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ABSTRACT
The steady-state multiplicity of the porous, non-isothermal, catalyst pellet when
two parallel and consecutive chemical reactions take place was analysed in this work. The
geometry selected for the catalyst pellet is finite hollow cylinder. A numerical multigrid
continuation technique with the preconditioned conjugate gradient squared as coarse grid
solver was used. The continuation parameter is the dimensionless adiabatic heat rise (Prater
number) for the first chemical reaction. The effect of the other governing parameters was

analysed and the results are compared to those provided by the single chemical reaction.
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Nomenclature

Ca — concentration of the reactant inside the pellet

Cap — bulk concentration of the reactant

Cs — concentration of the intermediate inside the pellet

Des — effective diffusivity in the porous catalyst pellet

E; — activation energy of the jth chemical reaction, j =1, 2

H — cylinder height

kj — reaction rate constant for the jth chemical reaction, j =1, 2
koj — pre-exponential factor of the jth chemical reaction, j=1, 2
r — radial coordinate, cylindrical coordinate system

r-r

r* - dimensionless radial coordinate,

o i
R — gas constant
Ri — inner radius of the hollow cylinder
Ro — outer radius of the hollow cylinder
T — temperature of the pellet
Tb — bulk temperature
vrj — chemical reaction rate for the jth chemical reaction, j =1, 2
ya — dimensionless concentration of the reactant inside the pellet, Ca/ Cap
yg — dimensionless concentration of the intermediate inside the pellet, Cg / Cap
z — axial coordinate, cylindrical coordinate system

" - dimensionless axial coordinate, 2 z / H, cylindrical coordinate system
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Greek Letters

L — dimensionless adiabatic heat rise (Prater number), ( - 4 Hrj Deft Cab ) / (Zeff Tn) OF the

jth chemical reaction, j =1, 2

x — geometric ratio, R

o TN
y; — dimensionless activation energy (Arrhenius number), Ej / R Ty, of the jth chemical
reaction, j=1, 2

o0 — reaction enthalpy ratio, 6 =- A4 Hr1/ - A4 Hr2

A Hrj— enthalpy of the jth chemical reaction, j=1, 2

¢ —aspect ratio, 2 (Ri—Ro ) / H

na@) - effectiveness factor for the species A (B)

6 — dimensionless pellet temperature, T/ Tp

Jeff — effective thermal conductivity in the porous catalyst pellet

p — bulk density of the pellet

@j — reaction parameter (Thiele modulus) for the jth chemical reaction, j =1, 2
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1. Introduction

Under certain conditions, chemically reacting systems exhibit multiple steady
states. Steady - state multiplicity is defined by: for the same values of the input variables,
different steady states result from different initial conditions. The steady - state multiplicity
provides useful information for the expression of the chemical reaction rate and has an
important impact on the design, start-up and control of chemical reactors.

One of the chemically reacting systems for which the steady - state multiplicity was
widely investigated is the catalyst pellet. Reviews on this subject can be viewed in Luss
(1987) and Luss and Sheintuch (2005). However, in the almost all the articles published in
this topic a single chemical reaction was considered. In spite of the fact that most practical
problems associated with steady — state multiplicity are encountered in multi — reactions
systems, less attention has been given to the multiplicity analysis of the complex chemical
reactions in catalyst pellets. The multiplicity of the steady states for parallel and
consecutive chemical reactions was studied for chemically reacting systems modelled by
lumped parametric mathematical models.

Hlavacek et al. (1972) derived the regions of multiplicity, stability of steady states,
behavior of limit cycles, shapes of separatrices for a non-isothermal CSTR with exothermic
consecutive first order reactions. The same problem was analysed later by Farr and Aris
(1986). The steady - state multiplicity of a non-isothermal CSTR with parallel chemical
reactions was investigated by Luss and Chen (1975) and Balakotaiah and Luss (1983).
Elnashaie (1977) analysed, for a simple lumped parametric model of a fluidized bed

