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Abstract: The formulation and analytic solution of a new mathematical model with constitutive
curvature for analysis of tunnel ventilation shaft wall is proposed. Based on the Mindlin-Reissner
theory for thick shells, this model also takes into account the shell constitutive curvature and con-
siders an expression of the shear correction factor variable (an) in terms of the thickness (h) and the
radius of curvature (R). The main advantage of the proposed model is that it has the possibility to
analyze thin, medium and thick tunnel ventilation shafts. As a result, two comparisons were made:
the first one, between the new model and the Mindlin-Reissner model without constitutive curva-
ture with the shear correction factor (@, = 6/5) as a constant, and the other, between the new
model and the tridimensional numerical models (solids and shells) obtained by finite element
method for different slenderness ratios (h/R). The limitation of the proposed model is that it is to be
formulated for a general linear-elastic and axial-symmetrical state with continuous distribution of
the mass.

Keywords: Tunnel ventilation shafts; analytical modelling; analytic solution; bending theories; cy-
lindrical shells

1. Introduction

Tunnel ventilation shafts are vertical structural elements for accessing underground
structures such as tunnels. The structural analysis of tunnel ventilation shafts is performed
through a coaxial cylinder analysis scheme, in axial-symmetrical general state (load, ge-
ometry, material and boundary condition) (Figure 1). The importance of designing and
building these structures lies in the increasing needs of hydro-sanitary network and new
means of communications. Thus, a reliable analysis method for tunnel ventilation shafts
is a necessity, for an optimum structural design must be guaranteed.

In the classical Shell theory by Goldenveizer and Timoshenko [1-3], the three-dimen-
sional continuous solid is modelled by the middle surface of the solid plus the thickness
of the shell, Equation (1). This allows the use of the resultant internal forces per unit of arc
longitude: bending moment (M, My ), shear forces (Q,) and membrane axial forces
(Ng, N,) (Figure 1). In addition, Figure 1 also shows the set of variables to be considered.
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Figure 1. Mechanical model of tunnel ventilation shafts building by “floating shafts” construction
system

flay, a5 a3) €R® = f(ay, a;) € R + h(az) ER

STRESS MIDDLE SURFACE FUNCTION f BEHAVIOR (]_)
DEFORMATIONS OF THE SHELL INSIDE OF THE
DISPLACEMENTS SHELL THICKNESS

Resultant internal forces per unit of arc longitude and middle deformations of the
shell (x,, kg, V,n, €9, €,) are related by the integration process inside the thickness of the
shell [3,2]. The integration process, defines the constitutive model that will be used in the
construction of the mathematical model, in terms of displacement (direct operational
model) or in resultant internal forces per unit of arc longitude (inverse operational model)

Equation (2) represents the classical lineal-elastic constitutive model that relates the
resultant internal forces per unit of arc longitude and the middle deformations of the shell
inside the classical shell [3,2,4,1], which presents the following limitations [2,5,1]:

1. The model involves a bending of a flat plate (% = 0) plus a membrane behavior
without curvature;

2. Nonexistence of the constitutive coupling between the membrane forces and the
bending moments for any slenderness ratio(%) ;

3. Shear correction factor (a,) is employed in the constant shear force, independently
of the shell slenderness ratio.
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1 ‘o @)
20— 1o
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Figure 2. Lineal distribution of the normal stress (g,*), disregarding the constitutive curvature of
the shell.
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In this paper, a new Mindlin-Reissner mathematical flexural model for tunnel venti-
lation shafts analysis is obtained; it takes into account the shell constitutive curvature ef-
fect [3,2]; along whit an update in the shear correction factor (@) for the shear distribution.
A new lineal-elastic constitutive relationship between the resultant internal forces per unit
of arc longitude and the middle deformations was obtained for the model construction.
This constitutive relationship models the constitutive curvature effect in the flexo-com-
pression behavior of the tunnel ventilation shafts. The new model is a generalization of
the Love-Kirchhoff and Mindlin-Reissner mathematical models, without constitutive cur-
vature for the analysis scheme of the coaxial cylinder (Figure 1).

2. Coupled constitutive model for general bending of a coaxial cylinder

The term ds”, represents the differential arc increased in the shell differential arc
(d8) of the middle surface (Figure 3). Figure 3 shows the stress state in a “differential
point” that belong to the surface S*(ds*dz).

