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The formulation used by the most of studies on an elastic torus are either Reissner mixed formu-
lation or Novozhilov’s complex-form one, however, for vibration and some displacement boundary
related problem of the torus, application of those formulations has encountered great difficulty. It
is highly demanded to have a displacement-type formulation for the torus. In this paper, I will
simulate some typical problems and free vibration of the torus. The numerical results are verified
by both finite element analysis and H. Reissner’s formulation. My investigations show that both
deformation and stress response of an elastic torus are sensitive to the radius ratio, and suggest that
the analysis of a torus should be done by using the bending theory of a shell, and also reveal that the
inner torus is stronger than outer torus due to the property of their Gaussian curvature. Regarding
the free vibration of the torus, our analysis indicates that both initial in u and w direction must be
included otherwise will cause big errors in eigenfrequency.
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I. INTRODUCTION

Many natural and man-made objects take the shape of
torus, doughnut and tube might be two of most popular
torus ( shown in Fig. 1). Among regular shells, such as
circular cylindrical shells, conical shells, spherical shells,
and tori, the deformation of the torus is one of the most
difficulty topics due to its complicated topology, where
the torus geometry has both Positive, negative Gaussian
curvature and turning points.

FIG. 1: Doughnut and tube.

The torus has been studied for more than 110 years
(Chang (Zhang) 1949 [1], Qian and Liang 1979 [2], X-
ia and Zhang 1986 [3], Zhang, Ren and Sun 1990 [4],
Zhang and Zhang 1991 [5], 1994 [6], Audoly and Pomeau
2002 [7], 2010 [8], Sun 2010 [9] 2012 [10], Clark 1950
[11, 12|, Dahl 1953 [13], Novozhilov 1959 [14], Timo-
shenko and Woinowsky-Krieger 1959 [15], Fliigge 1973
[16], Gol’denveizer 1961 [17] Sun 2013 [18], Foéppl 1907
[19] Weihs 1911 [20], Wissler 1916 [21], Kuznetsov and
Levyakov 2001 [22], Zingoni, Enoma and Govender 2015
[23], Jiammeepreecha and Chucheepsakul 2017 [24], Eno-
ma and Zingoni 2020 [25], H. Reissner 1912 [26], Meissner
1915 [27], Tolke 1938 [28], E. Reissner 1949 [29], Tao 1959
[30], Steele 1965 [31], Sun 2018 [32], Sun 2020 [33]). The
most of publications have been focused on circular torus,
and only small percentage on non-circular cross-section
torus [22-25], in which, Zingoni, Enoma and Govender

2015 [23] considered a semi-elliptic toroid and tried to
get an approximate bending solution that may be valid
in regions adjacent to the horizontal equatorial plane.

When the torus was first studied, high-order and com-
plicated governing equations of a torus under symmetric
loads were reduced to lower-order, ordinary differential
equation (ODE) by Hans Reissner (1912)[26] when he
was a professor at ETH in Switzerland. His colleague
at ETH, Meissner (1915) [27] derived a complex-form
equations for the shell of revolution. Hence, the first
complex-form equation of the shells of revolution includ-
ing torus is called the Reissner-Meissner equation, which
is a ODE system about shear force @@ and rotation x
(Fliigge 1973 [16]). In 1959, Novozhilov published his cel-
ebrated monograph on the complex-form theory of shells,
and formulated symmetrical deformation of a torus in his
complex-form (Novozhilov 1959 [14]).

Regarding formulation of elastic torus, governing equa-
tions that all publications adopted are either Reissner-
Meissner’s mixed formulation or Novozhilov’s complex-
form one. Although those formulations have some advan-
tages, however they can not be used for vibration anal-
ysis and/or have difficulty when you have to deal with
displacement boundary conditions. Therefore, it is de-
sired to have displacement formulations for elastic torus.
Sun 2010 [9] who derived displacement-type equations
for torus and obtained a closed-form solution for special
case as radius ratio 4 — 0. This special solution can not
capture full mechanics nature of torus and therefore are
needed to be improved further.

In corresponding to elliptic torus, to my best of knowl-
edge, no any research on the oblique elliptic torus has
been seen in the literature. In this paper, we will apply
the displacement formulation to solve the strength and
vibration of oblique elliptic torus.

