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HYPER-DUAL HORADAM QUATERNIONS

ELIF TAN', N. ROSA AIT-AMRANE?, AND ISMAIL GOK*

ABSTRACT. This paper deals with developing a new class of quaternions,
called hyper-dual Horadam quaternions which are constructed from the
quaternions whose components are hyper-dual Horadam numbers. We
investigate the algebraic properties of these quaternions.

1. INTRODUCTION

Dual numbers were invented by Clifford [3] as an extension of the real
numbers. The set of dual numbers is defined as

D={d=a+a"c|a,a" € R}, (1.1)

where ¢ is the dual unit with € # 0,2 = 0. Dual numbers have many inter-
esting applications on mechanics, robotics, computer graphics, geometry, and
physics. Especially, they are important to represent rigid body motions in
3D-space. The addition and multiplication of two dual numbers d; = a + a*e
and do = b + b*e are defined as

di +dy = (a+b) + (a* + b*)e and dide = ab+ (ab* + a*b)e,

respectively.

Similar to the quaternions, dual quaternions are defined by taking dual
numbers instead of real numbers as a coefficient. A dual quaternion ¢ is
defined as

q = do + dyi + doj + dsk,

where dy, dy,ds,ds € I, and the elements i, j, k satisfies the quaternion multi-
plication rule:

i2 = §? = k* = ijk = —1. (1.2)
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Since any dual quaternion can be written as a dual number with real quater-
nion coefficient, it is constructed from 8 real parameters. For the detailed in-
formation related to these numbers and their applications, we refer to [3,9,16].

Hyper-dual numbers can be seen as an extension of dual numbers in the
same way that quaternions are an extension of complex numbers. To get
an advantage on exact calculations of second (or higher) derivatives, Fike
and Alanso [6,7] introduced the hyper-dual numbers. The set of hyper-dual
numbers is defined by

HD = {D:CLO + a1€1 + ag2e9 + aze1€2 | ap,a1,a2,a3 € R} , (1.3)
where the dual units €1 and €5 satisfy the following rules:
€2 =2 = (6169)2 =0, g1 # 9,61 # 0,62 # 0,6169 = £951 # 0. (1.4)

Hyper-dual numbers form a 4-dimensional vector space over real numbers
with basis {1,e1,e2,6162}. Also, a hyper-dual number D can be written as
D = d+ d*c* where d = a9 + a16,d* = as +aze € D and 1 = €,e90 = &*.
Let Dy = dy 4+ dje* and Dy = dy + d5¢* be any two hyper-dual numbers. The
addition and the multiplication of hyper-dual numbers are defined as:

D1+ Dy = (d1 + dz) + (d? + d;)&‘* and D1 Dy = dids + (dld; + dez)E*.

For applications of hyper-dual numbers, see [4,5, 8].
Recently, Aslan et al. [1] have defined the hyper-dual split quaternions as

q= Do + D1i+ Dyj + D3k (1.5)

where Dg, D1, Do, D3 € HID and 1, j, k satisfy the split quaternion multiplica-
tion rule 2 = —1,5% = k? = ijk = 1. It is clear to see that a hyper-dual
quaternion is constructed from 16 real parameters. For the algebraic proper-
ties and the geometric interpretations of hyper-dual split quaternions, we refer
to [1].

On the other hand, Horadam [11] introduced the quaternions whose compo-
nents are Fibonacci numbers. More generally, by using Horadam’s approach,
Halic1 [10] defined the nth Horadam quaternion as

Qun = Wy + Wpt1? + Wny2j + w3k, (1.6)
where {wy, } is the Horadam sequence [12] and defined by
Wy, = PWp—1 + qWp—2, N =>2 (17)

with the arbitrary initial conditions wg,w; and nonzero integers p,q. It is
clear to see that the Horadam sequence {w,} := {w, (wo,w1;p,q)} general-
izes many well known integer sequences such as Fibonacci sequence {F,} =
{wy, (0,1;1,1)}, Lucas sequence { Ly, } = {wy, (2,1;1,1)}, generalized Fibonacci
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sequence {u,} = {wy, (0,1;p,q9)}, and the generalized Lucas sequence {v,} =
{wn (2,p;p,q)} . The Binet formula of the Horadam sequence {w,,} is

w Aa™ — BS"

