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Abstract: Solidification microstructure is formed under high cooling rates and temperature gradi-

ents in powder-based additive manufacturing. In this study, a non-equilibrium multi-phase field 

method (MPFM), which was based on a finite interface dissipation model proposed by Steinbach et. 

al., coupled with a CALPHAD database was developed for a multicomponent Ni alloy. A quasi-

equilibrium MPFM was also developed for comparison. Two-dimensional equiaxed microstructural 

evolution for the Ni (Bal.)–Al–Co–Cr–Mo–Ta–Ti–W–C alloy was performed at various cooling rates. 

The temperature–γ fraction profiles obtained under 105 K/s using non- and quasi-equilibrium 

MPFMs were in good agreement with each other. Over 106 K/s, the differences between non- and 

quasi-equilibrium methods grew as the cooling rate increased. The non-equilibrium solidification 

was strengthened over a cooling rate of 106 K/s. Columnar-solidification microstructural evolution 

was performed under cooling rates from 5×105 K/s to 1×107 K/s at various temperature gradient 

values under the constant interface velocity (0.1 m/s). The results showed that as the cooling rate 

increased, the cell space decreased in both methods, and the non-equilibrium MPFM agreed well 

with experimental measurements. Our results show that the non-equilibrium MPFM can simulate 

solidification microstructure in powder bed fusion additive manufacturing. 

Keywords: additive manufacturing; rapid solidification; microstructural evolution; non-equilib-

rium; quasi-equilibrium; multi-phase field method; CALPHAD database; nickel alloy  

 

1. Introduction 

Additive manufacturing is used to produce complex three-dimensional machine 

parts by feeding alloy powder layer by layer. The powder layer surface is irradiated by a 

high-power laser, melted, and solidified in every feeding. This process is called laser pow-

der bed fusion (LPBF). The mechanical properties of machine parts fabricated by LPBF 

often supersede those produced by conventional casting methods due to the unique so-

lidification microstructure [1]. The short diameter (100 µm) and high moving speeds (0.1-

1m/s orders) of the laser spot enable high cooling rates and temperature gradients around 

the melting pool. These conditions lead to the microstructure resulting in exceptional me-

chanical properties [2-4]. Many researchers have reported that the solidification micro-

structure obtained by LPBF was produced using cooling ranges from 104 K/s to 106 K/s 

and temperature gradients from 105 K/s to 107 K/s [5-7]. Rapid solidification is desired to 

design the LPBF process parameters to obtain precise microstructure. However, analyzing 

high-speed rapid solidification in LPBF is experimentally challenging. Therefore, numer-

ical methodologies can help to unravel the mechanism of rapid solidification in LPBF. 
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Many FEM analyses have been performed to show the temporal temperature distri-

butions around the moving laser spot [8-10]. Furthermore, CFD analyses have been per-

formed to obtain not only the temperature distribution but also the fluid flow in the melt 

pool by considering the free surface affected by Marangoni convection. The macroscopic 

solidifications have been attempted by weak coupling with the temporal temperature dis-

tribution or by the VOF method in CFD analysis [11,12]. However, these numerical tech-

niques do not provide information about microstructural evolution and cellular or den-

dric growths because constitutional cooling is not rigorously estimated due to its large-

scale discretization for description of solute diffusion boundary layer. Moreover, cellular 

automaton applied to relatively short length scales provides cellular or dendritic growth, 

considering constitutional undercooling [13,14]. Recently, columnar-to-equiaxed transi-

tion analysis was successfully applied to rapid solidification conditions in LPBF. The 

multi-phase field method (MPFM) has been used along with weak coupling analyses, 

macroscopic thermal and/or fluid dynamics, and microstructural evolution [15-18]. Local 

equilibrium and quasi-equilibrium assumptions are usually assumed for cellular autom-

aton or the MPFM [19], respectively. These assumptions could be applied to rapid solidi-

fication in LPBF [20].  

The finite interface dissipation model for the phase-field method (PFM) was pro-

posed by Steinbach et. al. [21,22]. This model permits the PFM to describe the non-equilib-

rium solute distribution with a new parameter called permeability at the interface region. 

By using this model, the MPFM has been extended to a multi-component system consist-

ing of substitutional and interstitial elements in combination with a CALPHAD database. 