This study wishes to carry on my previous works (Sun
2010 [9]), and investigates mechanical response for ar-
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bitrary ratio %. The content is organised as follows:
Section 2 derives displacement-type formulation of torus.
Section 3 applies the displacement formulation to oblique
elliptic torus. Section 4 applies the displacement formu-
lation to normal elliptic torus. Section 5 verifies our re-
sults by both finite element analysis and Hans Reissner’s
formulation. Section 6 provides conclusions.

II. DISPLACEMENT-TYPE FORMULATION OF
SYMMETRICAL DEFORMATION OF ELASTIC
TORUS

For convenience of readers, all quantities notation and
definition please refers to well-known book of J.N. Reddy
2007 [37]. For the torus shown in Fig. 2, the positions of
points on the middle surface will be determined by the
angles 6 and ¢. Further, let 71 be the radius of curvature
of the meridian and 7o the radius of curvature of the
normal section, tangential to the parallel circle. This
second radius is equal to the segment of the perpendicular
to the middle surface between this surface and the axis
of the torus.

FIG. 2: Geometry of torus, loading, forces and moments.

The principal radii of curvature of the oblique elliptic
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torus in Fig.2 are given by

1 a’b?
 cos B (a2 sin? ¢ + b2 cos? ¢)3/2
R n 1 a?
sing  cosf (a?sin® ¢ 4 b2 cos? $)1/2’

(1)

where [ is oblique angle. From the above relations, we
can see that the oblique angle will strongly influence on
the mechanics of elliptic torus via affecting the main prin-
cipal radii 5. The above radii will be reduced to normal
elliptic torus when g = 0.

Regarding the forces shown in Fig.2, the balance equa-
tions are

d(fb (rNgg) — Nogricosd +rQy + 17 fp =0,
d Ngs  Nog (2)
o —(rQq) — 7'11“( 0 4 7) +rirfe =0,

where r = rysin ¢, distributed loads fy, fc along ¢, ¢
direction, and shear force

1 d

@it

1
Mgyg) — . cos ¢ Mpg. (3)
where the resultant membranae forces are Ngy =
K(€¢¢ + I/{:‘@g), Ny = K(V€¢¢ + 699), and resultan-
t bending moments are Mgy = B(kgp + Vkas), Moo =
. : _1,d
B(vkgy+reg); The membranae strains are egp = - (75 +

w), g L o (ucot ¢ + w), and change of curvature
are Kpp = % T, Koo = 220, where total rotation
0y = Tll (u — %’); and membranae stiffness K = 1E’;2,

bending stiffness B = m,
ulus F and Poisson’s ratio v.

thickness h, Young mod-

With the above strains and curvature change, the re-
sultant membranae force and bending moments can be
expressed in terms of displacements u, w as follows;

1 du 1
N¢¢fK[E(%+w)+1/g(ucot¢+w)],
du
Ngg = K[v—(ucot ¢ + w) + —(— + w)],
2 1 do
B idﬁ cot ¢
(1 d 1 dw coto 1 dw ]
:B _ _ — —_ _ —
masn T T, e
Mg = B[yi% + cot ¢

nds T P
[ 1 d. 1 dw |
SOl a ) S w))

(W

Substituting the shear force @)y in Eq.3 into Eq.2 and
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produce
d
9 —(rNyg) — Nogr1 COS O
1.d
+—[——(rMyy) — 7 cos pMgg| + r17fy = 0,
e 5)
d[l d (rMepg) — cos dMpg]
4o \r do b6 00
N, N,
—7‘17"(ﬂ + 99) +rirfe =0,
1 T2

The Eq. 5 can be further simplified by substituting the
constitutive relations into Eq.bal-2, which will generate
a final equations that is a six order ordinary differential
equation system about displacement u(¢) and w(¢).

d 1. d 1
K@ [ [Tl(dz +w)+ym(ucot¢+w)]]

_Krlcos¢[yé(ucot¢+w)+%(%+w)]
B d 1d.1 dw coto 1 dw
T lesb[nm_d(b)]” o dzzs)})
1 d.1 dw coto 1 dw
e v gl = G+ 0 S )

+rirfe =0,

d . 1d 1d.1 dw
== (u—

coto 1 dw
| s =)

rldqs?l“_d(z))H” rs 11 do
1d.1 dw cotp 1 dwﬂ]

—cosé [”w%“‘ P7 AR Gy

—rK[ (j¢

ri, 1 1 du
—Krg[ug(ucot(b—i— w) + E(ﬂ + w)]

w) + Vl(ucotqb—i— w)]
2

A. Oblique elliptic torus with a penetrate cut

Unless otherwise stated, numerical calculations in this
paper are based on the data in Table I. We vary the
oblique angle 3, while other quantities are kept unchange.