"= T8
where A := w1—wofB, B := w1 —wpa, and «, 3 are the roots of the characteristic
polynomial 22 — px — ¢,that is; o = (p+\/;m) , 0= (p_\/gm). Also we have

af = —q,a+ B =p,A:=a—fB = /p*+4q with p? + 4¢ > 0. The Binet
formula for the Horadam quaternions is

Aa*a™ — BB*5"
Qw,n: 5I87
a—p

where a* = 1 4+ ai 4+ o2j + ®k and * = 1+ Bi + %) + $3k. For details,
see [2,10,18].

Also, Nurkan and Guven [14] introduced the dual Fibonacci quaternions
by taking dual Fibonacci numbers instead of real numbers as a coefficient.
These numbers can also be seen as dual numbers with Fibonacci quaternion
coefficient. A generalization of dual Fibonacci quaternions can be found in [17].
In [13], the author introduced the dual Horadam quaternions as

(1.8)

(1.9)

Quin = W, + Wy 1% + Wnyoj + Wnysk, (1.10)

where w,, = w, + wy41€ is the nth dual Horadam number. Recently, in [15],
the authors defined the hyper-dual numbers whose coefficients are from the
sequences {Ugy, } and {Vj, } which reduce to the sequences {wy, (0,1;p,1)} and
{wn, (2,p;p,1)} for k = 1, respectively.

In this paper, motivating the definition of hyper-dual split quaternions in [1],
we consider the quaternions whose coefficients are taken from hyper-dual Ho-
radam numbers. To do this, first we define the hyper-dual Horadam numbers,
then introduce the quaternions whose coefficients are taken from those num-
bers. We give the generating function and the Binet formula for the hyper-dual
Horadam quaternions. Some algebraic properties of these quaternions such as
Vajda’s identity, Catalan’s identity, Cassini’s identity, and d’Ocagne’s identity
are derived with the aid of the Binet formula. Moreover, we develop some
matrix identities involving the hyper-dual Horadam quaternions which allow
us to obtain the some properties of these quaternions.

2. MAIN RESULTS

In this section, first we define the hyper-dual Horadam numbers, then by
using hyper-dual Horadam numbers we introduce the hyper-dual Horadam
quaternions, and investigate the basic properties of these quaternions.
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Definition 1. The nth hyper-dual Horadam number is defined as
Wpn = Wn, + Wnt1€1 + Wnt282 + Wi t3€1€2,

where w,, is the nth Horadam number and 1, e9 are dual units satisfies the
multiplication rule in (1.4).

Definition 2. The nth hyper-dual Horadam quaternion is defined as
Qw,n = '@n + ﬁ)\n+1i + ﬁ}n+2j + fa}n+3k‘7

where 1w, is the nth hyper-dual Horadam number and 4,7,k satisfies the
quaternion multiplication rule in (1.2).

In the following table, we give the types of quaternions which are mentioned
in this paper.

] Type of quaternion Definition ‘

Horadam quaternion [10] Qun = Wy + Wpt1% + Wny2] + Wpisk,
wy, 18 the nth Horadam number

Dual Horadam quaternion [13] @w,n = Wy, + Wna1l + Wnio) + Wnoisk,
Wy, is the nth dual Horadam number

Hyper-dual Horadam quaternion @w,n = Wy, + Wnt1% + Wni2] + Wnisk,
Wy, is the nth hyper-dual Horadam number

Table 1

Note that the nth hyper-dual Horadam quaternion can be expressed as

@w,n = Qw,n + Qw,n+151 + Qw,n+252 + Qw,n+351527
where Q) is the nth Horadam quaternion, and e1,e2 are dual units. The
addition and the multiplication of two hyper-dual Horadam quaternions @\w,n
and @w,m are defined as

@w,n + C/Q\w,m = (Qw,n + Qw,m) + (Qw,n-l—l + Qw,m+1) €1
+ (Qw,n+2 + Qw,m+2) €2 + (Qw,n+3 + Qw,m+3) £1€2,

