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Abstract: The formulation and analytic solution of a new mathematical model with constitutive 
curvature for analysis of tunnel ventilation shaft wall is proposed. Based on the Mindlin-Reissner 
theory for thick shells, this model also takes into account the shell constitutive curvature and con-
siders an expression of the shear correction factor variable (αn) in terms of the thickness (h) and the 
radius of curvature (R). The main advantage of the proposed model is that it has the possibility to 
analyze thin, medium and thick tunnel ventilation shafts. As a result, two comparisons were made: 
the first one, between the new model and the Mindlin-Reissner model without constitutive curva-
ture with the shear correction factor (𝛼௡ = 6/5) as a constant, and the other, between the new 
model and the tridimensional numerical models (solids and shells) obtained by finite element 
method for different slenderness ratios (h/R). The limitation of the proposed model is that it is to be 
formulated for a general linear-elastic and axial-symmetrical state with continuous distribution of 
the mass. 

Keywords: Tunnel ventilation shafts; analytical modelling; analytic solution; bending theories; cy-
lindrical shells 
 

1. Introduction 
Tunnel ventilation shafts are vertical structural elements for accessing underground 

structures such as tunnels. The structural analysis of tunnel ventilation shafts is performed 
through a coaxial cylinder analysis scheme, in axial-symmetrical general state (load, ge-
ometry, material and boundary condition) (Figure 1). The importance of designing and 
building these structures lies in the increasing needs of hydro-sanitary network and new 
means of communications. Thus, a reliable analysis method for tunnel ventilation shafts 
is a necessity, for an optimum structural design must be guaranteed. 

In the classical Shell theory by Goldenveizer and Timoshenko [1-3], the three-dimen-
sional continuous solid is modelled by the middle surface of the solid plus the thickness 
of the shell, Equation (1). This allows the use of the resultant internal forces per unit of arc 
longitude: bending moment ( 𝑀௓, 𝑀ఏ ), shear forces ( 𝑄௭ ) and membrane axial forces 
(𝑁ఏ, 𝑁௭) (Figure 1). In addition, Figure 1 also shows the set of variables to be considered. 
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Figure 1. Mechanical model of tunnel ventilation shafts building by “floating shafts” construction 
system 

𝑓(𝛼ଵ, 𝛼ଶ, 𝛼ଷ) ∈ ℝଷᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
ௌ்ோாௌௌ

஽ாிைோெ஺்ூைேௌ
஽ூௌ௉௅஺஼ாொே்ௌ

= 𝑓(𝛼ଵ, 𝛼ଶ) ∈ ℝଶᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
ெூ஽஽௅ா ௌ௎ோி஺஼ா

ைி ்ுா ௌுா௅௅

+ ℎ(𝛼ଷ) ∈ ℝᇣᇧᇧᇤᇧᇧᇥ
ி௎ே஼்ூைே ௙ ஻ாு஺௏ூைோ

ூேௌூ஽ா ைி ்ுா
ௌுா௅௅ ்ுூ஼௄ோௌௌ

, 
(1)

Resultant internal forces per unit of arc longitude and middle deformations of the 
shell (𝜅௭, 𝜅ఏ, 𝛾௭ே, 𝜀ఏ, 𝜀௭) are related by the integration process inside the thickness of the 
shell [3,2]. The integration process, defines the constitutive model that will be used in the 
construction of the mathematical model, in terms of displacement (direct operational 
model) or in resultant internal forces per unit of arc longitude (inverse operational model) 

Equation (2) represents the classical lineal-elastic constitutive model that relates the 
resultant internal forces per unit of arc longitude and the middle deformations of the shell 
inside the classical shell [3,2,4,1], which presents the following limitations [2,5,1]: 

1. The model involves a bending of a flat plate ቀ
ଵ

ோ
= 0ቁ plus a membrane behavior 

without curvature; 
2. Nonexistence of the constitutive coupling between the membrane forces and the 

bending moments for any slenderness ratioቀ
௛

ோ
ቁ; 

3. Shear correction factor (𝛼௡) is employed in the constant shear force, independently 
of the shell slenderness ratio. 

𝑁ఏ = 𝐾(𝜀ఏ + 𝜇𝜀௭), 𝑁௓ = 𝐾(𝜀௭ + 𝜇𝜀ఏ), 𝑀௭ = 𝐷௙𝜅௭

𝑀ఏ = 𝜇𝑀௭, 𝑄௓ = 𝛼௡𝐾(1 − 𝜇)𝛾௓ே, 𝐷௙ =
1

12

𝐸ℎଷ

(1 − 𝜇ଶ)
, 𝐾 =

𝐸ℎ

1 − 𝜇ଶ
, 𝛼௡ =

6

5
   

 (2)

 
Figure 2. Lineal distribution of the normal stress (𝜎௭

∗), disregarding the constitutive curvature of 
the shell. 
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In this paper, a new Mindlin-Reissner mathematical flexural model for tunnel venti-
lation shafts analysis is obtained; it takes into account the shell constitutive curvature ef-
fect [3,2]; along whit an update in the shear correction factor (𝛼௡) for the shear distribution. 
A new lineal-elastic constitutive relationship between the resultant internal forces per unit 
of arc longitude and the middle deformations was obtained for the model construction. 
This constitutive relationship models the constitutive curvature effect in the flexo-com-
pression behavior of the tunnel ventilation shafts. The new model is a generalization of 
the Love-Kirchhoff and Mindlin-Reissner mathematical models, without constitutive cur-
vature for the analysis scheme of the coaxial cylinder (Figure 1). 

2. Coupled constitutive model for general bending of a coaxial cylinder 
The term 𝑑𝑠∗, represents the differential arc increased in the shell differential arc 

(𝑑𝜃) of the middle surface (Figure 3). Figure 3 shows the stress state in a “differential 
point” that belong to the surface 𝑆∗(𝑑𝑠∗𝑑𝑧). 