From the stress-strain state definition for the “differential point”, that belong to the
surface S*(ds*dz) , Equation (3) and (4), it is possible to integrate the surfaces
(dA; and dA;) in order to obtain the resultant internal forces per unit of arc longitude:
bending moments (Mz, My), shear and membrane axial forces (Ng, N,) (Equation (5), Fig-
ure 3). The expressions of the middle surfaces of the shell in terms of the deformations are
obtained by integrating with respect to the axis n, which it is orthogonal to the middle

surface of the shell, Equation (7) and (8). For the integration process, the term <ﬁ>, Equa-
R

tion (6), was developed in n potential- function (Taylor series expansion) [3] affecting the
integrand with the substitution of the stress-strain state for the “differential point”, Equa-
tion(3) and (4), in Equation (5).

Figure 3. Geometrical details for modeling the shell curvature in the free body diagram of the tun-
nel ventilation shaft differential slide.
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Egs. (7) and (8) show a lineal-elastic coupled constitutive model between the mem-
brane forces and the moments for any slenderness ratio of the shell. If the shell curvature

(% = 0) is neglected in the Equation(7) or (8), the classical shell model, Equation(2), is ob-

tained. In addition, the lineal-elastic coupled constitutive model, Equation(7) and (8), is
consistent with the coupled models defined by Galerkin, Novozhilov, Finkel'shtein and
Lur’e, and others authors [3,2].

The deformation expressions in terms of the forces and moments, Equation (9), are
obtained by inverting the coupled constitutive matrix [D.], Equation (8). It shall be noted
that the symmetry on the constitutive matrices, Egs. (8) and (9) guarantees the fulfillment
of the shell theory general theorems [3,6,2].

Equation (10) represents the coupled constitutive matrix, Equation (8), for an unstiff-
ened orthotropic shell. It is noteworthy that Equation (10) generalizes the constitutive
model employed by authors Rotter and Sadowski [4], opening the possibility for future
research on this field
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The shear correction factor (a,,) of constitutive equations, Egs. (1), (5), (7), (8) and (9),
for parabolic and uniform distributions [7] are obtained from the tangential stress of the
energetic equilibrium. If a rectangular and homogeneous section (plate) is considered, the
shear correction factor per unit of length is a, = g = 1.2, Equation (11) [7], which is the
default value of the FEM software [8,9], and corresponds to the classic constitutive model
for plates in Mindlin-Reissner bending state, Equation (1).
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By inserting in Equation (11) the shell curvature geometrical relations (Figure 3), an
expression for the shear correction factor variable (a,) per unit of arc longitude in cross-
cylindrical and homogeneous sections is obtained, Equation (12) and (13), which depends
on the thickness and the radius of curvature of the shell (Figure 3).
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The advantage of the new shear correction factor, Equation (13), is that it takes into
account the slenderness ratio of the tunnel ventilation shaft in a geometrical optimization
analysis (Table 1).

a,(hLR) = (13)

Table 1. Comparison between the new shear correction factor for tunnel ventilation

shafts, and the shear correction factor for plates for different slenderness ratio (%)

<ﬁ) a, = a (Plate) " Relative error (%)
R 5 (shafts)

0.05 1.2 1.150613 4,2922

0.10 1.2 1.102479 8,8456

0.12 1.2 1.083584 10,7436
0.15 1.2 1.055633 13,6759
0.20 1.2 1.010114 18,7985
0.22 1.2 0.992287 20,9328

0.25 1.2 0.96596 24,2287
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3. New mathematical operational model

For this study, the internal equilibrium equations generate an equation set of one
Hyper-static degree (HG), Equation (14) [1]. The kinematics equations, Equation (15),
(Mindlin -Reissner) in cylindrical coordinate associated to Equation (14) can be obtained
through the principle of the virtual works (PVW) but also with the transposition method

[10,11,1].
& dN & N, dQ
z 4 z
2, Fe =02 Gy =0 ) =02 g =0
i=1 n i=1 (14)
dMm,
ZM@=O=> PP -Q,=0, GH=1(N,Ng,M,Q,)
i=1
U, _du, _dy, _du,
59__7! &€z = dz ’ KZ__dZ’ Yzn = — dz —1/)2 (15)

GL=3U,U,yy, )

By substituting the kinematics equations, Equation (15), and the coupled constitutive
equations, Equation (7), into the equilibrium equations, Equation (14), a new mathemati-
cal operational model, Equation (16), is obtained, whose unknowns are the middle surface
displacement of the shell (U,, U,,,). Equation (16) generalizes the mathematical model
for isotropic shell presented by Rotter and Sadowski [4].