Recently, Karayagiz et. al. performed solidification microstructure analysis using the non-

equilibrium, finite interface dissipation, and MPFM for a Ni–Nb binary system by weakly 

coupling with FEM thermal analysis in LPBF [23]. They found that the segregation coeffi-

cient value simulated by the non-equilibrium MPFM was close to the quasi-equilibrium 

MPFM as permeability value increasing. 

So far, the literature on solidification microstructure evolution by the MPFM was 

usually studied in binary or ternary systems. In this study, we developed non- and quasi-

equilibrium MPFMs coupled with a CALPHAD database for Ni alloy of engineering 

multi-component. Next, non- and quasi-equilibrium MPFMs were compared to equiaxed 

microstructure evolution simulations at various cooling rates. Finally, columnar micro-

structure evolutions performed by both MPFMs in the same steady interface under vari-

ous cooling rates and temperature gradients were compared and discussed. 

2. Model Description and Computational Procedure 

2.1. Non- and Quasi-Equilibrium Multi-Phase Field Method 

The finite interface dissipation model proposed by Steinbach and Zhang [22] was 

adapted to develop the non-equilibrium MPFM. This MPFM equation has the same struc-

ture as the conventional MPFM. The conventional MPFM equation is based on a quasi-

equilibrium assumption that is defined by the parallel tangent law between Gibbs free 

energy curves varying with solute compositions of two or more phases according to the 

KKS model [24]. This restriction is not necessary for the non-equilibrium MPFM. The 

MPFM equation is described by using the double-obstacle potential for consistency as fol-

lows: 

 

(1) 

where ∅𝛼, 𝜎𝛽𝑘, 𝐾𝛼𝛽, δ, and 𝑁 are the phase order (0 ≦ ∅𝛼 ≦ 1), interface energy, inter-

face mobility, interface width, and number of phases or grains constructing the interface, 

respectively. 𝛥𝐺𝛼𝛽 is the interface driving force between phases α and β. For non-equi-
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(2) 

where 𝑓𝛼, 𝑓𝛽, 𝑐𝛼
𝑖 , 𝑐𝛽

𝑖 , 𝜇̃𝜁
𝑖  and 𝑛 are the Gibbs free energy density of phases α and β, the 

molar fraction of element 𝑖 in phases α and β, the diffuse potential that is the gradient of 

the Gibbs free energy tangent line for element 𝑖 composition direction in phase ζ and 

number of (solute and solvent Ni) elements in the system, respectively. In the conven-

tional MPFM, the diffuse potential values of all phases at a point at the interface become 

equal, 𝜇̃𝛾
𝑖 = 𝜇̃𝑖 . The driving force, 𝛥𝐺𝛼𝛽, is expressed as 

 
(3) 

The conventional MPFM driving force can be considered as a special case of the non-equi-

librium MPFM.  

The interface mobility correction is essential to precisely control interface motion. In-

terface mobility values were corrected according to the equation (16) of [25] and the equa-

tion (35) of [26] for quasi- and non-equilibrium MPFMs, respectively. The anti-trapping 

current was also implemented by the equation (29) of [26]. These equations were derived 

for the double-obstacle potential of the phase-field equation. 

The evolution equations of solute compositions in the interface region were proposed 

by Zhang et. al. [25] as follows: 

 
(3) 

where 𝐷𝑖𝑗
𝛼  is the diffusivity matrix in phase α. 𝑃𝛼𝛽

𝑖  is a new parameter named interface 

permeability that acts as a strength partitioning solute element 𝑖 between phases α and 

β. Eq. (4) is separated into two steps according to our previous study [27]: 

 
(5) 

 
(6) 

Eq. (5) is the diffusion equation in the interface region as in the conventional MPFM. Eq. 

(6) is called the interface partitioning rate equation in this study. Eq. (6) is implicitly solved 

to be convergent at each time step by the successive relaxation method. Moreover, in the 

quasi-equilibrium MPFM, partitioned solute element compositions were obtained by the 

parallel tangent law: 

 (7) 

Eq. (7) was solved by the Newton–Rapson method. The different parts of the numerical 

program code for non- and quasi-equilibrium MPFMs solved Eqs. (6) and (7), respectively. 

Other parts were common in both MPFM codes. Therefore, microstructural evolution dif-

ferences between non- and quasi-equilibrium MPFMs were obtained. 