From the stress-strain state definition for the “differential point”, that belong to the 
surface 𝑆∗(𝑑𝑠∗𝑑𝑧) , Equation (3) and (4), it is possible to integrate the surfaces 
(𝑑𝐴ଵ 𝑎𝑛𝑑 𝑑𝐴ଶ) in order to obtain the resultant internal forces per unit of arc longitude: 
bending moments (𝑀௓, 𝑀ఏ), shear and membrane axial forces (𝑁ఏ, 𝑁௭) (Equation (5), Fig-
ure 3). The expressions of the middle surfaces of the shell in terms of the deformations are 
obtained by integrating with respect to the axis n, which it is orthogonal to the middle 
surface of the shell, Equation (7) and (8). For the integration process, the term ൬

ଵ

ଵା
೙

ೃ

൰, Equa-

tion (6), was developed in n potential- function (Taylor series expansion) [3] affecting the 
integrand with the substitution of the stress-strain state for the “differential point”, Equa-
tion(3) and (4), in Equation (5). 

 
Figure 3. Geometrical details for modeling the shell curvature in the free body diagram of the tun-
nel ventilation shaft differential slide. 

𝜎௭
∗ =

𝐸

1 − 𝜇ଶ
(𝜀௭

∗ + 𝜇𝜀ఏ
∗), 𝜎ఏ

∗ =
𝐸

1 − 𝜇ଶ
(𝜀ఏ

∗ + 𝜇𝜀௭
∗), 𝜏௭௡

∗ =
𝐸

(1 + 𝜇)
𝛾௭௡

∗ (3)

𝜀௭
∗ = 𝜀௭ + 𝑛𝜅௭, 𝜀ఏ

∗ =
 𝜀ఏ

1 +
𝑛
𝑅

, 𝛾௭௡
∗ = 𝛾௭௡ (4)
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𝑁௭ ൬
𝑓

𝑙
൰ = න 𝜎௭

∗ ቀ1 +
𝑛

𝑅
ቁ 𝑑𝑛

௛
ଶ

ି
௛
ଶ

, 𝑁ఏ ൬
𝑓

𝑙
൰ = න 𝜎ఏ

∗𝑑𝑛

௛
ଶ

ି
௛
ଶ

𝑄௭ ൬
𝑓

𝑙
൰ = 𝛼௡ න 𝜏௭௡

∗ ቀ1 +
𝑛

𝑅
ቁ 𝑑𝑛

௛
ଶ

ି
௛
ଶ

, 𝑀௭ ൬
𝑓𝑙

𝑙
൰ = න 𝜎௭

∗𝑛 ቀ1 +
𝑛

𝑅
ቁ 𝑑𝑛

௛
ଶ

ି
௛
ଶ

𝑀ఏ ൬
𝑓𝑙

𝑙
൰ = න 𝜎ఏ

∗𝑛𝑑𝑛

௛
ଶ

ି
௛
ଶ

;  𝑓: 𝑓𝑜𝑟𝑐𝑒𝑠 𝑢𝑛𝑖𝑡; 𝑙: 𝑙𝑒𝑛𝑔𝑡ℎ 𝑢𝑛𝑖𝑡 

 

 (5)

1

1 +
𝑛
𝑅

= 1 + ෍ ቀ−
𝑛

𝑅
ቁ

௜
ஶ

௜ୀଵ

 (6)

Eqs. (7) and (8) show a lineal-elastic coupled constitutive model between the mem-
brane forces and the moments for any slenderness ratio of the shell. If the shell curvature 
ቀ

ଵ

ோ
= 0ቁ is neglected in the Equation(7) or (8), the classical shell model, Equation(2), is ob-

tained. In addition, the lineal-elastic coupled constitutive model, Equation(7) and (8), is 
consistent with the coupled models defined by Galerkin, Novozhilov, Finkel’shtein and 
Lur’e, and others authors [3,2]. 

The deformation expressions in terms of the forces and moments, Equation (9), are 
obtained by inverting the coupled constitutive matrix [𝐷஼], Equation (8). It shall be noted 
that the symmetry on the constitutive matrices, Eqs. (8) and (9) guarantees the fulfillment 
of the shell theory general theorems [3,6,2]. 

Equation (10) represents the coupled constitutive matrix, Equation (8), for an unstiff-
ened orthotropic shell. It is noteworthy that Equation (10) generalizes the constitutive 
model employed by authors Rotter and Sadowski [4], opening the possibility for future 
research on this field 

 𝑁௭ = 𝐾(𝜀௭ + 𝜇𝜀ఏ) +
஽೑

ோ
𝜅௭,  𝑁ఏ = 𝐾(𝜀ఏ𝛼ଵ + 𝜇𝜀௭)

 𝑀௭ = 𝐷௙ ቀ𝜅௭ +
ఌ೥

ோ
ቁ , 𝑀ఏ = 𝐷௙ ቀ𝜇𝜅௭ −

ఌഇ

ோ
ቁ , 𝑄௓ = 𝛼௡𝐾(1 − 𝜇)𝛾௓ே

𝐷௙ =
ଵ

ଵଶ

ா௛య

(ଵିఓమ)
 , 𝐾 =

ா௛

ଵିఓమ ,      𝛼ଵ = ቀ1 +
௛మ

ଵଶோమቁ

, (7)

൦

𝑁௭

𝑁ఏ

𝑀௭

𝑄௭

൪ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝐾 𝜇𝐾

𝐷௙

𝑅
0

𝜇𝐾 𝐾𝛼ଵ 0 0
𝐷௙

𝑅
0 𝐷௙ 0

0 0 0
𝐸ℎ𝛼௡

(1 + 𝜇)⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

቎

𝜀௭

𝜀ఏ
𝜅௭ 

𝛾௭௡

቏      𝐷஼ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝐾 𝜇𝐾

𝐷௙

𝑅
0

𝜇𝐾 𝐾𝛼ଵ 0 0
𝐷௙

𝑅
0 𝐷௙ 0

0 0 0
𝐸ℎ𝛼௡

(1 + 𝜇)⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
஼௢௨௣௟௘ௗ ௖௢௡௦௧௜௧௨௧௜௩௘ ௠௔௧௥௜௫

 (8)

቎

𝜀௭

𝜀ఏ
𝜅௭ 

𝛾௭௡

቏ =

⎣
⎢
⎢
⎢
⎡
𝐻ଵଵ 𝐻ଵଶ 𝐻ଵଷ 0
𝐻ଶଵ 𝐻ଶଶ 𝐻ଶଷ 0
𝐻ଷଵ 𝐻ଷଶ 𝐻ଷଷ 0

0 0 0
(1 + 𝜇)

