
ments (Davis-Lewis-Ozawa). Our approach is known as quantum-like modeling. It
should be sharply distinguished from modeling of genuine quantum physical pro-
cesses in biosystems, in particular, in the brain. In the quantum-like framework,
the brain is a black box processing information in the accordance with the laws
of quantum theory. During the last 10-15 years this framework has been actively
used in cognition, psychology, decision making, social and political sciences. The
quantum-like scheme of unconscious-consciousness functioning has already been
explored for sensation-perception modeling.

keywords: unconscious, consciousness, quantum-like models, decision making, in-
direct measurement scheme, open quantum systems, sensation, perception.

1 Introduction

The quantum information revolution (also known as the second quantum revolution) has
big impact not only to technology, but also to quantum foundations. This revolution led
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to elaboration of few information interpretations of quantum mechanics (see, e.g., [1]-
[11] and some papers in proceedings’ volumes [12]— [16]). By these interpretations, the
physical properties of the carriers and processors of quantum information are not cru-
cial. In particular, the role of the physical space is diminished essentially; the quantum
information scenarios is written for the information space. Tremendous development
of quantum information theory endowed with experimental and technological applica-
tions stimulated its use outside of physics, especially in cognition, psychology, decision
making, social and political science, economics and finance see pioneer works [17]-
[19], monographs [20]- [25] and some papers [26]- [64]. Such modeling is known as
quantum-like.

Quantum-like systems (proteins, cells, body’s organs, including the brain, human
beings, social, political, economic, and financial systems) represent and process in-
formation by operating with quantum information states. Such quantum-like, i.e., re-
specting the quantum laws, information processing has no direct connection with the
genuine quantum physical processes in a biological organism. A biosystem is a black
box performing quantum information processing. The ability to represent information
in the quantum-like way was developed in the process of evolution of biosystems. It
has no direct relation with system’s spatial and temporal scales, temperature and other
parameters of this sort (cf. [65]- [69]). In article [50], it was pointed out that the quan-
tum representation of information is the distinguishing feature of all biosystems, from
proteins, genomes, and cells to brains and ecological systems. One can speak about
quantum information biology.

What is the main feature of the quantum-like representation and processing?

It is the possibility of processing unresolved uncertainties. Mathematically, they are
encoded in states’ superpositions. What is the main advantage of such information pro-
cessing (operating with superpositions)? It saves computational resources: biosystems
working in the quantum-like regime need not resolve all uncertainties and determine
outcomes of variables and their probability distributions at each step of state’s process-
ing. The outcomes are determined in the process of measurement. Measurements are
performed by measurement apparatuses. The quantum formalism is general calculus
describing processing of superpositions and extraction of the variables’ values - mea-
surements. The most powerful quantum measurement formalism is based on the theory
of open quantum systems [70,71] : a system S interacting with the surrounding environ-
ment £. In the particular application of this theory to the description of measurements,
the role of environment is played by a measurement apparatus M used to measure some
observable A on S. One of the basic mathematical frameworks for modeling of this sit-
uation is the scheme of indirect measurements [72]. The outcomes of A are represented
as outcomes of apparatus’ pointer M 4.

The process of measurement is described as interaction between the system S and
the apparatus M. This interaction generates the dynamics of the state of the compound
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system S + M. The state’s evolution is unitary; for pure states, it is described by the
Schrodinger equation (for mixed states given by density operators, by the von Neumann
equation). Finally, the probability distribution for pointer’s outcomes is extracted from
the compound state with the trace-operation.

For our model, it is important that in this measurement scheme the features of the
system S are not approachable directly, but only through apparatus’ pointer. We shall
explore this in modeling of brain’s functioning.

In this paper we consider the quantum-like model in that unconscious ¢/C and con-
sciousness C are represented as the system S and the apparatus M in the above indirect
measurement scheme. Features of unconscious /C are inapproachable directly. Con-
sciousness C performs measurements on the bio-information system ¢/C. The main dif-
ference from physics is that to make a decision C should “read its pointer” by itself.
So, UC performs self-measurements. However, the latter does not change the formal
mathematical scheme.