Anisotropic properties of dendritic or cellular growth were considered in Eq. (1). A 

two-dimensional model [28] was employed to define the interfacial energy and the inter-

face mobility between liquid and solid phases using 
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respectively, where 𝛼 = FCC and 𝛽 = Liquid. θ is the angle of the normal vector on the 

interface and is given by 𝜃 = tan−1{(𝜕∅𝛼/𝜕𝑦)/(𝜕∅𝛼/𝜕𝑥)}. 𝜀4 is the coefficient of four-

fold symmetry, where 0.0167 and 0.25 were selected for the interfacial energy and the in-

terface mobility, respectively. The anisotropy functions were not given for the interface 

between 𝛾 grains in the present calculations. 

2.2. Sublattice Model of γ in the CALPHAD framework 

The Ni(Bal.)–Al–Co–Cr–Mo–Ta–Ti–W–C alloy was selected to simulate the solidifi-

cation microstructure of γ (FCC phase). The thermodynamics values, Gibbs free energy, 

and chemical potential of FCC and liquid phases were numerically provided from CAL-

PHAD databases. In this study, the Ni database of Thermo-Calc, TCNI9 [29], was applied 

to obtain the thermodynamics values using Thermo-Calc TQ-Interface [30], which is a 

FORTRAN subroutine module. The numeric modules of TQ-Interface should be used for 

MPFM calculation to reduce the CPU time. Because this quick numeric module does not 

directly provide chemical potential values, the sublattice structure has to be considered in 

programming to estimate thermodynamic values. 

The CALPHAD crystal structure of γ consisting of Ni(Bal.)–Al–Co–Cr–Mo–Ta–Ti–

W–C was described by substitutional and interstitial sublattices, [Al, Co, Cr, Mo, Ni, Ta, 

Ti, W]m[C, Va]l, where m and l are units for the FCC phase and Va, which indicates the 

vacancy at the C site in the second sublattice. Chemical potentials for elements, 𝜇C , 𝜇j, j = 

Al, Co, Cr, Mo, Ni, Ta, Ti, and W in the FCC phase were described as 

 

(10) 

where 𝑦c, 𝑦i are the site fractions of the element in the sublattices, and 𝐺′ is the Gibbs 

free energy for the total effective site number in the unit lattice. TQ-interface provide a 

differential of 𝐺′ with site fraction, 𝜕𝐺′/𝜕𝑦i, by reading parameter values from the CAL-

PHAD sublattice model database. The derivation of Eq. (10) is explained in Appendix A. 

Eq. (10) can be promptly expanded to any kind or number of element systems and pro-

vides fast computation capability. This derivation procedure is promptly applied to more 

than two sublattice structures, e.g., 𝛾′ (order–disorder FCC_L12 phase) as explained in 

Appendix A.  

2.3. Computational Methods and Common Conditions 

Eqs. (1) and (5) were solved using the two-dimensional finite difference method by 

forwarding in time and centering in space. Constant grid width, 𝛥𝑥, and time step, 𝛥𝑡, 

were applied. 𝛥𝑡 was estimated by maximum stability limitation values according to dif-

fusivity obtained by the diffusion equation and interface mobility and interfacial energy 

in the MPFM equation. The interface region width, 𝛿, was five times the grid width in all 

calculations in this study. The interface region was defined as the FCC phase order (∅FCC) 

value from 2.5 × 10−5 to (1 − 2.5 × 10−5). Bulk liquid and FCC phases were defined by 

0 ≦ ∅FCC＜ 2.5 × 10−5 and (1 − 2.5 × 10−5)＜ ∅FCC ≦  1, respectively. 

Initial Ni alloy composition was selected as Ni(Bal.)–3.2Al–0.1C–8.5Co–16.3Cr–

1.65Mo–1.8Ta–3.22Ti–2.7W (wt.%) in this study. As-cast microstructure contained almost 

only γ (FCC phase) grains based on our experimental measurements. Initial solidified γ 

(FCC phase) appears at 1630.9 K by the equilibrium property calculation using Thermo-

Calc software. Initial temperature values were set at 1621 K (undercooled state). The dif-

fusivity of γ varied with temperature (Arrhenius equation) and was estimated using the 
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diffusion database of Thermo-Calc [31]. The diffusivity of liquid, 𝐷L, was set as 2.0×10-9 

m2/s for all calculations in this study. 