𝐸ℎ𝛼௡ ⎦
⎥
⎥
⎥
⎤

൦

𝑁௭

𝑁ఏ

𝑀௭

𝑄௭

൪

𝐻ଵଵ = −
𝑅ଶ𝛼ଵ

𝐹
, 𝐻ଶଶ =

𝐷௙

𝐾𝐹
−

𝑅ଶ

𝐹
,   𝐻ଷଷ = −

12𝑅ଶ(𝛼ଵ − 𝜇ଶ)

𝐾𝐹
, 𝐻ଵଶ = 𝐻ଶଵ =

𝜇𝑅ଶ

𝐹

𝐻ଵଷ = 𝐻ଷଵ

𝑅𝛼ଵ

𝐹
, 𝐻ଶଷ = 𝐻ଷଶ−

𝜇𝑅

𝐹
, 𝐹 =

𝐷௙ℎଶ

12𝑅ଶ
− 𝑅ଶ𝐸ℎ

 (9)
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝐾ଵ 𝜇௭ఏ𝐾ଶ

𝐷௙ଵ

𝑅
0

𝜇௭ఏ𝐾ଶ 𝐾ଶ𝛼ଵ 0 0
𝐷௙ଵ

𝑅
0 𝐷௙ଵ

0

0 0 0
𝐸௭ℎ𝛼௡

(1 + 𝜇௭ఏ)⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

     

𝐾ଵ =
𝐸௭ℎ

1 − 𝜇௭ఏ𝜇ఏ௭

𝐾ଶ =
𝐸ఏℎ

1 − 𝜇௭ఏ𝜇ఏ௭

𝐷௙ଵ
=

1

12

𝐸௭ℎଷ

(1 − 𝜇௭ఏ𝜇ఏ௭)

 (10)

The shear correction factor (𝛼௡) of constitutive equations, Eqs. (1), (5), (7), (8) and (9), 
for parabolic and uniform distributions [7] are obtained from the tangential stress of the 
energetic equilibrium. If a rectangular and homogeneous section (plate) is considered, the 
shear correction factor per unit of length is 𝛼௡ =

଺

ହ
= 1.2, Equation (11) [7], which is the 

default value of the FEM software [8,9], and corresponds to the classic constitutive model 
for plates in Mindlin-Reissner bending state, Equation (1). 

𝛼 =
𝐴ଵ

𝐼ଶ ቎න [𝑔ଵ(𝑛)]ଶ𝑑𝑛

௛
ଶ

ି
௛
ଶ

቏

𝑔ଵ(𝑛) = න 𝑛𝑑𝑛,
௭

ି
௛
ଶ

 𝐴ଵ = න 𝑑𝑛, 𝐼 = න 𝑛ଶ𝑑𝑛

௛
ଶ

ି
௛
ଶ

  

௛
ଶ

ି
௛
ଶ ⎭

⎪⎪
⎬

⎪⎪
⎫

𝛼 = 𝛼௡ =
6

5
 (11)

By inserting in Equation (11) the shell curvature geometrical relations (Figure 3), an 
expression for the shear correction factor variable (𝛼௡) per unit of arc longitude in cross-
cylindrical and homogeneous sections is obtained, Equation (12) and (13), which depends 
on the thickness and the radius of curvature of the shell (Figure 3). 

𝛼 =
𝐴ଵ

𝐼ଶ ቎න [𝑔ଵ(𝑛)]ଶ𝑑𝑛

௛
ଶ

ି
௛
ଶ

቏

𝑔ଵ(𝑛) = න 𝑛𝑑𝑛,
௭

ି
௛
ଶ

 𝐴ଵ = න 𝑑𝑛, 𝐼 = න 𝑛ଶ𝑑𝑛

௛
ଶ

ି
௛
ଶ

  

௛
ଶ

ି
௛
ଶ ⎭

⎪⎪
⎬

⎪⎪
⎫

𝛼 = 𝛼௡ =
6

5
 (12)

𝛼௡(ℎ, 𝑅) =
168𝑅ଷ − 140𝑅ଶℎ + 34𝑅ℎଶ + 7ℎଷ

140𝑅ଷ
 (13)

The advantage of the new shear correction factor, Equation (13), is that it takes into 
account the slenderness ratio of the tunnel ventilation shaft in a geometrical optimization 
analysis (Table 1). 

Table 1. Comparison between the new shear correction factor for tunnel ventilation 
shafts, and the shear correction factor for plates for different slenderness ratio ቀ

௛

ோ
ቁ. 

൬
ℎ

𝑅
൰ 𝛼௡ =

଺

ହ
 (Plate) 

𝛼௡ 
(shafts) 

Relative error (%) 

0.05 1.2 1.150613 4,2922 

0.10 1.2 1.102479 8,8456 

0.12 1.2 1.083584 10,7436 
𝟎. 𝟏𝟓 𝟏. 𝟐 𝟏. 𝟎𝟓𝟓𝟔𝟑𝟑 𝟏𝟑, 𝟔𝟕𝟓𝟗 

𝟎. 𝟐𝟎 𝟏. 𝟐 𝟏. 𝟎𝟏𝟎𝟏𝟏𝟒 𝟏𝟖, 𝟕𝟗𝟖𝟓 
𝟎. 𝟐𝟐 𝟏. 𝟐 𝟎. 𝟗𝟗𝟐𝟐𝟖𝟕 𝟐𝟎, 𝟗𝟑𝟐𝟖 

𝟎. 𝟐𝟓 𝟏. 𝟐 𝟎. 𝟗𝟔𝟓𝟗𝟔 𝟐𝟒, 𝟐𝟐𝟖𝟕 
 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 March 2021                   doi:10.20944/preprints202103.0376.v1

https://doi.org/10.20944/preprints202103.0376.v1


 6 of 17 
 

 

3. New mathematical operational model 
For this study, the internal equilibrium equations generate an equation set of one 

Hyper-static degree (HG), Equation (14) [1]. The kinematics equations, Equation (15), 
(Mindlin -Reissner) in cylindrical coordinate associated to Equation (14) can be obtained 
through the principle of the virtual works (PVW) but also with the transposition method 
[10,11,1]. 