chemical reactor, the implications of the multiplicity phenomenon on the selectivity and
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yield of the desired intermediate product of the exothermic consecutive first order reaction.
Pikios and Luss (1979) and Balakotaiah and Luss (1982) derived exact criteria for
predicting the conditions under which steady — state multiplicity occurs in lumped
parameter systems in which either two consecutive or two parallel reactions occur. Based
on the theoretical predictions of a lumped parametric model for the catalyst pellet, Harold
and Luss (1985) studied experimentally the steady - state multiplicity for the case of a
parallel chemical reaction. Elnashaie et al. (1993) analysed the bifurcation, instability and
chaotic characteristics for the non — isothermal fluidized bed catalytic reactor with
consecutive, first — order exothermic chemical reactions. The steady-state multiplicity for
consecutive biochemical reactions in a CSTR was studied by Volcke et al. (2010). The
analysis of the steady — state multiplicity for a non — isothermal consecutive reaction taking
place in fluidized — bed autothermal structures was recently made by Bizon (2017).
The multiplicity of the steady states for the reactor — separator — recycle system in
which a complex chemical reaction occur was investigated by:
(1) Bildea et al. (2000); isothermal first order consecutive chemical reaction taking
place in a CSTR or a plug flow reactor (PFR);
(2) Kiss et al. (2005); isothermal, second — order parallel / consecutive and parallel
reactions taking place in a CSTR;
(3) Altimari and Bildea (2008, 2009); non-isothermal consecutive reactions taking
place in a PFR.
For a distributed parametric mathematical model, the steady - state multiplicity of
the catalyst pellet for parallel and consecutive chemical reactions was not investigated until

now. This work wishes to fill this gap by computing the bifurcation diagrams for parallel
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and consecutive chemical reactions taking place in a catalyst pellet. The geometry selected
for the catalyst pellet is the finite hollow cylinder (the widely used shape according to
Wijngaarden et al., 1998). The chemical reactions are considered first-order irreversible

and the inter-phase gradients were neglected.

2. Mathematical Model

Consider a finite hollow cylindrical catalyst pellet with internal / external radius R;
/ Ro and height H. Inside the particle, the non-isothermal, first-order irreversible parallel or

consecutive chemical reactions,
- Parallel reactions
A = B, Vr1 = ki1 Ca
A > F,vr2=k2Ca
- Consecutive reactions
A - B,Vr1=ki Ca
B — F,Vr2=k2Cs

take place. The chemical species A transfers into the particle from the surrounding fluid.
The inter-phase transport resistances are assumed negligibly (the concentration and
temperature on the external surface of the catalyst pellet are the same as the bulk values).
Considering a homogeneous porous pellet and using effective transport coefficients (Aris,
1975), the steady state concentration and temperature profiles inside the hollow cylinder

are given by:
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- Parallel reactions

DesfACy— p [kO,l exp (_ L ) + ko exp (— REGZT)] Ca=0 (1a)

RgT

Aess AT + p [— AHg, koqexp (— ! ) — AHg, ko, exp (— %)] Cy=0 (1b)

RgT

- Consecutive reactions

E
Defr ACy— pkoqexp (— RGIT) Cy,=0 (1c)
E E
Desr ACg + pkoyexp (— RGlT) Cq— pkooexp (— RGZT) Cg=0 (1d)
E E
Aeff AT+ P [— A HR,l ko‘lexp (— RGIT) CA — A HR,Z ko'z exp (— RG_ZT) CB] =0 (16‘)

where

10 0 0°
A==—| r— [+ —
ror or 0z

When the inter-phase gradients are neglected, the boundary conditions are:

- I=Rj
Ca=Cab, Cs=Cgpb, T=Th (22)
- I'=Ry;
Ca=Cap, Ce=Cgp, T=Ts (2b)
- 2=0;
aaCzA - aaCzB - Z_Z =0 (2¢)
- z=H/2
Ca=Cap, Ce =Cgp, T =Th. (2d)
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The origin of the cylindrical coordinate system (r, z) is placed in the centre of the particle.
The characteristic length used is the difference between the outer radius and the inner radius
of the hollow cylinder, R, — Ri.