For a complete torus with a penetrate cut along the
parallel § = 7 and loaded with vertical force F', the load-
ing condition is shown in Fig. 11.

F F

F F
FIG. 3: Torus with a cut along its parallel at ¢ = 5 or
under load F

<
I
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The boundary condition is:

Qp = — % Mgy =0, (7)
Qp = %(Fsmﬂzﬁ)’ Mgy = 0. (8)

A general code for this case is written by Maple [38].
With the help of the Maple code, some numerical results
have been obtained and are shown in Fig. 8.

The results indicate that all quantities such as bending
moments, surface forces, shear force, and displacement
are strongly effected by oblique angle.

+rirfe =0,

(6)

The above ODE system will be more complicated if
taking into account of the principal radii. Obviously the
ODE system has no analytical solution but numerical
ones.

For simplification of presentation of our results, phys-
ical units will not be plotted in all drawings, all physical
units are listed in Table I:

TABLE I: Physical units
Rla,b[RA] E [v][My] Ny | Qs [ 0p Ju[w][A:
m[m [ m [N/m?[1[Nm[N/m[N/m[N/m?*[m

[m]m

III. MECHANICS OF AN OBLIQUE ELLIPTIC
TORUS

In this section, we will apply the displacement formu-
lation to the deformation analysis.

B. Deformation and stress caused by internal
pressure

For this problem, so far there has no a complete solu-
tion since no formulation can provide displacement peri-
od condition. The trick of this problem is that the period-
ic Condltlons must be used, namely 4(0) = u(27),w(0) =

w(2m), §5(0) = 95(2m), Myg(0) = Myy(2m), Ny (0) =
Nyo(27),Q4(0) = Qu(27). The results are presented in
Fig.5.

The results indicate that all quantities such as bending
moments, surface forces, shear force, and displacement
are vary with the change of oblique angle.

C. Free vibration of an oblique elliptic torus

Besides finite element method, both Reissner’s mixed
formulation and complex-form one can not be used to
deal with vibration of torus, because the acceleration of
motion must be taken into account in the formulation. In
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FIG. 4: Oblique elliptic torus with data: a = 0.1[m], b =
1.2a[m], R = 1[m],h = 1/15m|, 8 = kn/9, E = 2.0 x
10" N/m?, v =0.3, F = 1[N].

this case, displacement-type formulation is the only one
can be accepted. Therefore, in this section, we will study
symmetric free vibration of the torus. In this case, the
initial namely fy = —ph% and fr = —ph%Zng must be
introduced into Eq.6 and lead to a free vibration equation
system of oblique elliptic torus, where the mass density
p and time ¢t.

For free vibration analysis, the displacement u, w be
set as u = U(¢) exp(iwt) and w = W (¢) exp(iwt), where
w is angular frequency, U(¢), W(¢) are the eigenmode
of u, w, respectively. We have simulated the torus as
shown in Fig. 11 without load F', which means that we
are dealing with free vibration. With our general Maple

—— kel —k2—-— k=3

(e) u Displacements in ¢ (f) Displacement w in ¢ direction.

FIG. 5: Deformation caused internal pressure. Oblique ellip-
tic torus with data: a = 0.1[m], b = 1.2a[m], R = 1[m],h =
1/15[m], B = kn/9, E = 2.0 x 10""N/m?, v = 0.3, fc =
1[N/m?].

code, eigenfrequencies are obtained.
(a)For free vibration of torus, if we take into account

of acceleration in both direction of u, w, namely f, =
2 2

—ph% and fe = —ph%T”‘;’.

are obtained as follows:

The angular eigenfrequences

B=m/6: w=367.843[1/s]

B=2m/6: w=441.135[1/s]. (10)

(b) For free vibration of torus, if we only take into
account of acceleration in direction of w, namely fr =
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8%w
ot2

—ph

The eigenfrequency are obtained as follows:

B=7/6: w=0645.643[1/s]
B=2r/6: w=660.330[1/s].

