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For a given material, different shapes of a built structure will be corresponding to different rigidity.
In this paper, nonlinear displacement formulation is formulated and numerical simulations will be
carried out for circular, normal elliptic, and oblique elliptic torus. Investigations show that both
deformation and stress response of an elastic torus are sensitive to the radius ratio, and suggest that
the analysis of a torus should be done by using the bending theory of a shell, and also reveal that
the inner torus is stronger than the outer torus due to the property of their Gaussian curvature.
The desired rigidity can be archived by adjusting the ratio of the minor and main radius and oblique

angle.
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I. INTRODUCTION

We have a common sense, it is easier to crack an egg
on its side than at its tip as shown in Fig.1. This rigidity
is an intrinsic mechanics feature of curved shells, which
is called geometry-induced rigidity. Many natural and
man-made objects take the shape of shells to gain better
rigidity. Both Lazarus et al. [1] Vella et al. [2] studied
egg-like shell’s deformation and geometry-induced rigid-
ity of non-spherical pressurized elastic shells( ellipsoidal
and cylindrical). Human foot evolution also takes ad-
vantage of curvature to increase its stiffness, Venkadesan
et al. [3] took a theoretical approach to investigate the
role of transverse curvature in stiffening the human foot.
They considered the human foot as an elastic cantilever
cylindrical shell and demonstrated that, if the transverse
curvature of the shell increased, this increased the stiff-
ness of the shell in the longitudinal direction.
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FIG. 1: (a) Egg under side force (b) Egg under tip force.

All above-mentioned researches are about the shells
that has either positive or zero Gaussian curvature, how-
ever, there is another kind of shell, who has a mixed

Gaussian curvature, where the torus geometry has both
positive, negative Gaussian curvature and turning points
( shown in Fig. 2).

FIG. 2: The sign of Gaussian curvature.

Doughnut and tube might be two of the most popular
ones ( shown in Fig. 3).

(a) (b)

FIG. 3: (a) Doughnut (b) Tube.

Among regular shells, such as circular cylindrical shell-
s, conical shells, spherical shells, and tori, the deforma-
tion of the torus is one of the most difficulty topics due
to its complicated topology. This paper will focus on
the geometry-induced rigidity of elastic torus and demon-
strate the rigidity change from circular torus to oblique
one ( shown in Fig. 4).
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FIG. 4: Geometry of torus and rigidity transformation.

The torus has been studied for more than 110 years
(Chang (Zhang) 1949 [4], Qian and Liang 1979 [5], X-
ia and Zhang 1986 [6], Zhang, Ren and Sun 1990 [7],
Zhang and Zhang 1991 (8], 1994 [9], Audoly and Pomeau
2002 [10], 2010 [11], Sun 2010 [12] 2012 [13], Clark 1950
[14, 15], Dahl 1953 [16], Novozhilov 1959 [17], Timo-
shenko and Woinowsky-Krieger 1959 [18], Fliigge 1973
[19], Gol’denveizer 1961 [20] Sun 2013 [21], Foppl 1907
[22] Weihs 1911 [23], Wissler 1916 [24], Kuznetsov and
Levyakov 2001 [25], Zingoni, Enoma and Govender 2015
[26], Jiammeepreecha and Chucheepsakul 2017 [27], Eno-
ma and Zingoni 2020 [28], H. Reissner 1912 [29], Meissner
1915 [30], E. Reissner 1949 [31], Tao 1959 [32], Steele 1965
[33], Sun 2018 [34], Sun 2020 [35]). The most of publica-
tions have been focused on circular torus, and only small
percentage on non-circular cross-section torus [25-28], in
which, Zingoni, Enoma and Govender 2015 [26] consid-
ered a semi-elliptic toroid and tried to get an approximate
bending solution that may be valid in regions adjacent to
the horizontal equatorial plane.

When linear problem of the torus was first studied,
high-order and complicated governing equations of a
torus under symmetric loads were reduced to lower-order,
ordinary differential equation (ODE) by Hans Reissner
(1912)[29] when he was a professor at ETH in Switzer-
land. His colleague at ETH, Meissner (1915) [30] de-
rived a complex-form equations for the shell of revolution.
Hence, the first complex-form equation of the shells of
revolution including torus is called the Reissner-Meissner
equation, which is a ODE system about shear force @
and rotation x (Fligge 1973 [19]). In 1959, Novozhilov
published his celebrated monograph on the complex-form
theory of shells, and formulated symmetrical deformation
of a torus in his complex-form (Novozhilov 1959 [17]).

Regarding formulation of elastic torus, governing equa-
tions that all publications adopted are either Reissner-
Meissner’s mixed formulation or Novozhilov’s complex-
form one. Although those formulations have some ad-
vantages, however they can not be used for vibration
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analysis and nonlinear problem. Therefore, it is desired
to have nonlinear displacement formulations for elastic
torus. Sun 2010 [12] who derived linear displacement-
type equations for torus and obtained a closed-form so-
lution for special case as radius ratio  — 0. This special
solution can not capture full mechanics nature of torus
and therefore are needed to be improved further. This
study wishes to carry on my previous works (Sun 2010
[12]), and investigates mechanical response for arbitrary
ratio 4.