Defining the dimensionless variables and groups

r= ' =—1 7’=2z/H
R, —R, *“R.-R
G G ,_ T _,R—R
4= Cap B = Cap T °T H
— AHg, Doss Cap E p ko exp(= ;)
B = _— — 9j= (R~ R) |~ Loj=12
Aerr To R; Ty Degys
s B _ —BH
ﬁl —A HR 1
the non-dimensional form of (1) is
- parallel reactions
. 1 1
8 ya— ya {otexp|va (1= 3)|+ odexp|r. (1-3)]} =0 (3a)

N0+ Biya {oiew|v (1-3)|+ 6odewp|r. (1-3)|}=0  @b)
- consecutive reactions
Nya— @iyaexp|v: (1-3)| =0 (3c)

Nys+ @2 yaexp|r (1-3)| - dyseww|r. (1-3)|=0 (3d)

1

80+ By {92 yaexp|vs (1-3)|+ 6o2yaexp|r. (1-3)|}=0 o)
where

. 0° 1 0 , 0°
A=—u+ —=+& -
or y+r or oz
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with the boundary conditions

- =0

ya=60=1,y8=0
- r=1

ya=0=1,y8=0
- 7°=0;
- =1

ya=60=1y8=0
The quantities of interest used in this work are:
- pellet average dimensionless temperature, 0:

2
1+2;(

O e

1

I +y ) fdrdz

0

- pellet average dimensionless concentration, y,, ¥g:

Ya@) = mxff (r'+ x)yapydr dz

- effectiveness factor, 7aew), for the species A (B)

- parallel chemical reactions

2
1+2 x @1 +(p

Ol ras

- consecutive chemical reactions

Nag =

ma=—— [ [ (r* +X)yAexp[h(1——)]dr dz'

1+2

- [ L) +X)yA{<p%exp[V1(1—§)]+ <p%exp[yz (1—

(42)

(4b)

(4c)

(4d)

(52)

(Sb)

(5¢)

(5d)
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e = 1+22)((pi% folfol (r'+x) {‘P%yAexp[Vl(l_ %)]_ ‘P%J’Bexl?[)/z (1—
D drdz (5¢)

The mathematical model equations (3) were discretized with the standard, central second-
order accurate, finite difference scheme on grids with N x N points and steps sizes hr = h;

=h=1/(N-1). The discrete approximation reads as,

G(up)=Bu-pg)=0 (6)
where u € R" corresponds to the field variables, p € R is the parameter of interest, B an n

x n matrix and g: R" — R" a smooth mapping.
3. Numerical Methods

The branch of solutions for equation (6) was computed using a continuation
technique (Seydel and Hlavacek, 1987), (Allgower and Georg, 1997). The algorithm is
presented in detail in Juncu et al. (2006) and Juncu (2007, 2014). For this reason, only a

very brief description can be seen in the next paragraphs.
The extended system used by the continuation technique is:

G(up)=0 (7a)
N (u,ps)=0 (7b)

where (7b) is given by (Dinar and Keller, 1989):

N(u,p,s)EHu—u(o)H2+(p—p(o))z}lm—&s 8)

10
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If u@ (s@), p© (s©) are the solution of (7) and & s the continuation step in s, the new

solution is calculated as following:

- Predictor Step, (Dinar and Keller, 1989)

(0) _,,(-1)
—_— (0) u —Uu
g=ul? 4 (5s)——— (9a)
(0) _ n(-1)
p=p(@(ss) =P (9b)

(58%0)

- Corrector Step

Newton method applied to (7).

Iterative methods (Preconditioned Conjugate Gradient Squared, PCGS, algorithm,
Sonneveld, 1989) were used as linear solver in a Newton step. The continuation algorithm
acts on a single, coarse grid. The coarse grid solution is refined by the following MG
method (FAST type algorithms, Hackbusch, 1982):

Q) the parameter p is changed only on the coarse grid where the enlarged

system (7a, b) is solved; the coarse grid equation should include the fine
grid residuals of all equations;

(i) on fine grids only equation (7a) is smoothed.

The computation starts at low values of p with a usual continuation algorithm. After few
steps, the program switches to the continuation procedures described previously with &
calculated from the last solutions. The technique for automatically changing the step length

o5 is presented in Juncu et al. (2006). The algorithms described previously gave a way for

11
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passing through bifurcation points. To accurately locate the critical points, the alternative
approach, based on Cayley transform and power iteration, was used in this work.