Qw,an,m = Qw,an,m + (Qw,an,m—i—l + Qw,n—i—le,m) €1
=+ (QW,HQ’LUJ)%L? + Qw,n+2Qw,m) €2
+ (Qw,an,m+3 + Qw,n—l—le,m—i—? + Qw,n+2Qw,m+1 + Qw,n+3Qw,m) €1€2.

respectively.
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The norm of a hyper-dual Horadam quaternion @, , is defined as
N (Quin) = QuinQuin = QuunQuin = B2 + B2y + B + 0
wn) = WwnWyn = YunCwn = Wy T Wnpipg T Wy T Wyys,s

where @w,n = Wy, — Wp41% — Wpt2] — Wnsk is the conjugate of @w,n. Also the

norm of @w,n can be obtained by the determinant of the matrix

Wy + Wpy1t  —Wpy2J — W3t
Wnt2] — Wnt30 Wy, — Wp410
Theorem 1. The hyper-dual Horadam quaternions satisfy the following rela-

tion:
@w,n = p@w,nfl + qéjw,nf% n > 2.
Proof. From the definition of the hyper-dual Horadam quaternions and Ho-
radam quaternions, we have
PQun1+0Qun2 = D(Qun1+ Qunel + Qunti12 + Quni261€2)
+q (Qun—2 + Qun—-161 + Qune2 + Qun+1€1€2)
= (pQw,n—l + QQw,n—2) + (pQw,n + QQw,n—l) €1
+ (pQw,n—H + QQw,n) €2 + (pQw,n-i-Z + QQw,n-i-l) £€1€2
= Qw,n + Qw,n+151 + Qw,n+252 + Qw,n+35152-
O

Theorem 2. The generating function for the hyper-dual Horadam quaternions
18
Qw,O + (Qw,l - pQw,O) €

Glx) 1 — pxr — qu?

Proof. Let

o0 o0
G@) =Y Quat" = Quo+ Quiz + Y Quaa™
n=0 n=2

From Theorem 1, we have
(1—px— qxz) G(z)

0 0 0
= Qw,O + Qw,lx + Z Qw,nxn - pQw,OfB —-p Z Qw,nflxn —q Z Qw,n72wn
n=2

n=2 n=2

0
= Qw,O + Qw,l$ - pQw,Oiv + Z (Qw,n - pQw,nfl - QQw,an) x"
n=2

= @w,() + (@w,l - p@w,O) €.
Thus, we get the desired result. ([
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Theorem 3. The Binet formula of the hyper-dual Horadam quaternions is
~ Aa*aa™ — BB*Bp"

w,n — Of—ﬁ ’

where o = 14 ai + o?j + &k and B* = 1+ Bi + B + B2k and o =
1+ et + aZes + alerey and B =1+ Ber + B%ea + BPe1e2.

Proof. From the Binet formula of the Horadam quaternions in (1.9), we have

Q\w,n = Qw,n + Qw,n+151 + Qw,n+252 + Qw,n+35152
Aao*a™ — BB*B" Aarontt — BpFpntt
a—p3 a—p3
Aa*at2 — Bp*rpnt? Aa*ant3 — Bp*pnts
+ €2+ €1€2
a—p3 a—p3
Aa*a™ BA*3"™
- fec (14 aer + a’es + a35162) _BBS (14 Ber + BPes + Be1e2)

a—p3 a—p3

Aa*aa™ — BB*pp"

a—p
O

From Theorem 3, the Binet formulas of the hyper-dual generalized Fibonacci
and Lucas quaternions can be obtained as

a*aa” — A"

P and @v’n = oo™ + B*BE", (2.1)

-~
Qu,n =

respectively.
By using (2.1), we obtain the following relation between the hyper-dual
Fibonacci quaternions and the hyper-dual Lucas quaternions.

Theorem 4. Let n be a positive integer. For the hyper-dual Fibonacci quater-
nions and the hyper-dual Lucas quaternions, the following equality holds:

Qv,n = Qu,nJrl + un,nfl-

Now we need the following lemma which allows us a remarkable simplifi-
cation for obtaining the properties of the hyper-dual Horadam quaternions.
We should note that the set of hyper-dual numbers form a commutative alge-
bra. Therefore we have a8 = Sa. But since the quaternion multiplication is
noncommutative, we have o** # *a*.
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Lemma 1. Let 0 :=1—q+¢*> — ¢® and w := (1fq)i+(1+p2+q)k:. Then
we have

Qg = 60 -1,
a’ft = Quo—0—Aq(Quo—w),
fra’ = Quo— 0+ Aq(Quo—w).