The content is organised as follows: Section 2 derives
nonlinear displacement formulation of torus. Section
3 carries out numerical investigations on circular, nor-
mal and oblique elliptic torus. Section 4 demonstrates
geometry-induced rigidity of different torus. Section 5
provides conclusions.

II. NONLINEAR DISPLACEMENT
FORMULATION OF ELASTIC ELLIPTIC TORUS

For the torus shown in Fig. 11, the positions of points
on the middle surface will be determined by the angles 6
and . Further, let 1 be the radius of curvature of the
meridian and ro the radius of curvature of the normal
section, tangential to the parallel circle. This second ra-
dius is equal to the segment of the perpendicular to the
middle surface between this surface and the axis of the
torus.

FIG. 5: Geometry of torus.

The principal radii of curvature of the oblique elliptic
torus in Fig.5h are given by
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. 1 a’b?
' cos B (a2sin® ¢ + b2 cos? ¢)3/2 1)
R 1 a?

+ )

cos 3 (a2 sin? ¢ + b2 cos? ¢)1/2
where  is oblique angle. The Lame coefficients are A; =
r1, As = rosin ¢.

From the above relations, we can see that the oblique

~ sing

angle will strongly influence on the mechanics of elliptic
torus via affecting the main principal radii 2. The above
radii will be reduced to normal elliptic torus when g = 0.

A

A

FIG. 6: Loading, forces and moments of torus

Regarding the forces shown in Fig.6, the balance equa-
tions [39] are

dcfb (TN¢) Nyrqcos ¢+ ’I“Q¢ — TN¢19 + ’I“1’I“f¢ =0,
d Ny, Ny d
%(TQ¢) — rlr(— + E> d¢(rN¢19) +rirfe=0,

(2)
where r = rysin¢, distributed loads fg, f¢ along ¢, ¢
direction, and shear force

1 d
rir do

where the resultant membranae forces are Ny
1/89), Ng

Qo = - (rMy) — T cos My, 3)

=K (€¢ +
= K (vey+¢p), and resultant bending moments

are My = B(K¢ + lllﬂj‘g)7 My = B(VH¢ + Kjg).
The membranae strains are
1 du 1
= — 92
€¢ Tl(dgb +w) + 507,

1
— (ucot ¢ + w),
T2

Ep =

and change of curvature are

1dy 1,
R¢ = 71%—&-*2’19 ,
cot ¢

T2

Ry = 19,
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where total rotation 9 =

tiffness K = = u2’ bending stiffness B = m,

ness h, Young modulus E and Poisson’s ratio v.
With the above strains and curvature change, the re-

sultant membranae force and bending moments can be

—(u - %) and membranae s-
thick-

expressed in terms of displacements u, w as follows:

1 .d 1 1
Ny = K[—( L )—|—7192—|—1/—(ucot¢—|—w)],
r1 - do o
1 du 1,
Ny = K[— (ucot¢+w)+y—[(—+ w) + =v7],
T2 dgf) 2 (6)
1 d19 1 cot¢
My = B[—— + 9% +
¢ [7’1 dd) 19 T2 19]7
1 dv cot ¢
My = Bly[—— 2 .
; [[Tldqﬁ 0%+ 22y
Substituting the shear force Q4 in Eq.3 into Eq.2 and
produce
d 1.d
N, N, M,
25 (rVe) = Nury cosg+ [ (M)
—rcos pMp] — rNyd +rirfs =0,
d 1d Ny Np, (1)
M) — cos pMg] — -0
dgb[rdqﬁ (rMg) — cos pMy) — rir(—= - + 7'2)

— %(T]\/:ﬁ’ﬁ) + 7‘1ch =0.

The Eq. 7 can be further simplified by substituting
the constitutive relations into Eq.7, which will generate
a final equations that is a six order nonlinear ordinary d-
ifferential equation system about displacement u(¢) and
w(¢p). The above ODE system will be more complicat-
ed if taking into account of the principal radii. We are
not going to display the ODE system here due to its
complicated format. Obviously the ODE system has no
analytical solution but numerical ones.