The numerical performances of the algorithm are practically the same with those
reported in Juncu (2007, 2014). The present numerical results were obtained on a mesh

with 65 x 65 points.

4. Results

The dimensionless mathematical model (5) depends on eight non-dimensional
parameters: B, yi2), 6, x, €% and <pf(2). In all simulations, the Prater number 1 was the
continuation parameter and takes values in the range, 0 < 1 < 0.8 (Aris, 1975 and Froment
et al., 2011). The dimensionless activation energies, yi2) and the dimensionless reaction

parameters, gof(z) take values in the range (Aris, 1975 and Froment et al., 2011), 0 < y1(2) <
28,0.1 < <pf(2) < 10. For ¢ and y the same values as in Juncu (2014) were used, i.e. 0.1 <¢

<10 and 10 < y < 102 The values considered for the ratio ¢ are, 6 = + 0.7, 0.5, 0.3,

+0.1.

The number of parameters for the mathematical model of the complex chemical
reactions is greater than the number of parameters of the mathematical model of the single
chemical reaction. The increase in the number of parameters increases the number of steady
state solutions. The search for the maximum number of the steady state solutions was one
the main targets of the articles that investigated the bifurcation behavior of complex

chemical reactions for lumped parameter models.

12
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For the present mathematical model, an infinite number of steady state solutions
exists even for the case of the single chemical reaction. Thus, the analysis of the increase
in the number of steady state solutions cannot be an aim for the present study. The present
study starts from the following observation draw by Hlavacek et al. (1972): an analogy
always exists between the single and consecutive exothermic reactions. The Hlavacek
analogy is used in this work for both parallel and consecutive chemical reactions.
Concretely, the present investigation consists of: for a given set of reaction parameters and
different values of the geometric groups, the bifurcation diagrams of the complex chemical
reactions calculated for -0.7 < 6 < 0.7 are compared with the bifurcation diagram of the
single chemical reaction. The case when one of the chemical reactions is exothermic and
the other endothermic is also investigated. In the vicinity of the critical boundaries, it is
obvious that differences exist between the results provided by the single chemical reaction
and the complex chemical reactions. For this reason, the comparison between the
bifurcation diagrams of the complex chemical reactions and the single chemical reaction

will be performed for parameters values far from the critical boundaries.

4.1 Parallel Reaction

From the numerical experiments made, the bifurcation diagrams computed for ¢?
=0.4; ¢5 = 0.3; y1 = 20; y2 = 18 were selected to be presented in this section. The values
of the reaction parameters for the single chemical reaction are: y = 20, ¢? = 0.4. Figures 1
(6=1,y=1)and 2 (¢ = 0.1, y = 1) show the case when the exothermic parallel and single
chemical reactions have the same bifurcation diagrams. The bifurcation diagrams of the

exothermic parallel and single chemical reactions presented in figure 1 are of the type 1 —

13
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3 -1 (only two turning points were detected). Bifurcation diagrams with an infinite number
of steady state solutions for both exothermic parallel and single chemical reactions are
plotted in figure 2. Figures 1 and 2 show that for the parallel chemical reactions the
increase in ¢ decreases the 1 values at the ignition and extinction points. The bifurcation
diagram of the exothermic single chemical reaction can be viewed as an approximate
envelope of the bifurcation diagrams of the exothermic parallel chemical reactions.
However, the differences between the values of £ at the ignition and extinction points for

the parallel and singular reactions are not negligible.

For the parameter values used in figures 1 and 2 multiple steady states exist for the
parallel chemical reactions even when the second chemical reaction is endothermic. Figure
2 shows multiple steady states (an infinite number of steady states) for 6 = -0.3. For the
case depicted in figure 1 multiple steady states occur when 6 < -0.3 (the bifurcation
diagrams are of the type 1 — 3 — 1). To avoid too many curves on the same graph, the
bifurcation diagrams obtained for 6 = £0.5 and ¢ = £0.1 are not plotted on figures 1 and 2.
The bifurcation diagrams obtained for negative values of 6 do not intersect with the
bifurcation diagrams of the exothermic single chemical reactions. In this case, the
bifurcation diagram of the exothermic single chemical reaction cannot be considered an
approximate envelope of the bifurcation diagrams of the parallel chemical reactions.
However, for the cases presented in figures 1 and 2, one may consider the Hlavacek

analogy valid.