The analytical solution of the differential set equations, Equation (16), for complex
boundary conditions and the inclusion of sections (loads, stiffness, etc.) is inapproachable.
However, if the new mathematical model is formulated in terms of the resultant internal
forces per unit of arc longitude (inverse operational model), it is possible to obtain an
analytical solution of the model.

d2U, wdU, Djdy,

dz2 R dz R dz z
du, d?U a d
_* 4% n_ 1 Un+£=_q—" (16)
Ra,(1—u) dz  dz?> a,R?(1—p) dz a,K(1—p

Dy d?U, du, d*y,
R 42 + a,K(1—p) e _Dfﬁ-i' a, K1—-wy,=0
The compatibility equations of deformations (Saint-Venant identities) and resultant
internal forces functions per unit of arc longitude were obtained [12,13] for mathematical
modeling in terms of the resultant internal forces per unit of arc longitude.
The new functions for the resultant internal forces per unit of arc longitude, Equation
(18), and the new compatibility equation of deformations, Equation (17), were obtained
by applying the indeterminate coefficient method (ICM) [14]. By substituting Equation
(18) in the internal equilibrium equations of the shell, Equation (14), the equation satisfies
itself, which is the general solution of the internal equilibrium of the shell.

d®eq dyzn
7t 17)
d?6 dao
Ng(z) = _Rﬁ_an(z)' M,(z) = -0, Q; = _E
o 1s)
NZ =)/m<HZ—7—7>

By substituting Equation (18) and the coupled constitutive model with curvature,
Equation (7), in the compatibility equation of deformations, Equation (17), the new in-
verse-operational mathematical model is obtained, Equation (19).
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The coefficients A1 and B: from the Equation (19) characterize the influence of the
shear and the membrane force facing the bending respectively.

4. Particular cases

If the constitutive curvature of the shell is disregarded in the mathematical model,
Equation (19), the following mathematical model is obtained, Equation (20).

@0 @0 g o _ _udn,_day

azt + A az2 + BG = FSG(Z)' FSG(Z) = R dz? az2 20

A—_E(1+”’) B—i C4'— h2R? 7 ( )
=Tsr VPE@ T 3(1-u?)

The mathematical model expressed in Equation (20), is a strong-operational formu-
lation in terms of the resultant internal forces per unit of arc longitude of the Mindlin-
Reissner flexural model for a coaxial cylinder; and its numerical resolution by FEM (weak-
formulation) represents a reference for the analysis of thick shells.

Furthermore, Equation (21) shows a comparative analysis between the second mem-
ber of the mathematical models, Fq;(2) and Fs;(z), with and without constitutive curva-
ture respectively, Equation (19)-(20). Equation (21) shows the additional effects originated
by the axial forces and the orthogonal load model that are not considered in Equation (20).

Fre(2) = Hyy d®N, d*qy H3q N _ H3p q
ce RHy, dz2 dz2 R2H,, 2 RHpp N ’
22 722
E_% Of the axial force  Of the circumferential force (21)

I —7 I
First order ef fect Constitutive Second order ef fect

Fsg(2)

If the shell constitutive curvature and the shear deformation [15] are disre-
garded (¥, = 0) in the general mathematical model, Equation (19), the bending model in
operational formulation of Love-Kirchhoff in term of the resultant internal forces per unit
of arc longitude is obtained, Equation (22).

au. a*e . 4 wd?N. d%qn
Yzn 1pz dz dz4 c4 ( )

Since the dependency between the twist, 1,, and the fundamental displacement, U,,,
are conditioned, the Love-Kirchhoff model for the bending of a coaxial cylinder generates
an equality between the Hyper-Static degree (8 = 1) and the degree of freedom, U, of
the model. This means that the formulation in terms of the resultant internal forces per
unit of arc longitude, Equation (22), as well as the formulation in terms of fundamental
displacement, Equation (23), endure to only one differential equation.

Equation (23) is the most widely used mathematical model for analytical analysis and
structural flexo-compression design, whose scheme of analysis is reduced to a coaxial cyl-
inder (Figure 1) [2,16-19,1,20].

da*u, 4
4

h2R?
_Un=q_N+L 4 —
dz* c*

Dy  RDf Z - 3(1—112);

S.F.§ = {e @ cos (f) z, e(g)sen (E) z+ e(_g)cos (g) z, e(_é)sen (f) Z}

, (23)
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5. Analytical resolution of the new mathematical model

The mathematical model, with and without constitutive curvature in terms of the
resultant internal forces per unit of arc longitude, Equation (19) and (20), is the nonhomo-
geneous fourth-order-lineal differential equations with constant coefficients. The main
difficulty is to obtain its homogeneous solution, 6c, due to the shear of each model (terms
A and Ai). The general solution of the model is the sum of two solutions due to its linear-
ity, Equation (24), i.e., the homogeneous solution, 8¢, and the particular solution, 6p,
[21,22].