This is the good place to remark that even in quantum physics the pointer-reading is
the nontrivial step of the measurement process. However, typically it is ignored, even
in the foundational discussions. We just remark that Wigner claimed that consciousness
is really involved in quantum measurement’s finalization. (Wigner’s viewpoint was not
accepted by the majority of physicists.)

This paper is a concept paper. Our aim is to describe the very general scheme of
cooperative functioning of unconscious A/C and consciousness C. The scheme is sim-
ple and easily understandable. Its concrete application to quantum-like modeling of the
sensation-perception process [73] was presented in [52]. However, paper [52] is mathe-
matically complicated, it is based on the theory of quantum instruments [72,74,75]. The
indirect measurements and quantum instruments are closely related, but in this paper we
shall not discuss this issue (see [76,77] where these quantum tools are jointly presented
as simple as possible - to be used by psychologists and biologists).

2 A few words about quantum formalism

In quantum theory, it is postulated that every quantum system S corresponds to a com-
plex Hilbert space #; denote the scalar product of two vectors by the symbol (1 |t)s).
Throughout the present paper, we assume H is finite dimensional. States of the quan-
tum system S are represented by density operators acting in H (positive semi-definite
operators with unit trace). Denote this state space by the symbol S(H).

In quantum physics (especially quantum information theory), there are widely used
notations invented by Dirac: a vector belonging to  is symbolically denoted as [));
orthogonal projector on this vector is denoted as [¢) (1], it acts to the vector |£) as

(Y1&) ).
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Any density operator p of rank one is of the form p = |[¢)(¢| with a unit-norm
vector [¢). In this case, [¢) is called a pure state, so |¢p) € H, |||V)]| = /(¥|Y) = 1.

Observables are represented by Hermitian operators in ‘H. These are just symbolic
expressions of phsyical observables, say the position, momentum, or energy. Each Her-
mitian operator A can be represented as

A= ZmEA(x), (1)

where x labels the eigenvalues and £ (z) is the spectral projection of the observable A
corresponding to the eigenvalue z.

The operator A can be considered as the compact mathematical representation for
probabilities of outcomes of the physical observable. These probabilities are given by
the Born rule that states if an observable A is measured in a state p, then the probability
distribution Pr{A = x||p} of the outcome of the measurement is given by

Pr{A = z|p} = Te[E*()p] = Te[ B (2) pE* (2)]. 2)
For a pure state |1}, this leads to the relation

Pr{A = a[||[v)} = | B4 () )], (3)
as Tr[E4(2)p] = | EA(2) ) ||*.

3 Indirect measurement scheme: apparatus with meter
interacting with a system

The scheme of indirect measurements represents the framework which was emphasized
by Bohr, by him the outcomes of quantum measurements are created in the complex
process of the interaction of a system .S with a measurement apparatus M. The latter
is combined of a complex physical device interacting with S and a pointer showing the
outcomes of measurements; for example, it can be the “spin up or spin down” arrow.
The system S by itself is not approachable by the observer who can see only the pointer
of M. Then the observer associates pointer’s outputs with the values of measured ob-
servable A for the system S.

Can the outputs of the pointer be associated with the “intrinsic properties” of S or
not? This is one of the main questions of disturbing the quantum foundations during the
last 100 years.

The indirect measurement scheme can be represented as the block of following in-
terrelated components:
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o the states of the systems S and the apparatus ) ; they are represented in complex
Hilbert spaces ‘H and /C, respectively;

o the unitary operator U representing the interaction-dynamics for the compound
system .S + M;

e the meter observable M 4 giving outputs of the pointer of the apparatus M.

In quantum physics, the operator U representing the dynamics of interaction S and
M is a linear unitary operator. All operations in quantum theory are linear and dynamics
of an isolated system is unitary, i.e., preserving the scalar product. In cognitive appli-
cations, we proceed with linear and unitary operators just for simplicity, just to borrow
the well-defined formalism and interpretation from physics. In principle, there are no
reason to assume neither linearity nor unitarity. We remark that even in physics there
were attemps to develop nonlinear quantum theory.