(11)
(12)

The eigenmodes corresponding to the eigenfrequencies
are

0.0005

0.0004

0.0003-

0.0002-

0.0001

FIG. 6: Eigenmode of displacement w. The solid-line is for
case (a) and point-line is for case (b).

The results indicate that the eigenfrequency in case
of (a) and (b) has a big difference, while the eigenmode
has little difference for literal motion w and small off
alignment for mid-surface motion u. The big frequency
difference implies that the acceleration in u direction can
not be omitted for vibration of torus.

It is worth to mention that such analysis has not been
reported in the literature, other shell’s vibration can be
seen in a famous book by A W Leissa 1993. [39]

IV. MECHANICS OF A NORMAL ELLIPTIC
TORUS

If there were no oblique angle, namely 5 = 0, all previ-
ous formulations will be reduced to normal elliptic torus
as shown in Fig.7.

FIG. 7: Geometry of normal elliptic torus, loading, forces and
moments.
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(e) u Displacements in ¢ (f) Displacement w in ¢ direction.

FIG. 9: Deformation caused vertical force. Normal ellip-
tic torus with data: a = 6k[m],b = 15, R = 30[m],h =
a/15[m], E = 2.0 x 10" N/m? v =0.3, F = 1[N].

A. Normal elliptic torus with a penetrate cut

The above all figures indicate that all quantities such
as bending moments, surface forces, shear force, and
displacement are strongly effected by the radius ratio
a = a/R, and vary dramatically with ¢ both near to


https://doi.org/10.20944/preprints202103.0300.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 March 2021

and far from the edge.

B. Free vibration of a normal elliptic torus

We have simulated the torus as shown in Fig. 8 with-
out load F', which means that we are dealing with free
vibration. For free vibration of torus, if we take into ac-
count of acceleration in both direction of u, w, namely
fo=— atg and fr = —phZw atQ .

The elgenmodes corresponding and angular eigenfre-
quences are obtained and shown in Figl0.
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FIG. 10: Eigenmode of displacement w: the dash-line is for
k =1 and solid-line is for k = 2; their corresponding angular
eigenfrequences are w = 38.551[1/s] and w = 25.534; Nor-
mal elliptic torus data: a = 10k[m],=15[m|, R = 30[m],h =
a/15[m], E = 2.0 x 10" N/m?, v = 0.3.

V. SIMULATION VALIDATION

A. Displacement formulation vs. finite element
analysis for circular torus

B

FIG. 11: Torus with a cut along its parallel at ¢ = 7 or
¢ = —% under load F'

To verify our result, we carried out a finite element
analysis for circular torus. The comparisons are shown
in Fig. 12. The finite element results were simulated by
ABAQUS with shell element S4R. We applied the bound-
ary condition A,(—37/2) = 0 to cancel the rigid body
motion, which might be the reason for minor differences
in the range 6 € [—37/2,—57/4]. From physics point
of view, our result is symmetric respect to the axes of
0 = —m/2 while the FEA has slightly symmetry break-
ing. Therefore, our results are more trustable since the

-0.01

-0.02
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FIG. 12: Left: Bending moment Mgyg;
tical displacement A., this paper )
3.61080495828841 x 1077[m], FEM gives A.(7/2)
3.557581142 x 10~°[m)]. Circular torus data: a
0.36[m], R = 1[m],h = 1/15[m], 8 = kn/9, E = 2
10" N/m?, v = 0.3, F = 1][N]

Right:  Ver-
gives A,(mw/2

finite element analysis supports our numerical prediction
nicely.

B. Comparison with Hans Reisnner’s formulation
on both normal and oblique elliptic torus

In the theory of shells of revolution under axisymmetric
load, according to Timoshenko and Woinowsky-Krieger
1959 [15], the decisive step was the introduction of Q4
and x as unknowns by H. Reissner 1912 [26]. The idea
has been much extended by E. Meissner 1925 [27]. The
formulation of Reissner-Meissner of shells of revaluation
with constant thickness can be found in the masterpieces
of Fliigge 1973 [16]. All notations in this subsection can
be found in Fliigge’s book [16].