By applying the general theory of differential equation [21], the homogeneous solu-
tion Oc(z), Equation (27) and (28), is obtained, as well as the characteristic equation, Equa-
tion (25), and the fundamental solution system (F.S.S), Equation (26), are obtained. Out of
the two F.S.S, the most employed in engineering is the case D < 0 due to the fact that the

thickness is smaller in comparison with the principal radius of curvature (% < 1).

0(z) = 0c(z) + Op(2), (24)

m*—Am? +B=0=m; =va,my, = [, my = —Va,my=—/p
VD A VD (25)

t2vhET T

A
Being: D = A2 — 4B,a = 5

2
If D > 0 = (real solutions) = S.F.S = {e‘/‘?z,e“/"?z,eﬁz ,e‘ﬁz}

{eM?cosdyz, eMPsend,z + (26)

If D < 0 = (complex solutions) = S§.F.S =
! (comp ) e™M%coslyz, e MZsend,z)

Oc(z) = Are™? cos 4,z + Ae™” sen Ayz + Aze ™17 cos A,z + Age™ % sendyz  (27)

1
A= \/Fcosg r=3yA*+|D|

Being:
A, = \/?seng 6 =Tan™! <%>

(28)

If the mathematical condition 4; = 1, = %is evaluated in the new F.S.S, Equation
(26), then the general solution of the Love - Kirchhoff model with constitutive isotropy is
obtained, Equation (23).

The particular or nonhomogeneous solutions (6p; and 8p,), Equation (30), are ob-
tained by applying the Lagrange’s parameters variation method [21], and depend on the
function that operates on the left-hand side term of the differential equations,
Feg(2) and Fy6(2).

Figure 4 and Equation (29) shows the results when a load model characterized by the
own weight of the tunnel ventilation shaft wall, z,, (2), the horizontal effective stress,

Koo', and the overload action, q,,, are defined.
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Being: f; =

Once the general solution, Equation (27) and (30), of the resultant internal forces per
unit of arc longitude (0) is obtained, it is necessary to evaluate the boundary conditions
imposed on the mathematical model (Table 2) [23]. Six-boundary conditions are required
to solve the flexo-compression problem with coupled constitutive curvature (Table 2).
Boundary conditions used in EN 1993-1-6 Eurocode [23] are adopted in this paper, along
with the Mindlin-Reissner and Timoshenko bending theory particularity.

From a complete and fit definition of the function, 8, the internal forces per unit of
arclongitude (Mz, My, Q,, Ng, N,) are founded by applying Equation (18). Subsequently, by
using the coupled constitutive equations, Equation (10), the deformations on the middle
surface of the shell (k,, kg, ¥,n, €9, €,) are obtained, and to conclude, the integration pro-
cess, the displacement field (U,,U,,,) is determined by employing the Mindlin-Reiss-
ner kinematics equations, Equation (15). The stress-strain state of the coaxial cylinder is
finally obtained through Equation (3) and (4).
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Table 2. Comparison between the new shear correction factor for tunnel ventilation

shafts, and the shear correction factor for plates for different slenderness ratio (%)

ID Simple term Radial displacement (U,) Axial displacement (U,)
Twist angle (,)

Shear (Q,)
Bending moment (M,)
BClr Clamped U,=0andy,=0 Uu,=0
BC1 f U,=0and M, =0 U, =
BC2r Pinned Upy=0andy, =0 U, #0
BC2 f U,=0and M, =0 U,#0
BC3 Free edge M,=0and Q, =0 U,+0

The analytical solutions were implemented in the mathematical assistant MATHLAB
[24], developing the user graphic interfaces with GUIDE tool. A computer program was
created for stress-strain state analysis of tunnel ventilation shafts with and without cou-
pled constitutive curvature (Figure 5).

E-mm' E: ral de Lumbreras
= sis Estructural de Lum|

¢ .
LS
NiE=s

Figure 5. Program analysis and viewer results.