෍ 𝐹௘೥ሬሬሬሬ⃗ = 0 ⇒ 

௡

௜ୀଵ

𝑑𝑁௭

𝑑𝑧
+ 𝑞௭ುು

= 0,    ෍ 𝐹௘೙ሬሬሬሬ⃗ = 0 ⇒ 

௡

௜ୀଵ

𝑁ఏ

𝑅
−

𝑑𝑄௭

𝑑𝑧
+ 𝑞௡ = 0

 ෍ 𝑀௘ഇሬሬሬሬሬ⃗ = 0 ⇒   
𝑑𝑀௭

𝑑𝑧
− 𝑄௭ = 0,       𝐺𝐻 = 1 (𝑁௭ , 𝑁ఏ, 𝑀௭, 𝑄௭)

௡

௜ୀଵ

 (14)

 𝜀ఏ = −
𝑈௡

𝑅
, 𝜀௭ =

𝑑𝑈௭

𝑑𝑧
, 𝜅௭ = −

𝑑𝜓௭

𝑑𝑧
, 𝛾௭௡ = − 

𝑑𝑈௡

𝑑𝑧
− 𝜓௭

𝐺𝐿 = 3 (𝑈௡, 𝑈௭  𝑦 𝜓௭  )
 (15)

By substituting the kinematics equations, Equation (15), and the coupled constitutive 
equations, Equation (7), into the equilibrium equations, Equation (14), a new mathemati-
cal operational model, Equation (16), is obtained, whose unknowns are the middle surface 
displacement of the shell (𝑈௡, 𝑈௭ , 𝜓௭). Equation (16) generalizes the mathematical model 
for isotropic shell presented by Rotter and Sadowski [4]. 

The analytical solution of the differential set equations, Equation (16), for complex 
boundary conditions and the inclusion of sections (loads, stiffness, etc.) is inapproachable. 
However, if the new mathematical model is formulated in terms of the resultant internal 
forces per unit of arc longitude (inverse operational model), it is possible to obtain an 
analytical solution of the model. 

𝐾
𝑑ଶ𝑈௭

𝑑𝑧ଶ
−

𝜇

𝑅

𝑑𝑈௡

𝑑𝑧
−

𝐷௙

𝑅

𝑑𝜓௭

𝑑𝑧
= −𝑞௭

𝜇

𝑅𝛼௡(1 − 𝜇)

𝑑𝑈௭

𝑑𝑧
+

𝑑ଶ𝑈௡

𝑑𝑧ଶ
−

𝛼ଵ

𝛼௡𝑅ଶ(1 − 𝜇)
𝑈௡ +

𝑑𝜓௭

𝑑𝑧
= −

𝑞௡

𝛼௡𝐾(1 − 𝜇)

𝐷௙

𝑅

𝑑ଶ𝑈௭

𝑑𝑧ଶ
+ 𝛼௡𝐾(1 − 𝜇)

𝑑𝑈௡

𝑑𝑧
− 𝐷௙

𝑑ଶ𝜓௭

𝑑𝑧ଶ
+ 𝛼௡𝐾(1 − 𝜇)𝜓௭ = 0

 (16)

The compatibility equations of deformations (Saint-Venant identities) and resultant 
internal forces functions per unit of arc longitude were obtained [12,13] for mathematical 
modeling in terms of the resultant internal forces per unit of arc longitude. 

The new functions for the resultant internal forces per unit of arc longitude, Equation 
(18), and the new compatibility equation of deformations, Equation (17), were obtained 
by applying the indeterminate coefficient method (ICM) [14]. By substituting Equation 
(18) in the internal equilibrium equations of the shell, Equation (14), the equation satisfies 
itself, which is the general solution of the internal equilibrium of the shell. 

𝑅
𝑑ଶ𝜀ఏ

𝑑𝑧ଶ
+ 𝜅௓ −

𝑑𝛾௓ே

𝑑𝑧
= 0 (17)

𝑁ఏ(𝑧) = −𝑅
𝑑ଶ𝜃

𝑑𝑧ଶ
− 𝑅𝑞௡(𝑧), 𝑀௭(𝑧) = −𝜃,  𝑄௓ = −

𝑑𝜃

𝑑𝑧
   

𝑁௭ = 𝛾௠ ቆ𝐻𝑧 −
𝑧ଶ

2
−

𝐻ଶ

2
ቇ

 (18)

By substituting Equation (18) and the coupled constitutive model with curvature, 
Equation (7), in the compatibility equation of deformations, Equation (17), the new in-
verse-operational mathematical model is obtained, Equation (19). 
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ௗరఏ

ௗ௭రด
஻ாே஽ூேீ ஼ைே்ோூ஻௎்ூைே

+ 𝐴ଵ
ௗమఏ

ௗ௭మᇣᇤᇥ
ௌுா஺ோ ிைோ஼ா ஼ைே்ோூ஻௎்ூைே

+ 𝐵ଵ𝜃ต
ொெ஻ோ஺ே஺௅ ிைோ஼ா

஼ைே்ோூ஻௎்ூைே

= 𝐹஼ீ (𝑧)

𝐹஼ீ(𝑧) =
ுమభ

ோுమమ

ௗమே೥

ௗ௭మ −
ௗమ௤ಿ

ௗ௭మ +
ுయభ

ோమுమమ
𝑁௭ −

ுయమ

ோுమమ
𝑞ே

𝐴ଵ = −
ଵ

ோுమమ
ቀ𝐻ଶଷ + 𝐻ଷଶ −

ଵ

ோ

(ଵାఓ)

ா௛ఈ೙
ቁ , 𝐵ଵ =

ுయయ

ோమுమమ

, (19)

The coefficients A1 and B1 from the Equation (19) characterize the influence of the 
shear and the membrane force facing the bending respectively. 

4. Particular cases 
If the constitutive curvature of the shell is disregarded in the mathematical model, 

Equation (19), the following mathematical model is obtained, Equation (20). 
ௗరఏ

ௗ௭ర + 𝐴
ௗమఏ

ௗ௭మ + 𝐵𝜃 = 𝐹ௌீ(𝑧);           𝐹ௌீ(𝑧) = −
ఓ

ோ

ௗమே೥

ௗ௭మ −
ௗమ௤ಿ

ௗ௭మ

𝐴 = −
ହ

଺

(ଵାఓ)

ோమ  𝑦 𝐵 =
ସ

஼ర ;   𝐶ସ =  
௛మோమ

ଷ(ଵିఓమ)
 

, (20)

The mathematical model expressed in Equation (20), is a strong-operational formu-
lation in terms of the resultant internal forces per unit of arc longitude of the Mindlin-
Reissner flexural model for a coaxial cylinder; and its numerical resolution by FEM (weak-
formulation) represents a reference for the analysis of thick shells. 