For simplification of presentation of our results, phys-
ical units will not be plotted in all drawings, all physical
units are listed in Table I:

TABLE I: Physical units used in this paper
Rlab[Rp[ E [v[My[ No [Qy [ 00 [uw]s:, A
m[ m[ m [N/mzllle[N/m[N/m[N/mQIm[m[ m

III. NUMERICAL CASE STUDIES OF ELASTIC
TORUS

To solve the Eq. 7 numerically, a general code for this
case is written by Maple [40]. With the help of the code,
we have simulate three different torus: circular, normal
and oblique elliptic torus.
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A. An circular torus B. A normal elliptic torus

If there were no oblique angle, namely 5 = 0, all for-
mulations will be reduced to normal elliptic torus. For a
problem as shown in Fig.9.

p] [p

‘] [r
g |+

FIG. 7: Torus with a cut along its parallel at ¢ = 5 or ¢ =
—% under load F. The boundary condition is: ¢ = 5 : Fl 1F
N¢:—%,Q¢:0,M¢:Oand¢:—32":N¢:
Y F _0Q,=0 My,=0 . i i =
In(R¥a) W , Mg . FIG. 9: Normal torus with a cut along its parallel at ¢ = 7
or ¢ = —7 under load F. The boundary conditions: ¢ =
3 N = _2Tr(l;zf:£ﬁ)’ Qe = _277(11:?:5%‘3)7 Mg = 0 and
The numerical results are shown in Fig.8. _ 3% . _ Fcos B _ Fsing _
& ¢__7' N¢__277(R+COZB)7Q¢_27T(R+ﬁ)aM¢_O‘

0.015

With the help of the Maple code, some numerical re-
sults have been obtained and are shown in Fig. 10.
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C. An oblique elliptic torus
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For a complete torus with a penetrate cut along the
parallel § = 7 and loaded with vertical force F, the load-
ing condition is shown in Fig. 11.
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sults have been obtained and are shown in Fig. 12.

IV. GEOMETRY-INDUCED RIGIDITY IN
TORUS FROM CIRCULAR TO OBLIQUE
ELLIPTIC CROSS-SECTION

To compare the rigidity of different torus, we have plot-
ted the vertical opening or relative displacement for circu-
lar torus, normal and oblique elliptic torus. From recasts
shown in Fig.13, we can see the rigidity can be achieved
by adjusting the ratio of a/b and oblique angle £.

Investigations show that both deformation and stress
response of an elastic torus are sensitive to the radius
ratio, and suggest that the analysis of a torus should be
done by using the bending theory of a shell. The results
indicate that all quantities such as bending moments,
surface forces, shear force, and displacement are strongly
effected by oblique angle.

(e) u Displacements in ¢ direction (f) Displacement w in ¢ direction.  From vertical displacement of above-mentioned result-
s, we can see that the vertical displacement is mainly
contributed by outer region of torus, and displacement
flat is contributed by inner region of torus, which reveals
that the inner torus is stronger than outer torus due to
the property of their Gaussian curvature.

FIG. 8: Circular torus with data: a = b = 2k[m], R =
10[m],h = a/20[m], B = kn/8, E = 2.0 x 10" N/m? v
0.3, F = 1[N], where k = 1,2
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FIG. 10: Deformation caused vertical force. Normal ellip- FIG. 12: Oblique elliptic torus with data: a = 1.2b[m], b =
tic torus with data: a = 6k[m],b = 15, R = 30[m|,h = 2klm], R = 10[m],h = a/20[m|, 8 = kr/8, E = 2.0 X
a/15[m], E = 2.0 x 10" N/m?, v = 0.3, F = 1[N]. 10" N/m?, v = 0.3, F = 1[N], where k = 1,2

F I F
I been studied. To verify our formulation, we wrote a com-
F l l F putational code in Maple and carried out some numerical
simulations. The validation of our numerical results was

FIG. 11: Torus with a cut along its parallel at ¢ = Z or confirmed and supported by both finite element analy-

¢ = —T under load F. The boundary conditions: ¢ = T : sis and Hans Reissner’s formulation. Our investigations

Ny, = _szri%, Qo = _Qﬂ%ﬂi), Mg = 0 and ¢ = show that both deformation and stress response of an

_8m LN, — P cos 5 Qs = Foin M. =0 elastic torus are sensitive to the radius ratio and dramat-
PR (Rt 25)7 ¢ = m(Rt25) e TV

ically vary with the meridian angle, therefore the analysis
of a torus should be done by the bending theory of a shel-
| rather than membrane theory of shell. Our numerical
V. CONCLUSIONS studies also reveal that the inner torus is stronger than
outer torus due to the property of their Gaussian curva-

As conclusion, we have formulated elastic oblique ellip- ture. Concerning the free vibration of torus, our analysis
tic torus in terms of displacement and successfully solved indicates that both initial in u and w direction must be

some typical problems, free vibration of the torus has included otherwise will cause big errors if initial in u di-
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FIG. 13: The opening displacement at cut. The results
are case of k=1: circular torus (a = 2[m]), normal ellip-
tic torus (a = 1.2b[m], b = 2[m]) and oblique elliptic torus
(a =1.2b[m], b = 2[m], B = 7/8).
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rection were omitted. Last but not least, the oblique
angle has a strong influence on the mechanics of ellip-
tic torus, because the oblique angle will affect the main
principal radii.
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