6. Numerical results and discussions

In this section, fundamental concepts in the shells-analytical and numerical analyses
(FEM) in general bending state are illustrated. The physical-mechanical parameters (Table
3) of a typical tunnel ventilation shaft built in the soft soil of Mexico City from Espejel [25]
were employed for numerical comparison.

Bearing in mind that there is a continuity between the base and the tunnel ventilation
shaft wall, a Clamped condition on the cylinder base (BC1r in z = 0) was assumed, along
with the free edge on the top (BClr in z = H). The analytical results (with and without
constitutive curvature) were compared with FEM results, using the ABAQUS software
[26] (Figure 6-7) and considering different formulations (Table 4).

Table 3. Physical, mechanical and geometrical properties of the tunnel ventilation shaft N°1 of the proyect-“Rio La Compafiia”
from Espejel 8.

Physical and mechanical properties

u=0.2
K, = 0.8 Im

kN kN kN kN N
E=2378x10"25 y, =105 1, = 2046 ¥, = 102375 =206.735 5 qn, =0

k.
m2

Geometrical properties

h=070m H=2030m R =6m Ratio (g) =0.12
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Table 4. Finite element types and statistical meshing.

h h h
—=0.05 —=0.12 —=0.25
Finite element type description R R R

Nodes Elements Nodes Elements Nodes Elements

C3D20R: A 20-node quadratic brick,

reduced integration

C3D8R: An 8-node linear brick, reduced

3D 17112 8432 77456 57528 84952 71928
integration, hourglass control

S8R: An 8-node doubly curved thick

Solid

elements

59644 8432 289708 57528 326636 71928

8694 8568 8694 8568 8694 8568
shell, reduced integration
Shell S4R: A 4-node doubly curved thin or
elements thick shell, reduced integration,
25956 8568 25956 8568 25956 8568

hourglass control, finite membrane

strains

-

Load model and boundary Circumferential stress (3D) for ~ Longitudinal stress (3D) for
condition 1/R=0.25 h/R=0.25

Figure 7. Details of the numerical model in Abaqus.

It is known, [27,28,7] that the standard 8-nodes-solid element with complete integra-
tion (C3D8), presents a locking-shear problem when used for shells modeling. This prob-
lem is bigger when the slenderness increases, and its bending behavior prevails. This nu-
merical locking indicates the incapacity of the interpolation functions (and its gradients)
to adapt to solid behavior that often invalidates the obtained solutions [28]. The elements
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of reduced integration of first and second order (C3D8R and C3D20R), present more pre-
cision in flexo-compression problems with bending predominance than the ones corre-
sponding to complete integration-elements, in addition to a reduction in the computing
time [26]. The second-order solid elements allow modeling of the curved surfaces with
fewer elements, as well as a greater approximation in areas of high stresses concentration.
The shell element S4R is valid for thin or thick-shell problems [26], but it has the disad-
vantage that it does not obtain the shear per unit of thickness (Q,) as output, which allows
the subsequent calculation of the transversal stress. The S8R element is valid for thick shell
analysis.

The numerical models used in this paper considers different slenderness ratio in the
shell, as well as the employment of the shell elements (54R and S8R) and solid elements
(C3D8R and C3D20R) (Table 4 and Figure 6).

The C3D8R element shows a bad convergence in the obtaining of the maximum lon-
gitudinal stress at the base of the cylinder (clamped) (bending concentration) (Table 7 and
8). Although, the elements are provide by the Hourglass control [26] there is a stiffness of
the shell in that section (Figure 10 and 11). Due to the linearity of the interpolation func-
tions, it is necessary to generate more than one C3D8R element inside the thickness of the
shell, which will be able to model the bending concentration in that cross section. The
C3D20R element employs trigonometric interpolation functions, which allow modeling

with one element into the small thickness of the shell (% < 0.05) and the stress distribu-

tion (circumferential and longitudinal) in the alteration zones [3,1].

For the longitudinal stress (longitudinal flexor-compression), in all shell domain, the
analytical solution with constitutive curvature shows numerical superiority than the one
obtained through the C3D8R element with more than one element inside the thickness of
the shell (Figure 10 and 11; Table 7 and 8).

The analytic solution with constitutive curvature shows numerical superiority com-
pared with Shell-elements (S8S and S4R) for all results in the entire high of the tunnel
ventilation shaft (Figure 8-13; Table 5-8).