Furthermore, Equation (21) shows a comparative analysis between the second mem-
ber of the mathematical models, 𝐹஼ீ(𝑧) 𝑎𝑛𝑑 𝐹ௌீ(𝑧), with and without constitutive curva-
ture respectively, Equation (19)-(20). Equation (21) shows the additional effects originated 
by the axial forces and the orthogonal load model that are not considered in Equation (20). 

𝐹஼ீ (𝑧) =
ுమభ

ோுమమต

≅ି
ഋ

ೃ

ௗమே೥

ௗ௭మ −
ௗమ௤ಿ

ௗ௭మ

ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
ி௜௥௦௧ ௢௥ௗ௘௥ ௘௙௙௘௖௧

ிೄಸ(௭) 
   

+
ுయభ

ோమுమమ
𝑁௭ᇣᇧᇤᇧᇥ

ை௙ ௧௛௘ ௔௫௜௔௟ ௙௢௥௖௘

−
ுయమ

ோுమమ
𝑞ேᇣᇧᇤᇧᇥ

ை௙ ௧௛௘ ௖௜௥௖௨௠௙௘௥௘௡௧௜௔௟ ௙௢௥௖௘ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
 ஼௢௡௦௧௜௧௨௧௜௩௘ ௌ௘௖௢௡ௗ ௢௥ௗ௘௥ ௘௙௙௘௖௧

, 

(21)

If the shell constitutive curvature and the shear deformation [15] are disre-
garded (𝛾௭௡ = 0) in the general mathematical model, Equation (19), the bending model in 
operational formulation of Love-Kirchhoff in term of the resultant internal forces per unit 
of arc longitude is obtained, Equation (22). 

𝛾௓ே = 0 ⇒  𝜓௭ =
ௗ௎೙

ௗ௭
⟹     

ௗరఏ

ௗ௭ర +
ସ

஼ర 𝜃 = −
ఓ

ோ

ௗమே೥

ௗ௭మ −
ௗమ௤ಿ

ௗ௭మ , (22)

Since the dependency between the twist, 𝜓௭ , and the fundamental displacement, 𝑈௡, 
are conditioned, the Love-Kirchhoff model for the bending of a coaxial cylinder generates 
an equality between the Hyper-Static degree (𝜃 = 1) and the degree of freedom,  𝑈௡, of 
the model. This means that the formulation in terms of the resultant internal forces per 
unit of arc longitude, Equation (22), as well as the formulation in terms of fundamental 
displacement, Equation (23), endure to only one differential equation. 

Equation (23) is the most widely used mathematical model for analytical analysis and 
structural flexo-compression design, whose scheme of analysis is reduced to a coaxial cyl-
inder (Figure 1) [2,16-19,1,20]. 

ௗర௎೙

ௗ௭ర +
ସ

஼ర 𝑈௡ =
௤ಿ

஽೑
+

ఓ

ோ஽೑
𝑁௭   𝐶ସ =  

௛మோమ

ଷ(ଵିఓమ)
;

𝑆. 𝐹. 𝑆 = ቄ𝑒ቀ
೥

೎
ቁ𝑐𝑜𝑠 ቀ

௭

௖
ቁ 𝑧, 𝑒ቀ

೥

೎
ቁ𝑠𝑒𝑛 ቀ

௭

௖
ቁ 𝑧 + 𝑒ቀି

೥

೎
ቁ𝑐𝑜𝑠 ቀ

௭

௖
ቁ 𝑧, 𝑒ቀି

೥

೎
ቁ𝑠𝑒𝑛 ቀ

௭

௖
ቁ 𝑧ቅ

, (23)
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5. Analytical resolution of the new mathematical model 
The mathematical model, with and without constitutive curvature in terms of the 

resultant internal forces per unit of arc longitude, Equation (19) and (20), is the nonhomo-
geneous fourth-order-lineal differential equations with constant coefficients. The main 
difficulty is to obtain its homogeneous solution,  𝜃𝑐, due to the shear of each model (terms 
A and A1). The general solution of the model is the sum of two solutions due to its linear-
ity, Equation (24), i.e., the homogeneous solution, 𝜃𝑐, and the particular solution, 𝜃𝑝, 
[21,22]. 

By applying the general theory of differential equation [21], the homogeneous solu-
tion 𝜃𝑐(𝑧), Equation (27) and (28), is obtained, as well as the characteristic equation, Equa-
tion (25), and the fundamental solution system (F.S.S), Equation (26), are obtained. Out of 
the two F.S.S, the most employed in engineering is the case 𝐷 < 0 due to the fact that the 
thickness is smaller in comparison with the principal radius of curvature ቀ

௛

ோ
≪ 1ቁ. 

𝜃(𝑧) = 𝜃𝑐(𝑧) + 𝜃𝑝(𝑧), (24)

𝑚ସ − 𝐴𝑚ଶ + 𝐵 = 0 ⇒ 𝑚ଵ = √𝛼 , 𝑚ଶ = ඥ𝛽, 𝑚ଷ = −√𝛼 , 𝑚ସ = −ඥ𝛽  

Being: 𝐷 = 𝐴ଶ − 4𝐵, 𝛼 =
𝐴

2
+

√𝐷

2
 𝑦 𝛽 =

𝐴

2
−

√𝐷

2

 (25)

𝐼𝑓 𝐷 > 0 ⇒ (real solutions) ⇒ 𝑆. 𝐹. 𝑆 = ቄ𝑒√ఈ ௭ , 𝑒ି√ఈ ௭, 𝑒ඥఉ௭  , 𝑒ିඥఉ௭ ቅ

𝐼𝑓 𝐷 < 0 ⇒ (complex solutions) ⇒ 𝑆. 𝐹. 𝑆 =
൛𝑒 ఒభ௭𝑐𝑜𝑠𝜆ଶ𝑧,  𝑒ఒభ௭𝑠𝑒𝑛𝜆ଶ𝑧 +

𝑒ିఒభ௭𝑐𝑜𝑠𝜆ଶ𝑧,  𝑒ିఒభ௭𝑠𝑒𝑛𝜆ଶ𝑧ൟ

 (26)