In the indirect measurement scheme, it is assumed that the compound system S+ M
is isolated. The dynamics of pure states of the compound system is described by the
Schrodinger equation:

W) (0) = HW)(2), [9)(0) = [0, @

where H is it Hamiltonian (generator of evolution) of S + M. The state | V) (¢) evolves
as

(W) (&) = U(B)[¥)o,

where U (t) is the unitary operator represented as
U(t) = e,
Hamiltonian (evolution-generator) describing information interactions has the form
H=Hs®I+1® Hy+ Hs s

where Hg : H — H, Hy; : K — K are Hamiltonians of S and M, respectively, and
Hgy € H®K — H®K is Hamiltonian of interaction between systems S and M. The
Schrodinger equation implies that evolution of the density operator R(t) of the system
S + M is described by the von Neumann equation:

Uty = —ilH. (1), BO) = Ry )

However, the state R(t) is too complex to be handled consistently: the apparatus in-
cludes many degrees of freedom.
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Suppose that we want to measure an observable on the system S which is repre-
sented by Hemitian operator A, acting in system’s state space #. The indirect measure-
ment model for measurement of the A-observable was introduced by Ozawa in [72] as
a “(general) measuring process”; this is a quadruple

(IC7 g, U7 MA)

consisting of a Hilbert space /C, a density operator ¢ € S(K), a unitary operator U on
the tensor product of the state spaces of S'and M, U : H® K — H®K, and a Hermitian
operator M 4 on K.

Here K represents the states of the apparatus M, U describes the time-evolution
of system S + M, o describes the initial state of the apparatus M before the start of
measurement, and the Hermitian operator M4 is the meter observable of the apparatus
M (say the pointer of M ). This operator represents indirectly outcomes of an observable
A for the system S.

The probability distribution Pr{A = z||p} in the system state p € S(H) is given by

Pr{A = z||p} = Te[(I ® EY4())U(p @ 0)U"], (6)

where EMA(x) is the spectral projection of M4 for the eigenvalue x. We reall that op-
erator M 4 is Hermitian. In the finite dimensional case, it can be represented in the
form:

MA = Zl‘kEMA(I'k), (7)
k

where (z},) is the set of its eigenvalues and E*4 (x;,) is the projector on the subspace of
eigenvectors corresponding to eigenvalue xy.

The change of the state p of the system S caused by the measurement for the out-
come A = x is represented with the aid of the map Z4(z) in the space of density
operators defined as

Ta()p = Tr[(I @ B (2))U(p @ o) U], (8)

where Try is the partial trace over K. The map = — Z,(x) is a quantum instrument.
We remark that conversely any quantum instrument can be represented via the indirect
measurement model (see Ozawa [72]).

4 More technical details

Now, we consider some technicalities. For simplicity, they were not present in the
previous section.

The interaction between the system S and the apparatus M starts at time t,. The
interaction turns off at time ¢t = ¢y + At. The indirect measurement scheme is based on
the following natural assumptions:
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e The system S and the measurement apparatus M/ do not interact each other before
the instant of time ¢, nor after ¢t = to + At.

e The compound system S + M is isolated in the time interval (¢, t).

The latter assumption is too strong. Of course, a macroscopic apparatus )/ cannot be
completely isolated, it interacts with surrounding material bodies and fields.! Therefore
by speaking about isolation it is more natural to speak not about the whole apapratus
M, but just its part interacting with S. This situation is formalized as follows.

The probe system P is defined to be the minimal part of apparatus M such that the
compound system S + P is isolated in the time interval (¢, t).

The indirect measurement scheme presented in section 3 is applied to the probe
system P, instead of the whole apparatus M. The rest of the apparatus M performs
the pointer measurement on the probe P. In particular, the unitary evolution operator U/
describing the state-evolution of the system S + P has the form U(t) = e "2 where
H = Hg+ Hp + Hgp is Hamiltonian of S + P with the terms Hg and H p representing
the internal dynamics in the subsystems S and P of the compound system and Hgp
describing the interaction between the subsystems.

Consideration of probe systems is especially useful in the following situation: the
total apparatus M is a macroscopic system that interacts (typically in parallel) with a
family of systems S;, j = 1,2, ...., m. Different probes of M interact with the concrete
systems, the probe P; with the system S;. And the compound system S; + P; can be
considered as an isolated system, even from interactions with S; and P;, 7 # j.