2.4. Permeability Value 

Zhang et. al. proposed the interface permeability equation related to the bulk diffu-

sion mobilities as follows [25]: 

 
(11) 

where 𝑀̃i
FCC and 𝑀̃i

Liquid
 are the diffusion mobilities of element i in bulk FCC and liquid 

phases, respectively, and 𝑉m
FCC and 𝑉m

Liquid
 are the molar volumes of FCC and liquid 

phases, respectively. 𝑎  is the physical interface length at the atomistic scale. Eq. (11) 

shows an interpolating formulation by two terms, which vary with the phase order ∅FCC 

where ∅Liquid = 1 − ∅FCC. The former (FCC) and the latter (liquid) were evaluated as fol-

lows: Diffusion mobility values were estimated using the diffusion mobility database 

MOBNI5 for the equilibrium compositions of the alloy Ni(Bal.)–3.2Al–0.1C–8.5Co–

16.3Cr–1.65Mo–1.8Ta–3.22Ti–2.7W (wt.%) at 1626K. 𝑀̃i
FCC values were obtained as 

1.72 × 10−18~4.02 × 10−17 m2∙mol/J/s  for the substitutional elements and 2.03 ×

10−14 m2∙mol/J/s  for the interstitial element C. 𝑀̃i
Liquid

 values were obtained as 

1.14~2.10 × 10−13 m2∙mol/J/s  for the substitutional elements and 6.91 ×

10−13 m2∙mol/J/s for the interstitial element C. The molar volumes 𝑉m
FCC and 𝑉m

Liquid
 were 

approximated as 8.0 × 10−6 m3/mol. The physical interface length was assumed as 2 nm. 

The former (FCC) term, 8 ∙ 𝑉m
FCC𝑀̃i

FCC/𝑎/𝛿, led to 1.01 × 10−6~2.36 × 10−5 m3/J/s for the 

substitutional elements and 1.19 × 10−2 m3/J/s for the interstitial element C. The latter 

term (liquid), 8 ∙ 𝑉m
Liquid

𝑀̃i
Liquid

/𝑎/𝛿, led to 7.30 × 10−2~0.13 ×  m3/J/s for the heavy ele-

ments and 0.44 m3/J/s for the light element C. Further, the maximum number of the per-

meability 𝑃FCC, Liquid
𝑖  to maintain numerical stability was found as ~4 × 10−5 m3/J/s by 

applying the same permeability value to all elements. This number had the same order as 

the former (FCC) term, 8 ∙ 𝑉m
FCC𝑀̃i

FCC/𝑎/𝛿, for the substitutional elements and was smaller 

than that of the interstitial element C or the permeability defined by the liquid, 8 ∙

𝑉m
Liquid

𝑀̃i
Liquid

/𝑎/𝛿. If the solute element partition is controlled by reducing the diffusion 

mobility between the two phases, the permeability would be decided by the minimized 

value. The following solidification microstructure evolution was calculated based on a 

permeability value of 10−5 m3/J/s in this study. 

3. Equiaxed Microstructure Evolution 

3.1. Specific Model Conditions for Equiaxed Microstructure Evolution 

The region was set as a square with 200 × 200 grid points. The grid width was 2.0 × 

10−8 m. The initial γ grains, whose number was set as seven, were randomly distributed 

for nucleation. Their diameter was defined as one grid size. The grain crystalline direc-

tions were also randomly provided. The interfacial energy and the interface mobility be-

tween the liquid phase and γ were set to 0.2 J/m2 and 2.0 × 10−8 m4/J/s, respectively. 

The permeability 𝑃FCC, Liquid
𝑖  value was defined as 2 × 10−5 m3/J/s for the non-equilib-

rium MPFM calculations. Uniform temperature (zero temperature gradient) was assumed. 

The calculations were performed in four cooling rates, 104 K/s, 105 K/s, 106 K/s, and 107 

K/s. The initial temperature values were set at 1621 K to avoid initial γ grains from disap-

pearing by the Gibbs–Thomson effect. Periodic boundary conditions were adapted for 

solving the MPFM and diffusion equations. The same conditions were supplied for the 

non- and quasi-equilibrium calculations. 