Figure 3 (¢ = 0.1, y = 10*) shows the case when, for the exothermic parallel
chemical reactions, the increase in ¢ changes the type of bifurcation diagram from a

diagram with an infinite number of steady states (6 = -0.3) to a diagram of the type 1 — 3 —

14
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1(0=0.3,0.7). The single chemical reaction exhibits a bifurcation diagram with an infinite
number of steady states. For y— 0 the hollow cylinder solutions tend to the solid cylinder
solutions. The numerical simulations made shown that, for the same values of the reaction
parameters and the geometric parameter ¢, the solid cylinder does not exhibit multiple

steady states at 0 =0.3 and 0 = 0.7.

When 6 < 0 and o decreases, the change of the path of solutions from a complex
case that exhibits multiple steady states to a simple case when multiplicity does not occur
is an expected phenomenon. The change of the path of solutions from a complex diagram
to a simple one when ¢ > 0 and ¢ increases cannot be considered an expected phenomenon.
Usually, the increase in the exothermicity of the system should increase the complexity of

the bifurcation diagram.

Numerical simulations were made for other values of the reaction parameters. If the
reaction parameters are selected such that there are significant differences between the
reaction rates of the two chemical reactions (the rate of the second reaction is significantly
smaller than the rate of the first reaction), the bifurcation diagrams for the parallel reaction
overlap on the bifurcation diagram of the single chemical reaction. When the rates the two
reactions are comparable, bifurcation diagrams similar to those presented in figures 1 — 3
were obtained. Cases when the Hlavacek analogy is valid for all values of the geometric
parameters used in this section were encountered. For example, the case: for @2 = 0.3; ¢3
= 0.2; y1 = 20; y» = 18. However, even in this case, the bifurcation diagrams of the solid
cylinder (1 — 3 — 1) are different from those of the hollow cylinder for ¢ = 0.1, y = 10*

(infinite number of steady states).

15
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4.2 Consecutive Reaction

Bifurcation diagrams computed for the consecutive chemical reaction are presented
in figures 4, 5 and 6. For the data plotted in figures 4 - 6 the numerical values of the

parameters are identical to those used in figures 1, 2 and 3. Figures 4 - 6 show that:

- The consecutive chemical reaction and the single chemical reaction exhibit the

same bifurcation behavior;

- The exothermic — endothermic consecutive chemical reaction has multiple
steady states for all 6 values used in this work; as for the parallel chemical
reaction, the increase in ¢ decreases the 1 values at the ignition and extinction

points;

- The bifurcation diagram of the single chemical reaction can be viewed as a
separatrix between the bifurcation diagrams of the exothermic consecutive
chemical reactions and the bifurcation diagrams of the consecutive exothermic

— endothermic chemical reactions;

It must be mentioned that the solid cylinder exhibits the same bifurcation behaviour as the

hollow cylinder for y = 10,

Numerical simulations were made for other values of the reaction parameters
(including the cases @? = @2; y1 = y2 and @? < @2; y1 < y2). When the differences between
the reaction parameters of the two chemical reactions are relatively small, the consecutive
reaction bifurcation diagrams overlap on the bifurcation diagram of the single chemical
reaction (situation similar to that encountered at the parallel reaction). If the rates the two

reactions are comparable, bifurcation diagrams similar to those presented in figures 4 — 6

16
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were obtained. The numerical simulations made have been show that, from the point of
view of Hlavacek analogy, the bifurcation behaviour of the consecutive reaction is most

stable versus the variation of the reaction parameters than that of the parallel reaction.

For the consecutive chemical reaction an important quantity that deserves to be
analysed is the yield / selectivity in the intermediate species B. Bifurcation diagrams for
the yield in the intermediate species B are presented in figures 7 — 9. The values for the

reaction and geometric parameters are the same as in figures 4 — 6. Figures 7 — 9 show that:

- Inall cases, the maximum value of the average yield in the intermediate species

B is placed at the extinction point;

- The increase in ¢ decreases the numerical values of yg and implicitly the

maximum value of ys.