𝜃𝑐(𝑧) = 𝐴ଵ𝑒ఒభ௭ 𝑐𝑜𝑠 𝜆ଶ𝑧 + 𝐴ଶ𝑒ఒభ௭ 𝑠𝑒𝑛 𝜆ଶ𝑧 + 𝐴ଷ𝑒ିఒభ௭ 𝑐𝑜𝑠 𝜆ଶ𝑧 + 𝐴ସ𝑒ିఒభ௭ 𝑠𝑒𝑛 𝜆ଶ𝑧 (27)

Being: 
𝜆ଵ = √𝑟 𝑐𝑜𝑠

ఏ

ଶ

𝜆ଶ = √𝑟 𝑠𝑒𝑛
ఏ

ଶ

ቑ
𝑟 =

ଵ

ଶ
ඥ𝐴ଶ + |𝐷|

𝜃 = 𝑇𝑎𝑛ିଵ ൬
ඥ|஽|

஺
൰

 (28)

If the mathematical condition 𝜆ଵ = 𝜆ଶ =
ଵ

௖
 is evaluated in the new F.S.S, Equation 

(26), then the general solution of the Love - Kirchhoff model with constitutive isotropy is 
obtained, Equation (23). 

The particular or nonhomogeneous solutions (𝜃𝑝ଵ 𝑎𝑛𝑑 𝜃𝑝ଶ), Equation (30), are ob-
tained by applying the Lagrange’s parameters variation method [21], and depend on the 
function that operates on the left-hand side term of the differential equations, 
𝐹஼ீ(𝑧) 𝑎𝑛𝑑 𝐹ௌீ(𝑧). 

Figure 4 and Equation (29) shows the results when a load model characterized by the 
own weight of the tunnel ventilation shaft wall, 𝑞௭೛೛

(𝑧), the horizontal effective stress, 
 𝐾଴𝜎 ,, and the overload action, 𝑞௡మ

, are defined. 
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Figure 4. Load model 

  
𝑞௭೛೛

(𝑧) = −𝛾௠ℎ  

𝑞௡(𝑧) = 𝑞௠𝑧 + 𝑞௡భ
; 𝑞௠ =

௤೙మି௤೙భ

ு
;   𝑞௡భ

= 𝐾଴𝐻(𝛾௦ − 𝛾௔) + 𝛾௔𝐻 + 𝑞௡మ
 
, (29)

𝜃𝑝ଵ = 𝑓ଵ𝑧 + 𝑓ଶ ⟹ 𝐹𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 18

 

𝜃𝑝ଶ = 0 ⟹ 𝐹𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛19

𝐵𝑒𝑖𝑛𝑔: 𝑓ଵ =
−𝐻ଷଶ𝑞௠ 

𝐵ଵ𝑅𝐻ଶଶ

+
𝐻ଷଵ𝛾௠ℎ

𝐵ଵ𝑅ଶ𝐻ଶଶ

; 𝑓ଶ = −
𝐻ଷଶ𝑞௡భ

𝐵ଵ𝑅𝐻ଶଶ

−
𝐻ଷଵ𝛾௠ℎ𝐻

𝐵ଵ𝑅ଶ𝐻ଶଶ

 
 (30)

Once the general solution, Equation (27) and (30), of the resultant internal forces per 
unit of arc longitude (θ) is obtained, it is necessary to evaluate the boundary conditions 
imposed on the mathematical model (Table 2) [23]. Six-boundary conditions are required 
to solve the flexo-compression problem with coupled constitutive curvature (Table 2). 
Boundary conditions used in EN 1993-1-6 Eurocode [23] are adopted in this paper, along 
with the Mindlin-Reissner and Timoshenko bending theory particularity. 

From a complete and fit definition of the function, 𝜃, the internal forces per unit of 
arc longitude (𝑀௓, 𝑀ఏ, 𝑄௭, 𝑁ఏ, 𝑁௭) are founded by applying Equation (18). Subsequently, by 
using the coupled constitutive equations, Equation (10), the deformations on the middle 
surface of the shell (𝜅௭, 𝜅ఏ, 𝛾௭ே, 𝜀ఏ, 𝜀௭) are obtained, and to conclude, the integration pro-
cess, the displacement field (𝑈௡, 𝑈௭, 𝜓௭) is determined by employing the Mindlin-Reiss-
ner kinematics equations, Equation (15). The stress-strain state of the coaxial cylinder is 
finally obtained through Equation (3) and (4). 
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Table 2. Comparison between the new shear correction factor for tunnel ventilation 
shafts, and the shear correction factor for plates for different slenderness ratio ቀ

௛

ோ
ቁ. 

 
 
 
 

The analytical solutions were implemented in the mathematical assistant MATHLAB 
[24], developing the user graphic interfaces with GUIDE tool. A computer program was 
created for stress-strain state analysis of tunnel ventilation shafts with and without cou-
pled constitutive curvature (Figure 5). 

 
Figure 5. Program analysis and viewer results. 

6. Numerical results and discussions 
In this section, fundamental concepts in the shells-analytical and numerical analyses 

(FEM) in general bending state are illustrated. The physical-mechanical parameters (Table 
3) of a typical tunnel ventilation shaft built in the soft soil of Mexico City from Espejel [25] 
were employed for numerical comparison. 

Bearing in mind that there is a continuity between the base and the tunnel ventilation 
shaft wall, a Clamped condition on the cylinder base (BC1r in z = 0) was assumed, along 
with the free edge on the top (BC1r in z = H). The analytical results (with and without 
constitutive curvature) were compared with FEM results, using the ABAQUS software 
[26] (Figure 6-7) and considering different formulations (Table 4). 

Table 3. Physical, mechanical and geometrical properties of the tunnel ventilation shaft Nº1 of the proyect-“Río La Compañia” 
from Espejel 8. 