3.2. Results and Discussion 
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Figures 1 and 2 show the solidification microstructure distributions at a cooling rate 

of 105 K/s by non- and quasi-equilibrium calculations, respectively, at 0.06 ms showing 

solute concentration and γ grain distributions. The solute diffusion and partitioning 

around the advancing interface between liquid and solid phases were precisely calculated 

for all elements. The segregation between grain interfaces was also confirmed. The ran-

dom anisotropy between the liquid phase and γ grains was activated. We found that the 

solidification in the quasi-equilibrium MPFM (Figure 2) was more advanced than that in 

the non-equilibrium MPFM (Figure 1).  

 

    

(a) Al (b) C (c) Co (d) Cr 

    

(e) Mo (f) Ta (g) Ti (h) W 

Figure 1. Solute concentration and γ grain distributions obtained by the non-equilibrium MPFM at 0.06 ms at a cooling 

rate of 105 K/s. (a), (b), (c), (d), (e), (f), (g), and (h) are Al, C, Co, Cr, Mo, Ta, Ti, and W molar fractions, respectively. 

    

(a) Al (b) C (c) Co (d) Cr 

    

(e) Mo (f) Ta (g) Ti (h) W 

Figure 2. Solute concentration and γ grain distributions obtained by the quasi-equilibrium MPFM at 0.06 ms at a cooling 

rate of 105 K/s. (a), (b), (c), (d), (e), (f), (g), and (h) are Al, C, Co, Cr, Mo, Ta, Ti, and W molar fractions, respectively. 

The solidification microstructure evolutions were compared by changing the cooling 

rate for the two models. Figure 3 shows the temporary solidification microstructure dis-

tributions at a cooling rate of 104 K/s using non- and quasi-equilibrium MPFMs. The solute 

element C was selected to visualize solute concentration distribution. γ grain sizes obtained 

from the two MPFMs were similar. The solute distributions were also very close to each other. 

Figure 4 shows the temporary solidification microstructure distributions at a cooling rate 

of 107 K/s. The solidification obtained using the quasi-equilibrium MPFM advanced more 

compared with that using the non-equilibrium MPFM. Thus, the difference in the solidi-

fication rate between non- and quasi-equilibrium MPFMs increased as the cooling rate 

increased under the same conditions. 

 
(a) Non-equilibrium MPFM 
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(1) 0.05ms (2) 0.15ms (3) 0.3ms (4) 0.6ms 

(b) Quasi-equilibrium MPFM 

    

(1) 0.05ms (2) 0.15ms (3) 0.3ms (4) 0.6ms 

Figure 3. Temporal C concentration (molar fraction) and γ grain distributions obtained at a cooling rate of 105 K/s by (a) 

the non-equilibrium MPFM and (b) the quasi-equilibrium MPFM. 

(a) Non-equilibrium MPFM 

    

(1) 0.005ms (2) 0.008ms (3) 0.012ms (4) 0.015ms 

(b) Quasi-equilibrium MPFM 

    

(1) 0.005ms (2) 0.008ms (3) 0.012ms (4) 0.015ms 

Figure 4. Temporal C concentration (molar fraction) and γ grain distributions obtained at a cooling rate of 107 K/s by (a) 

the non-equilibrium MPFM and (b) the quasi-equilibrium MPFM. 

Figure 5 shows the relations of temperature versus FCC phase (γ) area fraction for cool-

ing rates of 104 K/s, 105 K/s, 106 K/s, and 107 K/s for non- and quasi-equilibrium MPFMs and 

the Scheil model (Thermo-Calc) calculation considered carbon back-diffusion. The differ-

ence between the temperature–FCC phase fraction profiles obtained from Scheil and 

MPFM calculations increased with the increased cooling rate. Under relatively low cool-

ing rates, solidification interface motion is mainly controlled by the constitutional under 

cooling of the solute diffusion. If the cooling rate gradually decreases to zero, the solute 

concentration distribution around the interface nears that obtained by the Scheil model, 

which is assumed infinite under zero solute diffusivity for the liquid and solid, respec-

tively, except for the infinite diffusivity of C in the solid. The results at 104 K/s are close to 

those obtained by the Scheil model, except for the initial undercooling period. Thermal 

undercooling will be the majority for solidification interface moving with increasing the 

cooling rate [32]. Thus, the growth rate under a higher cooling rate accelerates in the early 

stage and strongly decelerates as it nears the local equilibrium at the interface in the final 

stage.  
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Figure 5. Temperature variations versus FCC area fraction at various cooling rates (104 K/s, 105 K/s, 106 K/s, and 107 K/s) 

for non- and quasi-equilibrium MPFMs and the Scheil model. 