Proof. The proof can be done by using the multiplication rules in (1.2) and
(1.4). The results for a** and f*a* can also be found in [2, Lemma 1]. O

Theorem 5. (Vajda’s Identity) For integers n,r, and s, we have

@w,n—i—r@w,n—l—s_@w,n@w,n—l—r—l—s = AB <_Q)n (60 - 1) Uy ((QU,O - 0) Us + q (Qu,O - w) 'l)5> .

Proof. From the Binet formula of the hyper-dual Horadam quaternions, we
have

82 (@@~ Q@i

= (Aa*aa™" — BB*BA™T) (Aa*aa"™ — BB*BA™T)
—(Aa*aa™ — BB*BA") (Aaaa™ " — BA*pA"T)

— A2 (a*g)Q a2n+r+s7ABa*B*géan+rﬁn+s7ABB*a*égan+s/6n+r+B2 (ﬁ*ﬁ) 2 62n+7‘+s
_ A2 (a*g)z OéZn—l—'r—i—s_i_ABa*IB*QéanIBn—&—T—l—S_{_ABﬁ*a*éQIBnan—i-r—&-s_B2 (5*§)2 52n+7‘+8

= AB (aﬁ)”g@ (a*ﬁ* (_arﬂs + /BH_S) + B*a* (_a557" + ar+5)) .

By using Lemma 1, we have

Qw,n-i-r Qw,n—i—s _Qw,n Qw,n+r+s

_ %f (—9)" B (BB (o = B7) + Ba*a’ (o — B7))
A

_ TB (~a)" afur (B*a*a® — a*5*5°)

= 22 )" aBur (Quo— 0+ Aq(Quo —w))0®

_AB

A (—Q)ngﬁur (Quo — 0 — Aq(Quo —w)) B°

= AB(=q)" (v — 1) ur ((Qu,0 = 0) tts + ¢ (Quo — w) vs) -



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 March 2021

8 ELIF TAN! N. ROSA AIT-AMRANE?, AND ISMAIL GOK!

From Theorem 5, we have the following results:
If we set 1 — —s, we get Catalan’s identity for the hyper-dual Horadam
quaternions:

~ ~ ~9
Qw,n—sQw,n+s - w,n

= —AB (_Q)nis (60 - 1) Usg ((QU,O - 0) Us +q (Qu,O - w) Us) . (2'2)
EALE

If we set s = —r = 1, we get Cassini’s identity for the hyper-dual Horadam
quaternions:

Here note that u_,, =

Q\w,nfléw,n+1 - A%u,n
= —AB(=)" (@ — 1) (Quo — 0 + pq (Quo — w)).- (2.3)

If we set s — m — n, and fix r = 1, we get d’Ocagne’s identity for the
hyper-dual Horadam quaternions:

@w,n—i—l@w,m - @w,n@\w,m—i—l
= AB(—q)" (00— 1) ((Quo — 0) um—n + ¢ (Quo — W) Um—p). (2.4)

Next, we give some summation formulas for the hyper-dual Horadam quater-
nions.

Theorem 6. For n > 2, we have

nil @ @w,n - @w,l +q (Q\w,nfl - @w,O)
w,r — .
r=1 ptq- 1

Proof. From the Binet formula for the hyper-dual Horadam quaternions, we
have

“~ Aa*ao” — BR*BB"

n—1
;Qw,r = Z Ot—ﬁ

r=1 r=1
B Ao*a (a" — « Bﬁ*ﬁ p"—pB
 a-— (a—1>_a—ﬁ<ﬁ—l>
1

_ (_ (Aa*ga”—Bﬂ*ﬁﬂ")—q(Aa*ga"_l—Bﬂ*éﬁ"_l)

(a=B)(1-p—q)

+q (Aa*a — BB ) + (Aa*aa — BB*Bf))