An important aspect for structural design in reinforced concrete is the change in the
circumferential flexural moment configuration with the increment of the slenderness ratio
of the shell (Figure 13) for analytical solution with constitutive curvature. For a slender-
ness ratio of 0.25, the studied shell does not have an inversion in the circumferential flex-
ural moment (Figure 13), exalting the physical phenomena that occur: a decreasing of the
circumferential negative moment when increase the slenderness ratio. That is, when the

shell is not thin anymore (% > 0.0 5), the bending moment analysis in the circumferential

direction is insufficient if the classical constitutive relationship is applied, Equation (31),
[4,5,1] on a revolution shell (isotropic, orthotropic and anisotropic) under a general distri-
bution of axial-symmetric pressures.

Mg = +uM,, 31)

Table 5. Maximum circumferential stress in extrados for different slenderness ratio.

Maximum circumferential stress in extrados (o) (kN / mz)

(g) § Analytical solution FEM SHELLS FEM 3D
B with  Without % % % % %  EA-
§ S4R S8R C3DSR C3D20R
4 ¢cC CC EA ES4R ESSR EC3DSR C3D20R
005 254 375336 384450 243 359692 4168 377311 0526 37303 0514 374956 0.101

0.12 3.64 145220 1532.18 551 144713 0.349 1447.63 0.315 1640.83 0.787 1628.02  10.800
0.25 4.87 589.15 648.87 11.08 586.868 0.387 587.301 0.314 752.557 0.557 748.391 21.278
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Where: CC: Constitutive curvature

EA: relative error between the analytical results (Pattern: analytical solution With CC)

ES4R: relative error between the analytical result With CC and shell element S4R (Pattern: analytical
solution With CC)

ES8R: relative error between the analytical result With CC and shell element S8R (Pattern: analytical
solution With CC)

EC3D8R: relative error between the elements C3D8R and C3D20R (Pattern: C3D20R)

EA-C3D20R: relative error between the analytical result With CC and the element C3D20R (Pattern:

C3D20R)

Table 6. Maximum circumferential stress in intrados for different slenderness.

Maximum circumferential stress in intrados (o) (kN / mz)

(%) i Analytical solution FEM SHELLS FEM 3D
%D With - Without %EA  S4R 5 S8R I C3D8R " C3D20R o EA-
= CcC CcC ES4R ESSR EC3D8R C3D20R
0.05 3.02 369629 359944 262 383426 3.733  3599.85 2.609 36195  4.517 3790.72 2491
0.12 4.25 1497.70 140837 5.96 1335.59 10.824 1336.09 10.791 1665.84 0.471 1673.72  10.517
0.25 556 663.38  582.56 12.18 649.409 2.106  649.813 2.045 828.22 1459 840.48 21.071
See Table 5 for legend
Table 7. Maximum longitudinal stress in extrados for different slenderness ratio.
Maximum longitudinal stress in extrados (o) (kN /mz) z=0
(%) Analytical solution FEM SHELLS FEM 3D
With Without % % % % % EA-
CcC CcC EA 4R ES4R S8R ES8R D8R EC3D8R CID20R C3D20R
0.05 622444 6283.61 095 4429.12 28.843 600691 3.495 412.305 93.334 6184.77  0.641
0.12 2186.12 224551 272 1623.46 25.738 191751 12287 1265.24 53.086 269694  18.941
0.25 608.33 667.96 9.80 432.582 28.890 537.565 11.633 535.274 57.637 1263.55 51.855
See Table 5 for legend
Table 8. Maximum longitudinal stress in intrados for different slenderness ratio.
Maximum longitudinal stress in intrados (o) (kN /mz) z=0
(%) Analytical solution FEM SHELLS FEM 3D
With Without % % % % % EA-
CcC CC EA AR ES4R S8R ES8R C3DER EC3D8R C3D20R C3D20R
0.05 7166.70 711429 0.73 5253.69 26.693 6837.6 4592 412.305 94.214 7126.37  0.566
0.12 311997 3076.18 1.40 2450.06 21.472 274818 11916 2179.69 40.199 364493  14.402
0.25 1528.02 1498.64 192 1258.13 17.663 1368.24 10.457 144426 33.889 2184.61  30.055

See Table 5 for legend
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Figure 8. Circumferential stress in extrados for thin, medium and thick shells, considering differ-
ent models.

= 2 ¢ ~
£ - E
z C e
W & 2
5 i1 ke
- =
L
-4500  -3500 2500 1500  -500 500 -1700 -1200 -700 =200 -90¢  -700  -500 300 -100 100 300
Cirfumferential stress in intrados (kN/m?) Cirfumferential stress in intrados (kN/m?) Cirfumferential stress in intrados (kN/m?)