It can be seen that the temperature–FCC phase (γ) fraction profiles between non-equi-

librium and quasi-equilibrium MPFMs almost coincide with each other at cooling rates 

lower than 105 K/s. Further, this difference gradually grows for cooling rates higher than 

106 K/s at which the quasi-equilibrium MPFM growth rate is larger than the non-equilib-

rium MPFM growth rate. The non-equilibrium solidification is strengthened at above 106 

K/s in the present alloy composition. It is well known that the non-equilibrium distribu-

tion (segregation) coefficient increases with the growth rate [33]. Karayagiz et. al. reported 

that the non-equilibrium distribution coefficient, 𝑘𝑣, increased with the growth rate due 

to the columnar microstructure evolution using the non-equilibrium MPFM for the Ni–

Nb binary system [23]. They also found that 𝑘𝑣 of the non-equilibrium MPFM calculation 

approached asymptotically to one of the quasi-equilibrium MPFM with the increase in 

permeability. As the permeability is a strength factor for segregation partitioning, it is 

expected that the temperature–FCC phase fraction profile obtained by the non-equilib-

rium MPFM will be close to that obtained by the quasi-equilibrium MPFM profile at in-

creased permeability as the same tendency was confirmed for the γ–α transformation [34]. 

Figure 6 shows the temperature–FCC phase fraction profiles of the non-equilibrium 

and quasi-equilibrium MPFMs, varied with permeability values of 1 × 10−5 m3/J/s , 

2 × 10−5 m3/J/s, and 4 × 10−5 m3/J/s at a cooling rate of 107 K/s. It can be seen that the 

non-equilibrium profiles gradually get closer to the quasi-equilibrium ones. At a permea-

bility of 4 × 10−5 m3/J/s, profiles are almost the same for the two methods. It was con-

firmed that the permeability 4 × 10−5 m3/J/s was the maximum value because calcula-

tions in the condition of the permeability over this value caused numerical instability. As 

it is explained in Section 2.3, the permeability value was determined in precision of digit 

order, so far. However, the evaluation of the non-equilibrium property for different cool-

ing rates is available in the present non-equilibrium MPFM calculation procedure. 
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Figure 6. Temperature variation versus FCC area fraction at permeability values of 1 × 10−5 m3/J/s, 2 × 10−5 m3/J/s, and 

4 × 10−5 m3/J/s at a cooling rate of 107 K/s.  

4. Columnar Microstructure Evolution 

In the previous section, the permeability value, 4 × 10−5 m3/J/s, was estimated to 

give the approximately equal equiaxed-solidification fraction rate for non- and quasi-

equilibrium MPFM calculations at a cooling rate of 107 K/s. The microstructure evolution 

difference for the two methods will be confirmed in this section at a steady growth rate, 

𝑣̅ = 0.1m/s, for various cooling rates and temperature gradients using the permeability 

value, 4 × 10−5 m3/J/s. 

4.1. Specific Model Conditions for Columnar Microstructure Evolution 

The grid width was 1.0×10−8 m, which was defined to place four grids in the diffusion 

boundary layer length of the liquid side, 𝛿L = 2𝐷L/𝑣̅ = 4 × 10−8m. The cooling rate and 

the temperature gradient for the vertical direction were uniformly applied. The four com-

binations of the cooling rate and the temperature gradient were set, as shown in Table 1. 

The calculation region was set as a rectangle with 250 × 1500 grid points. However, 250 × 

2000 grid points were applied to Case (a) to obtain steady growth. The initial γ grain was 

placed at the bottom as a film. The initial bottom temperature was set at 1621 K as for the 

previous equiaxed microstructure evolution condition. The time step was adapted as 1.0 

× 10−8 s in all cases (Table 1). The symmetrical boundary conditions for the MPFM and 

diffusion equations were adapted for horizontal and vertical directions. The other condi-

tions were the same as those defined in Sections 2.3. and 3.1. 

Table 1. Variations in cooling rate and temperature gradient at a steady interface growth rate (0.1 

m/s). 