Physical and mechanical properties 

𝐸 = 2.378𝑥10଻ ௞ே

௠మ    𝛾௔ = 10
௞ே

௠య    𝛾௠ = 20.46
௞ே

௠య   𝛾௦ = 10.23
௞ே

௠య    
𝜇 = 0.2

𝐾଴ = 0.8
 𝑞௡భ

= 206.735 
௞ே

௠మ   𝑞௡మ
= 0 

Geometrical properties 

ℎ = 0.70 𝑚 𝐻 = 20.30 𝑚  𝑅 = 6 𝑚 Ratio ቀ
௛

ோ
ቁ = 0.12 

 

  

ID Simple term Radial displacement (𝑼𝒏) 
Twist angle (𝝍𝒛) 

Shear (𝑸𝒛) 
Bending moment (𝑴𝒛) 

Axial displacement (𝑼𝒛) 

BC1 r Clamped 𝑈௡ = 0  𝑎𝑛𝑑 𝜓௭ = 0 𝑈௭ = 0 
BC1 f 𝑈௡ = 0  𝑎𝑛𝑑 𝑀௭ = 0 𝑈௭ = 0 
BC2 r Pinned 𝑈௡ = 0  𝑎𝑛𝑑 𝜓௭ = 0 𝑈௭ ≠ 0 
BC2 f 𝑈௡ = 0  𝑎𝑛𝑑 𝑀௭ = 0 𝑈௭ ≠ 0 
BC3 Free edge 𝑀௭ = 0  𝑎𝑛𝑑 𝑄௭ = 0 𝑈௭ ≠ 0 
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Table 4. Finite element types and statistical meshing. 

Finite element type description 

𝒉

𝑹
= 𝟎. 𝟎𝟓 

𝒉

𝑹
= 𝟎. 𝟏𝟐 

𝒉

𝑹
= 𝟎. 𝟐𝟓 

Nodes Elements Nodes Elements Nodes Elements 

Solid 
elements 
3D 

C3D20R: A 20-node quadratic brick, 
reduced integration 

59644 8432 289708 57528 326636 71928 

C3D8R: An 8-node linear brick, reduced 
integration, hourglass control 

17112 8432 77456 57528 84952 71928 

Shell 
elements 

S8R: An 8-node doubly curved thick 
shell, reduced integration 

8694 8568 8694 8568 8694 8568 

S4R: A 4-node doubly curved thin or 
thick shell, reduced integration, 
hourglass control, finite membrane 
strains 

25956 8568 25956 8568 25956 8568 

 

 
Figure 6. Meshing for different slenderness ratio with finite element solid 3D. 

 
Figure 7. Details of the numerical model in Abaqus. 

It is known, [27,28,7] that the standard 8-nodes-solid element with complete integra-
tion (C3D8), presents a locking-shear problem when used for shells modeling. This prob-
lem is bigger when the slenderness increases, and its bending behavior prevails. This nu-
merical locking indicates the incapacity of the interpolation functions (and its gradients) 
to adapt to solid behavior that often invalidates the obtained solutions [28]. The elements 
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of reduced integration of first and second order (C3D8R and C3D20R), present more pre-
cision in flexo-compression problems with bending predominance than the ones corre-
sponding to complete integration-elements, in addition to a reduction in the computing 
time [26]. The second-order solid elements allow modeling of the curved surfaces with 
fewer elements, as well as a greater approximation in areas of high stresses concentration. 
The shell element S4R is valid for thin or thick-shell problems [26], but it has the disad-
vantage that it does not obtain the shear per unit of thickness (𝑄௭) as output, which allows 
the subsequent calculation of the transversal stress. The S8R element is valid for thick shell 
analysis. 

The numerical models used in this paper considers different slenderness ratio in the 
shell, as well as the employment of the shell elements (S4R and S8R) and solid elements 
(C3D8R and C3D20R) (Table 4 and Figure 6). 

The C3D8R element shows a bad convergence in the obtaining of the maximum lon-
gitudinal stress at the base of the cylinder (clamped) (bending concentration) (Table 7 and 
8). Although, the elements are provide by the Hourglass control [26] there is a stiffness of 
the shell in that section (Figure 10 and 11). Due to the linearity of the interpolation func-
tions, it is necessary to generate more than one C3D8R element inside the thickness of the 
shell, which will be able to model the bending concentration in that cross section. The 
C3D20R element employs trigonometric interpolation functions, which allow modeling 
with one element into the small thickness of the shell ቀ௛

ோ
≤ 0.05ቁ and the stress distribu-

tion (circumferential and longitudinal) in the alteration zones [3,1]. 
For the longitudinal stress (longitudinal flexor-compression), in all shell domain, the 

analytical solution with constitutive curvature shows numerical superiority than the one 
obtained through the C3D8R element with more than one element inside the thickness of 
the shell (Figure 10 and 11; Table 7 and 8). 

The analytic solution with constitutive curvature shows numerical superiority com-
pared with Shell-elements (S8S and S4R) for all results in the entire high of the tunnel 
ventilation shaft (Figure 8-13; Table 5-8). 

An important aspect for structural design in reinforced concrete is the change in the 
circumferential flexural moment configuration with the increment of the slenderness ratio 
of the shell (Figure 13) for analytical solution with constitutive curvature. For a slender-
ness ratio of 0.25, the studied shell does not have an inversion in the circumferential flex-
ural moment (Figure 13), exalting the physical phenomena that occur: a decreasing of the 
circumferential negative moment when increase the slenderness ratio. That is, when the 
shell is not thin anymore ቀ

௛

ோ
> 0.05ቁ, the bending moment analysis in the circumferential 

direction is insufficient if the classical constitutive relationship is applied, Equation (31), 
[4,5,1] on a revolution shell (isotropic, orthotropic and anisotropic) under a general distri-
bution of axial-symmetric pressures. 

 𝑀ఏ = ±𝜇 𝑀௭, (31)

Table 5. Maximum circumferential stress in extrados for different slenderness ratio. 

൬
𝒉

𝑹
൰ 

 
Le

ng
th

 (m
) 

Maximum circumferential stress in extrados (𝝈𝜽) ቀ𝒌𝑵
𝒎𝟐ൗ ቁ 

 Analytical solution FEM SHELLS FEM 3D 

 With 
CC 

Without 
CC 

% 
EA 

S4R 
% 
ES4R 

S8R 
% 
ES8R 

C3D8R 
% 
EC3D8R 

C3D20R 
% EA-
C3D20R 

0.05  2.54 3753.36 3844.50 2.43 3596.92 4.168 3773.11 0.526 3730.3 0.514 3749.56 0.101 

0.12  3.64 1452.20 1532.18 5.51 1447.13 0.349 1447.63 0.315 1640.83 0.787 1628.02 10.800 
0.25  4.87 589.15 648.87 11.08 586.868 0.387 587.301 0.314 752.557 0.557 748.391 21.278 
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 Where: CC: Constitutive curvature 
EA: relative error between the analytical results (Pattern: analytical solution With CC) 
ES4R: relative error between the analytical result With CC and shell element S4R (Pattern: analytical 
solution With CC) 
ES8R: relative error between the analytical result With CC and shell element S8R (Pattern: analytical 
solution With CC) 
EC3D8R: relative error between the elements C3D8R and C3D20R (Pattern: C3D20R) 
EA-C3D20R: relative error between the analytical result With CC and the element C3D20R (Pattern: 
C3D20R) 

Table 6. Maximum circumferential stress in intrados for different slenderness. 