— Analytical model with curvature == Analytical model without curvature
FEM C3D&R FEM Shell S4R

FEM C3D20R
FEM Shell S8R

Figure 9. Circumferential stress in intrados for thin, medium and thick shells, considering differ-
ent models.
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Figure 10. Longitudinal stress in intrados for thin, medium and thick shells, considering different
models.
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Figure 11. Longitudinal stress in extrados for thin, medium and thick shells, considering different
models.
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Figure 12. Longitudinal flexural moment for thin, medium and thick shells, considering different
models.
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Figure 13. Circumferential flexural moment for thin, medium and thick shells, considering differ-
ent models.

7. Conclusions

The formulation and analytic solution presented in this paper, displays the generality of
combining the Mindlin-Reissner theory, the shear correction factor properly for cylindri-
cal shell, and the general coupled constitutive model (isotropic and orthotropic) without
disregarding the shell curvature from the constitutive.

The proposed mathematical model presents three independent degrees of freedom

(Un, Uy 1p,) and it is formulated in terms of the resultant internal forces per unit of arc
longitude. This has the advantage of allowing the analysis of cylindrical shell by analyti-
cal formulation with thin, medium and thick thickness under a general distribution of
axial-symmetric pressures with the very best numerical reliability in the entire shell do-
main.

Potentially engineering applications include tunnel ventilation shafts, tubular piles un-
der earth pressures, tanks under hydrostatic pressures, reinforced concrete silos under
granular solid pressures, gas-filled cisterns, simple alteration effect analysis in thin and
medium shells and, chimneys. A practical example has been illustrated in a tunnel venti-
lation shaft analysis for different slenderness ratio (%), resulting in the following
significant conclusions:

1.  When the isotropic shell is thin, (% <0.0 5) its predominant resistant mechanism is
the circumferential membrane force with an inversion of bending moments in the
both main directions. From an increase in the slenderness ratio, the flexural contri-
bution in the two main directions dominates the internal equilibrium of the shell and,
the inserting of the constitutive curvature acquires the biggest importance in the
structural response of the shell. For analysis and tunnel ventilation shafts design with
slenderness ratio of % > 0.12 it is recommendable to insert the constitutive curva-
ture;
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2. The equations and the general methodology displayed in this paper might be use-
fully employed in the analysis and design of the cylindrical shell (isotropic and or-
thotropic) under general distribution of axial-symmetric pressures. The mathemati-
cal model formulated in terms of the internal forces per unit of arc longitude allows
to solve differential equation systems of multiple degrees of freedom and to model
the complex boundary conditions by the Saint-Venant simplification. For this study
case, the equations can be applied by means of the basic spreadsheets as tools to assist
in the design.

Author Contributions: José Alvarez-Pérez: Conceptualization, Methodology, Formal analysis, In-
vestigation, Writing - Original Draft, Project administration. Fernando Pefia: Validation, Data Cu-
ration Methodology, Writing - Original Draft, Visualization.

Funding: This research received no external funding.

Acknowledgments: The first author would like to thank the Instituto de Ingenieria UNAM for the
postdoctoral grant.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Timoshenko, S.P., Woinowsky-Krieger, S.: Theory of Plates and Shells. (1959)

2. Goldenveizer, A.L., Kaplunov, ].D., Nolde, E.V.: On Timoshenko-Reissner type theories of plates and shells. International Journal
of Solids and Structures 30(5), 675-694 (1993). doi: https://doi.org/10.1016/0020-7683(93)90029-7

3. Goldenveizer, A.L.: Theory of Elastic Thin Shells (In Russian). Pergamon Press for A.S.M.E., Pergamon (1976)

4.].Michael Rotter, Sadowski, A.J.: Cylindrical shell bendind theory for orthotropic shells under general axisymmetric pressure
distributions. Engineering Structures 42, 258-265 (2012). doi:https://doi.org/10.1016/j.engstruct.2012.04.024

5. Nerubalio, A.B., Nerubalio, F.: Generalization of Vlasov's equations for a cylindrical shell to the case of a transversely isotropic
material. Journal of Applied Mechanics Techincal Physics 46(4) (2005). doi:10.1007/s10808-005-0109-2

6. Goldenveizer, A.L.: On algorithms of asymptotic derivation of two-dimensional shell theory and Saint-Venant principle. Journal
of Applied Mathematics and Mecanics (PMM) 58(6), 96-108 (1994).