Case Cooling rate, R (K/s) Temperature gradient, G (K/m) 

(a) 5 × 105  5 × 106 

(b) 1 × 106 1 × 107 

(c) 5 × 106 5 × 107 

(d) 1 × 107 1 × 108 

 

4.2. Results and Discussion 

Figure 7 shows the snapshots of the microstructures obtained by the quasi-equilib-

rium MPFM calculations for conditions listed in Table 1. All cases reached steady cellular 

microstructures with boundaries parallel to the vertical direction, and the cell spaces were 
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maintained. The average cell space decreased from cases (a) to (d) with the increased cool-

ing rate and temperature gradient. Three growth stages were obtained: initial growth, ac-

celerated growth with fine cellular segregation, and decelerated growth forming the 

steady cell microstructure. Figure 8 shows interface moving velocity values with time for 

all cases. Each curve contains two inflection points, which are the boundaries between the 

three growth stages. In the second stage, the fine cellular segregation growth is accompa-

nied by hard competition, which makes the segregation lines fluctuate and disappear. In 

the second stage, the interface velocity continues to accelerate over the steady growth rate, 

0.1m/s. After the maximum velocity is reached, in the third stage, a steady cellular micro-

structure is gradually constructed with the deceleration of the interface velocity. The sec-

ond stage length is shortened from Cases (a) to (c). However, in Case (d), there is no ob-

vious transformation from the second to third stages. The fine segregation microstructure 

promptly becomes a steady state, as evidenced by the shortly overshot velocity of Case 

(d) in Figure 8. It is considered that Case (d) is in transition from the cellular to planar 

interface growth. 

The overshot velocity value from the steady velocity, 0.1 m/s, monotonically in-

creases with the decreased cooling rate. In the second stage, the fine cellular segregation 

period, the length increases with the increased overshot velocity. These tendencies are 

likely induced by the mandatory quasi-equilibrium assumption at the interface. The so-

lute partitioning estimated by the quasi-equilibrium leads to a large interface driving force. 

The interface velocity continues to accelerate over a steady velocity up to beginning of 

competitive fine cellular segregation. Moreover, the balance between the solute partition-

ing, cell spacing length, and solute undercooling starts to be formed according to the clas-

sical solidification theory based on the local equilibrium [33]. Then, the interface velocity 

decreases and reaches a steady state by constructing a regular cellular microstructure. A 

higher cooling rate can reach a steady undercooling temperature faster. Thus, the second 

stage period of a higher-cooling-rate case is shorter than that of the lower-cooling-rate 

case.  
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Figure 7. Snapshots of solidification microstructure distributions obtained by the quasi-equilibrium MPFM with Al con-

centration (molar fraction) at (a) 5×105 K/s and 5×106 K/m, (b) 1×106 K/s and 1×107 K/m, (c) 5×106 K/s and 5×107 K/m, and 

(d) 1×107 K/s and 1×108 K/m. 
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Figure 8. Interface moving velocity with time at (a) 5 × 105 K/s and 5 × 106 K/m, (b) 1 × 106 K/s and 1 × 107 K/m, (c) 5 × 106 

K/s and 5 × 107 K/m, and (d) 1 × 107 K/s and 1 × 108 K/m, obtained by the quasi-equilibrium MPFM. The red dashed line 

indicates the steady velocity. 

Figure 9 shows the snapshots of solidification microstructure distributions at Al con-

centration (molar fraction) obtained by the non-equilibrium MPFM under the conditions 
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listed in Table 1. The interface moving velocity values with time are shown in Figure 10. 

The interface velocities of Cases (a) and (b) do not reach the steady value, 0.1 m/s. How-

ever, the steady cellular microstructures with constant cell spacing are formed at an early 

stage in all cases. The average cell space length decreases as the cooling rate and temper-

ature gradient increase from cases (a) to (d). It is larger than that of the quasi-equilibrium 

MPFM case in all cases. The second stage of microstructure evolution constructed with 

competitive fine cellular segregation is not obvious in the non-equilibrium MPFM cases 

in Figure 9. The cellular microstructure promptly forms just after few cellular growth com-

petitions followed by the initial planer interface broken in all cases. The overshooting ten-

dency in Figure 10 is the opposite of those seen in Figure 8. Especially, in Cases (a) and 

(b), overshooting does not appear. In Cases (c) and (d), cell growth competitions are weak, 

regardless of the overshooting of the interface velocity. These results are considered to be 

led by the interface non-equilibrium assumption, which makes a lower driving force of 

constitutional undercooling due to more weakly solute portioning in the moving interface 

than the quasi-equilibrium assumption.  