The indirect measurement scheme is a part of the theory of open quantum sys-
tems [70]. Instead of a measurement apparatus M, we can consider the surrounding
environment E of the system S (see [25], [34,36,37,50,55,57,60] for applications to

psychology).

5 Indirect measurements of mental observables: Un-
conscious as a system and consciousness as a measure-
ment apparatus

The scheme of indirect measurements presented in the previous section was created in
quantum physics and applied successfully to a plenty of important problems. Our aim is
to adapt it to cognition. The main question is about cognitive analogues of the system S
and the measurement apparatus M. We suggest to use the framework developed in paper

'In advanced experimenting in quantum foundations, experimenters put tremendous efforts to isolate
their labs. For example, the crucial experiment on Bell’s inequa.lity violation (Zeilinger’s group [78])
was done in the basement of one of Vienna’s castles.
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[52] for quantum-like modeling of the Helmholtz sensation-perception theory [73]. This
scheme can be extended to a general scheme of unconscious-conscious interaction in the
process of decision making

The measured system S is a sensation (or generally any state of the unconscious
mind). Consciousness as the measurement apparatus to the unconscious interacts with
sensations to make the decisions (to generate outcomes of measurements). Conscious-
ness, of course, is not concerned just with a single probe. It is a large environment
with many probes interacting with the unconscious. There should be a rule of trans-
formation from a sensation to a conscious decision. This is unitary transformation and
measurement of the meter in the probe. The operational description neglects neuro-
physiological and electrochemical structures of interaction. The unconscious is a black
box that is mathematically described by the state of sensation space (= the unconscious
state), so that the unconscious state probabilistically determines the decision (by in-
teraction with consciousness), then the unconscious state is changed according to the
previous unconscious state and the decision made. Thus, each probe is described by a
quantum instrument. Instruments are probe dependent.

For the question-measurements, the question A is transferred into the unconscious,
where it plays the role of a sensation (cf. [73]), so to say a high mental level sensa-
tion. Then, interaction described by the unitary operator U generates a new state of the
compound system - the unconscious-conscious. And consciousness performs the final
“pointer reading”, the measurement of the meter observable. Pointer reading can be
treated as generation of a perception, a high mental level perception.

6 Contextuality

The scheme of indirect measurements formalizes contextuality of conscious-observations.
For the fixed state p, obseravtion’s context is determined by triple Cy = (o,U, M4),
where, as in the above consideration, 0 € S(K) is the state of C and U is the unitary
operator representing p — o interaction and M 4 represents apparatus’ pointer. The same
observable A (say question or task) can be realized in various contexts corresponding
to variety of states of C and UC — C interactions. The only constraint determining the
class of contexts generated by C is the probability distribution of A, given by equality
(6), i.e., two contexts for A-observable, C'y and C’, are coupled by the equality:

Pr{A = z|p} = Te[(I© BY(2))U(p©0)U"] = Te[(I @ EY4(2))U'(p@ 0)U™] (9)

We remark that the state space K can also vary and it can be considered as a variable
determining context. However, we shall not separately emphasize the role of variability
of state space K and assume that this variable is associated with the interaction-operator
U and state o.
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Context determines the state transformation (8) that has to be denoted not simply as
Z4(x), but as Z¢, (). Depending on context C'y, C can generate different state transfor-
mations in /C caused by the measurement. State transformation can be detected with
successive measurement of another observable 5.

As was shown in [63,76], some psychological effects can provide at least partial
information on the form of the quantum instrument Z, (), in particular, to exclude von
Neumann-Liiders instruments given by state trnasformations of the projection form.

7 Concluding remarks

We understand that appealing to the unconscious-conscious description of cognitive
proceses is not so common in the modern psychology. However, this description well
matches the indirect measurement scheme. We can appeal to the authority of James [79]
(appealing to Freud [81] might generate a negative reaction), see also Jung [80]. We
also can mention the series of works on the use of the unconscious-conscious scheme in
quantum-like modeling of cognition [17, 82, 83].? In any event, the scheme of indirect
measurements in quantum theory matches well with unconscious-conscious structuring
of human mind and decision making as indirect observations on inapproachable bio-
information system, unconscious.
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