7. Onate, E.: Structural Analysis with the Finite Element Method. Linear Statics, 2 ed., vol. I and I International Center for Numeri-
cal Methods in Engineering (CIMNE), International Center for Numerical Methods in Engineering (CIMNE): Lecture
Notes on Numerical Methods in Engineering and Sciences. Springer. (2009)

8. DIANA: User's Manual - Element Library. In, vol. Release 9.4.4. (2011)

9. MIDAS: Advanced Nonlinear and Detail Analysis System V1.1. In. (2016)

10. Castanieda, A.E., Cobelo, W., Gonzélez, Y., Alvarez, J.: Alook at half a century of shells foundations, methods of calculation and
associate research in Cuba (In Spanich). Journal of the construction of the Catholic University of Chile 26, 245-268 (2011).
doi:http://dx.doi.org/10.4067/50718-50732011000300001

11. Hernandez(Pimpo), J.E.: Unified Approach to the membrane Theory of Shells. Ingenieria Civil No 21 (1972).

12. Timoshenko, S.P., Goodier, N., J: Elasticity Theory. McGraw-Hill Book Company, New York, Estados Unidos de América (1970)

13. V.I.Sokolnikoff: Mathematic Theory of Elasticity. (1956)

14. Alvarez, J.: Inverse formulation of shell in relative coordinate with projected deformations (In Spanich). Technological Univer-
sity of Havana "José A Echeverria" (2014)

15. Novozhilov, V.V.: The theory of Thin Shells (In Russian). Sudpromgliz, Leningrad., (1962)

16. Hamdan, M.N., Abuzed, O., Al-Salaymeh, A.: Assessment of an edge type settlement of above ground liquid storage tanks us-
ing a simple beam model. Applied Mathematical Modelling 31 (2007). doi:https://doi.org/10.1016/j.apm.2006.10.001

17. Hernandez Caneiro, ].A., Pimpo Hernandez, J.: Analysis of superficial cylindrical circumferencially prestressed tanks (In Span-

ich). Revista de Obras publicas 29 (1999).


https://doi.org/10.20944/preprints202103.0376.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 March 2021 d0i:10.20944/preprints202103.0376.v1

17 of 17

18. Kukreti, A.R., Zaman, M.M., Issa, A.: Analysis of fluid storage tanks including foundation-superstructure interaction. Applied
Mathematical Modelling 17 (1993). doi:https://doi.org/10.1016/S0307-904X(97)00007-3

19. Quanwei, R., Hongjiong, T.: Numerical solution of the static beam problem by Bernoulli collocation method. Applied Mathe-
matical Modelling 40 (2016). doi:https://doi.org/10.1016/j.apm.2016.05.018

20. Vilardell, J.M.: Structural Analysis and Cylindrical Deposit Criteria for Pre-stressed Concretes (In Spanich). UPC.Barce-
lona.Spain (1994)

21. Aulduchateau, P., D.Zachmann: Theory and problems of partial differential equations. (2010)

22. Bronson, R., Costa, G.: Differential Equations. (2009)

23. Eurocode: EN 1991-6. Eurocode 3: design of steel structures, Part1-6: strengh and stability of shell structures. Comité Européen
de Normalisation, Brussels. In: Eurocode (ed.). (2007)

24. R2014b, M.V.: MATHLAB (matrix laboratory and Guide. In: MathWorks (ed.) MATHLAB. V. R2014b App Building. (2014)

25. Espejel, O.A., Castro, C.J.,, Mena, E.: Structural design of Shaft and Tunnel (In Spanish). In: studies., F.e.c.T.S.-d.M.0.C.E. (ed.)
Calculation memory. New driving channel Rio La Compafiia. Municipality of Chalco, EDO, Mexico, (2003)

26. Abaqus: Analysis user’s manual. In: Documentation. Dassault Systemes Simulia Corporation 2015 USA, U. (ed.). (2016)

27. Dvorkin Eduardo, N.: A continuum mechanics based four-node shell element for general non-linear analysis. Engineering Com-
putations 1(1), 77-88 (1984). doi:10.1108/eb023562

28. F.G.Flores, E.Ofiate: A Solid finite element with an improvement in the transverse shear behavior for shell analysis (In Spanich).

Meétodos numéricos para calculo y disefio en ingenieria 27(4), 258-268 (2011).


https://doi.org/10.20944/preprints202103.0376.v1