൬
𝒉

𝑹
൰ 

Le
ng

th
 (m

) 

Maximum circumferential stress in intrados (𝝈𝜽) ቀ𝒌𝑵
𝒎𝟐ൗ ቁ 

Analytical solution FEM SHELLS FEM 3D 
With 
CC 

Without 
CC 

% EA S4R 
% 

ES4R 
S8R 

% 
ES8R 

C3D8R 
% 

EC3D8R 
C3D20R 

% EA-
C3D20R 

0.05 3.02 3696.29 3599.44 2.62 3834.26 3.733 3599.85 2.609 3619.5 4.517 3790.72 2.491 
0.12 4.25 1497.70 1408.37 5.96 1335.59 10.824 1336.09 10.791 1665.84 0.471 1673.72 10.517 

0.25 5.56 663.38 582.56 12.18 649.409 2.106 649.813 2.045 828.22 1.459 840.48 21.071 
See Table 5 for legend 

Table 7. Maximum longitudinal stress in extrados for different slenderness ratio. 

൬
𝒉

𝑹
൰ 

Maximum longitudinal stress in extrados (𝝈𝒛) ቀ𝒌𝑵
𝒎𝟐ൗ ቁ z = 0 

Analytical solution FEM SHELLS FEM 3D 
With 
CC 

Without 
CC 

% 
EA 

S4R 
% 
ES4R 

S8R 
% 
ES8R 

C3D8R 
% 
EC3D8R 

C3D20R 
% EA-
C3D20R 

0.05 6224.44 6283.61 0.95 4429.12 28.843 6006.91 3.495 412.305 93.334 6184.77 0.641 
0.12 2186.12 2245.51 2.72 1623.46 25.738 1917.51 12.287 1265.24 53.086 2696.94 18.941 

0.25 608.33 667.96 9.80 432.582 28.890 537.565 11.633 535.274 57.637 1263.55 51.855 
See Table 5 for legend 

Table 8. Maximum longitudinal stress in intrados for different slenderness ratio. 

൬
𝒉

𝑹
൰ 

Maximum longitudinal stress in intrados (𝝈𝒛)  ቀ𝒌𝑵
𝒎𝟐ൗ ቁ z = 0 

Analytical solution FEM SHELLS FEM 3D 
With 
CC 

Without 
CC 

% 
EA 

S4R 
% 
ES4R 

S8R 
% 
ES8R 

C3D8R 
% 
EC3D8R 

C3D20R 
% EA-
C3D20R 

0.05 7166.70 7114.29 0.73 5253.69 26.693 6837.6 4.592 412.305 94.214 7126.37 0.566 
0.12 3119.97 3076.18 1.40 2450.06 21.472 2748.18 11.916 2179.69 40.199 3644.93 14.402 

0.25 1528.02 1498.64 1.92 1258.13 17.663 1368.24 10.457 1444.26 33.889 2184.61 30.055 

See Table 5 for legend 
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Figure 8. Circumferential stress in extrados for thin, medium and thick shells, considering differ-
ent models. 

 
Figure 9. Circumferential stress in intrados for thin, medium and thick shells, considering differ-
ent models. 

 

Figure 10. Longitudinal stress in intrados for thin, medium and thick shells, considering different 
models. 

 
Figure 11. Longitudinal stress in extrados for thin, medium and thick shells, considering different 
models. 
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Figure 12. Longitudinal flexural moment for thin, medium and thick shells, considering different 
models. 

 
Figure 13. Circumferential flexural moment for thin, medium and thick shells, considering differ-
ent models. 

7. Conclusions 

The formulation and analytic solution presented in this paper, displays the generality of 
combining the Mindlin-Reissner theory, the shear correction factor properly for cylindri-
cal shell, and the general coupled constitutive model (isotropic and orthotropic) without 
disregarding the shell curvature from the constitutive. 

The proposed mathematical model presents three independent degrees of freedom 
(𝑈௡, 𝑈௭, 𝜓௭) and it is formulated in terms of the resultant internal forces per unit of arc 
longitude. This has the advantage of allowing the analysis of cylindrical shell by analyti-
cal formulation with thin, medium and thick thickness under a general distribution of 
axial-symmetric pressures with the very best numerical reliability in the entire shell do-
main. 

Potentially engineering applications include tunnel ventilation shafts, tubular piles un-
der earth pressures, tanks under hydrostatic pressures, reinforced concrete silos under 
granular solid pressures, gas-filled cisterns, simple alteration effect analysis in thin and 
medium shells and, chimneys. A practical example has been illustrated in a tunnel venti-
lation shaft analysis for different slenderness ratio ቀ

௛

ோ
ቁ, resulting in the following 

significant conclusions: 

1. When the isotropic shell is thin, ቀ௛

ோ
≤ 0.05ቁ its predominant resistant mechanism is 

the circumferential membrane force with an inversion of bending moments in the 
both main directions. From an increase in the slenderness ratio, the flexural contri-
bution in the two main directions dominates the internal equilibrium of the shell and, 
the inserting of the constitutive curvature acquires the biggest importance in the 
structural response of the shell. For analysis and tunnel ventilation shafts design with 
slenderness ratio of ௛

ோ
≥ 0.12 it is recommendable to insert the constitutive curva-

ture; 
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2. The equations and the general methodology displayed in this paper might be use-
fully employed in the analysis and design of the cylindrical shell (isotropic and or-
thotropic) under general distribution of axial-symmetric pressures. The mathemati-
cal model formulated in terms of the internal forces per unit of arc longitude allows 
to solve differential equation systems of multiple degrees of freedom and to model 
the complex boundary conditions by the Saint-Venant simplification. For this study 
case, the equations can be applied by means of the basic spreadsheets as tools to assist 
in the design. 
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