_Q\w,n - qéjw,nfl + qéjw,() + Cjw,l
l1-p—gq '
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Theorem 7. For nonnegative integers n and r, we have

n

n _ ~ ~
Z (m) """ Quantr = Qu 2mtr

m=0

Proof. From the Binet formula for the hyper-dual Horadam quaternions, we
have

n
n _ ~

g ( )qn mmew,erT
m

m=0
n n e AOL*QOZ”H_T _ Bﬁ*gﬁm+r
- 2 (e ()
A * r n B T n
= Aty (e o= ZEEL Y () g
m=0 m=0
* T BA* T
= L[_ga (qupa)"—iﬂ_éﬂ (q+pB)"
a—f B
Aa*ga2n+r _ Bﬁ*/@ﬁ%ﬁ-r
= — = Qw,Zm—i—r-
a—pf

O

Finally, we give some matrix representations for the hyper-dual Horadam
quaternions, and derive some properties of the hyper-dual Horadam quater-
nions by using matrix approach.

Let define the matrices U: = | £ ¢ ] , W= [ Wnt2  qWni1 } . It is well-

10 Wp+1  qWn
known that for the Horadam numbers, we have the matrix equality:

WoU" = W,,. (2.5)

Now let define the matrix M, , = [ Q\w’n+2 QQE’”—H ] . Considering the
Qw,n+1 QQw,n
relation (2.5), we have the matrix equalities

Mw,OUn = Mw,n (26)

and
Mu,O (WOUn_l) = Mw,na (27)

which can be proven by using induction.
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Theorem 8. For integers n,m > 1, we have the following equalities:

Qw,m+n = Qw,m—HUn + QQw,mun—la (2'8)
Qw,m+n = anu,m+1 + qwn—lQu,Tm (29)
Proof. From the matrix equality Mw,oUer”*2 = (waUm*l) Ul | we

have
|: A@w,ern qgw,ernfl :| _ |: @}\u,erl q\@w,m :| |: Un qUn—1 :|
Qw,m+n—1 QQw,m—i-n—Q Qw,m QQw,m—l Un—1 qUpn—2 .
By equating the corresponding entries of both sides of the matrix equation,
we get the identity (2.8).
Now consider the matrix equality M, o (WoUm+n_2) = (WOU”_l) Um_lMu,O.
Then we have

|: Q}g,m—i—n—kl q\Qw,m-l—n :| — |: Wn+41 qWn :| |: Q}bm—l—l (Z\Qu,m :|

Qw,'m+n QQw,ernfl Wn, qWn—1 Qu,m QQu,mfl
Similarly, by equating the corresponding entries of both sides of the above
matrix equation, we get the desired result in (2.9). O

From the matrix equalities (2.6) and (2.7), one can obtain several results for
the hyper-dual Horadam quaternions. For example, if we take the determinant
of the both side of this matrix identity (2.6), then we get the Cassini’s identity
in terms of hyper-dual Horadam quaternions as:

@w,n—l@w,n-i—l - @%u,n = (_Q)nil (@w,O@wQ - @3},1) . (210)

Note that different from the identity (2.3), here the right hand side of the
equation (2.10) is expressed in terms of only the hyper-dual Horadam quater-
nions.

3. CONCLUSION

In this paper, we define quaternions with hyper-dual Horadam numbers.
The main advantage of introducing the hyper-dual Horadam quaternions is
that many hyper-dual numbers with celebrated numbers such as Fibonacci,
Lucas, Pell, Pell-Lucas, Jacosthal, Jacobsthal-Lucas numbers can be deduced
as particular cases of the hyper-dual Horadam quaternions. We give generat-
ing function and Binet formula for these quaternions. With the help of the
Binet formula of hyper-dual Horadam quaternions, we derive many properties
of these quaternions such as summation formulas, binomial sum identities,
Vajda’s identity, Catalan’s identity, Cassini identity, and d’Ocagne’s identity.
Also by means of the matrix representation of hyper-dual Horadam quater-
nions, we examine several identities for these quaternions. The algebra of
quaternions is noncommutative, whereas the algebra of hyper-dual numbers is
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commutative. So, it is interesting to study special type of numbers which are
involving both quaternionic and hyper-dual units. For the interested readers,
the results of this paper could be applied for higher order hyper-dual numbers
which were given in [8].
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