The bifurcation diagrams for the effectiveness factor #g are presented in figures 10 — 12 for
the same values of the reaction and geometric parameters. Figures 10 — 12 show that #s
exhibits the same bifurcation behaviour as the dimensionless average temperature. It
increases very fast after the extinction point when both chemical reactions are exothermic.
The fast increase in zg corresponds to the fast increase in the pellet dimensionless

temperature and the decrease in the yield of the intermediate species B.

5. Conclusions

The bifurcation diagrams of a non-isothermal finite hollow cylinder catalyst pellet

were calculated for the first-order parallel and consecutive chemical reactions. The external

17
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gradients are neglected. A numerical MG continuation technique with pseudo-arc-length
parametrization was applied to the finite difference approximation of the mathematical

model.

Starting from the Hlavacek’s observation, e.g. an analogy always exists between
the single and consecutive exothermic reactions, the bifurcation diagrams of the parallel
and consecutive chemical reactions were compared to the bifurcation diagrams of the
single chemical reaction. The bifurcation diagram of the single chemical reaction intersects
the bifurcation diagrams of the exothermic parallel chemical reactions. For the consecutive
chemical reaction, the bifurcation diagram of the single chemical reaction is a separatrix
between the bifurcation diagrams of the exothermic and exothermic — endothermic
reactions. For both parallel and consecutive reactions, multiple steady states were observed
for the case of exothermic — endothermic chemical reactions. For consecutive chemical
reactions, when multiplicity is present, the maximum value of the yield in the intermediate

species B is located at the extinction point.

18
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Figures Captions

Figure 1. Bifurcation diagrams for parallel chemical reactions; ¢? = 0.4; ¢% = 0.3; y1 = 20;
1n=18;¢=1; y=1.

Figure 2. Bifurcation diagrams for parallel chemical reactions; ¢? = 0.4; ¢3 = 0.3; y1 = 20;
12=18;¢=0.1,; y=1.

Figure 3. Bifurcation diagrams for parallel chemical reactions; ¢? = 0.4; ¢2 = 0.3; y1 = 20;
y2=18;e=0.1; y = 10,

Figure 4. Bifurcation diagrams for consecutive chemical reactions; ¢? = 0.4; ¢35 =0.3; n1
=20;72=18;¢=1;y=1.

Figure 5. Bifurcation diagrams for consecutive chemical reactions; ¢? = 0.4; 3 = 0.3; 1
=20;y.=18;¢=0.1; y=1.

Figure 6. Bifurcation diagrams for consecutive chemical reactions; ¢? = 0.4; 3 = 0.3; 1
=20;y.=18;e=0.1; y = 10™.

Figure 7. Bifurcation diagrams for the yield of the intermediate product, yg, of the
consecutive chemical reactions; ¢ = 0.4; @5 =0.3; y1 =20; 2 =18; e =1; y = 1.

Figure 8. Bifurcation diagrams for the yield of the intermediate product, ys, of the
consecutive chemical reactions; ¢? = 0.4; % =0.3; y1=20; . =18;e=0.1; y = 1.

Figure 9. Bifurcation diagrams for the yield of the intermediate product, yg, of the
consecutive chemical reactions; ¢? = 0.4; % =0.3; y1 =20; 72 = 18; £ =0.1; y = 10™.
Figure 10. Bifurcation diagrams for the effectiveness factor, #g, for ¢? = 0.4; 93 =0.3; 1
=20;7,=18;¢=1;y=1.

Figure 11. Bifurcation diagrams for the effectiveness factor, #s, for @2 = 0.4; % = 0.3; 1

=20;72=18;¢=0.1; y = 1.
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Figure 12. Bifurcation diagrams for the effectiveness factor, #s, for @2 = 0.4; % = 0.3; 1

=20;72=18;¢=0.1,; y = 104,
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Figure 2.
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Figure 4.
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Figure 5.
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Figure 9.
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