The balance equations are:

2O Zootpt (R~ (Lot o+ p)x
= 2ninQe, (13)
2 @0+ Eeoto+ (2] (r00)
~ (1 ot & = p)(r2Qy)

—B(1 - p?)rix + Pg(9), (14)

where x is the angle by which an element rd¢ of the
meridian rotates during deformation; r = rysin ¢, the
load term P is constant to be determined by the value of

N¢¢(ﬂ'/2) = —27542 and
B 1 r% 7"2 d ro9
00) = g eoro () (15)

The resultant membranae forces Ny can be represented
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by shear force Q:

P 1
Ny = —Qy cot p— —————
a4 @y cotd 277y sin® ¢ 16
Noo = — L (1yQg) + o ——. "
00 = T do 72Q¢ 2 s g

Substituting the principal radii, ie., r1, 7o into Eq.13
will give governing equation for torus as follows:

e e A
(e oot 6+ Wy = Fala+ Z)Qe, (17
Bt ashd L lat o)l

HEEEE cotg ot (R Lo+ Q)
(ot 6~ et )

= —B(1 - p*)ax + Pg(¢). (18)

Once we obtain the shear force @4 and rotation x, one
can compute all other quantities, such as Ngg, Mys, as
well as u, w. The problem of elastic torus becomes to
find the shear force Q4 and rotation x from Eq.17 and
18. Obviously, Eq.17 and 18 are complicated and hard
to be solved analytically.

For normal elliptic torus as shown in Fig.8, the com-
parison is given in Fig.13.

0.006
0.0041
0.0021

-0.002

-0.004

-0.0061

0

3m smoo-m 3m T LA 3
2 4 4 4 4 2

Swla ]

l— Displ formulation °  Hans Reissner]

FIG. 13: Normal elliptic torus: displacement formulation

vs. Hans Reissner. Problem as shown in Fig. 8. a =
20[m], b = 10[m], R = 30[m],h = 1/15[m], E = 2.0 X
10" N/m? v = 0.3, F = 1|N]. Note: Hans Reissner for-

mulation load P and boundary condition: P = F' = 1 and
Q(—371/2) = 0, X (=37/2) =0, Q¢(m/2) =0, F(x/2) = 0.
Due to the difference of sign convention, Q4(Displacement-
formulation)= —Q4(Reissner-formulation).

For oblique torus as shown in Fig.11, the comparison
is given in Fig.14.

The numerical simulations show that displacement for-
mulation agrees with Hans Reissner formulation very

0

w
A
o ]
A
E]
@

3 T r
4 i 2

+|
@ ula ]

formulation  © lIansRcissncr]

FIG. 14: Oblique elliptic torus: displacement formulation vs.
Hans Reissner. Problem as shown in Fig. 11. a = 6[m], b =
15[m], R = 30[m],h = 6/15[m], E = 2.0 x 10" N/m?, v =
0.3, F = 1[N], 8 = w/8. Note: Hans Reissner formula-
tion load P and boundary condition: P = F = 1 and

Q¢(_37r/2) = Qﬂ%nﬁ)’ dd)( 37T/2) = 07 Q¢(ﬂ—/2) =
%7 a3(m/2) = 0. Due to the difference of sign
convention, Q4(Displacement-formulation)= —Q4(Reissner-
formulation).

well, which provides a good supportive evidence about
the correctness of our both formulation and simulation.

VI. CONCLUSIONS

We have formulated elastic oblique elliptic torus in
terms of displacement and successfully solved some typi-
cal problems, free vibration of the torus has been studied.
To verify our formulation, we wrote a computational code
in Maple and carried out some numerical simulations.
The validation of our numerical results was confirmed
and supported by both finite element analysis and Han-
s Reissner’s formulation. Our investigations show that
both deformation and stress response of an elastic torus
are sensitive to the radius ratio and dramatically vary
with the meridian angle, therefore the analysis of a torus
should be done by the bending theory of a shell rather
than membrane theory of shell. Our numerical studies
also reveal that the inner torus is stronger than outer
torus due to the property of their Gaussian curvature.
Concerning the free vibration of torus, our analysis in-
dicates that both initial in u and w direction must be
included otherwise will cause big errors if initial in u di-
rection were omitted. Last but not least, the oblique
angle has a strong influence on the mechanics of ellip-
tic torus, because the oblique angle will affect the main
principal radii.
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