 

 

    

Time 0.53ms 0.33ms 0.18ms 0.16ms 

Case (a) (b) (c) (d) 

Figure 9. Snapshots of solidification microstructure distributions obtained by the non-equilibrium MPFM at Al concen-

tration (molar fraction) at (a) 5 × 105 K/s and 5 × 106 K/m, (b) 1 × 106 K/s and 1 × 107 K/m, (c) 5 × 106 K/s and 5 × 107 K/m, 

and (d) 1 × 10
7
 K/s and 1 × 10

8
 K/m. 
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Figure 10. Interface moving velocity with time in Case (a): 5 × 105 K/s and 5 × 106 K/m, Case (b): 1 × 106 K/s and 1 × 107 K/m, 

Case (c): 5 × 106 K/s and 5 × 107 K/m, and Case (d): 1 × 107 K/s and 1 × 108 K/m obtained by the quasi-equilibrium MPFM. 

The red dashed line indicates the steady velocity. 

The diffusional and thermal undercooling values are estimated, as shown in Figure 

11. The liquidus temperatures, 𝑇0 and 𝑇∗ , for the initial alloy concentration and the cell 

tip concentration are obtained by Thermo-Calc, respectively. The undercooling tempera-

ture due to the curvature of the cell tip was not considered in this discussion because of 

the similarity of tip shapes in Figures 7 and 9. Figure 12 shows the diffusional and thermal 

undercooling values in the cell tips in Figures 7 and 9. The thermal undercooling values 

are much larger than diffusional undercooling ones. It is well known that the fraction of 

thermal undercooling increases with the increased cooling rate. It is reported that the frac-

tion of thermal undercooling becomes approximately 80% at a cooling rate of 100 K/s and 

a temperature gradient of 1000 K/m for the Al–Cu alloy [32]. Figure 12 qualitatively agrees 

with this relation. The diffusional undercooling difference between non-equilibrium and 

quasi-equilibrium MPFMs is not much because liquid solute compositions at the tips have 

almost the same values, and liquidus temperature differences are less than five degrees, 

(Figures 7 and 9). Further, the thermal undercooling of the non-equilibrium MPFM is 

about from twice to three times larger than that of the quasi-equilibrium MPFM in each 

case. So, in the non-equilibrium MPFM, the solidification microstructure evolution is 

driven more by thermal undercooling than that in the quasi-equilibrium MPFM at a high 

cooling rate. The necessity of high thermal undercooling in the non-equilibrium MPFM 

arises from its weaker solute partitioning, which leads to weak constitutional undercool-

ing. Then, the weak constitutional driving force is compensated by the thermal undercool-

ing to achieve a steady interface velocity (0.1 m/s). In the previous equiaxed microstruc-

ture evolution, the permeability value is calibrated to adjust the solidification phase frac-

tion varying with temperature between non- and quasi-equilibrium MPFMs. However, it 

is found that the difference in the columnar microstructure evolution between two 

MPFMs appears despite using the calibrated permeability. 
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Figure 11. Schematic illustration of diffusional undercooling, ∆𝑇𝐶, and thermal undercooling, ∆𝑇𝑇, where 𝑐0 is the initial 

alloy concentration, 𝑐𝑙
∗ and 𝑇𝑡𝑖𝑝 are the liquid concentration and temperature at the tip of the cell, respectively. 
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Figure 12. Undercooling with cooling rate: (a) diffusional undercooling; (b) thermal undercooling. 

In Figure 9, number of cells at Case (a) of the non-equilibrium MPFM is few. It is 

considered to be more affected by horizontal boundary condition than other cases. An 

additional calculation using twice number of horizontal grid point, 500, was performed to 

reduce affection of the boundary condition. The snapshot of solidification microstructure 

distributions at Al concentration (molar fraction) is shown in Appendix B. Number of cells 

increased from 1.3 par 2.5μm in Figure 9 to 3.5 par 5μm in Appendix B. The average cell 

space changed from 1.92μm to 1.43μm. Following discussion uses the revised cell space, 

1.43μm. Interface moving velocity and diffusional undercooling at cell tip were confirmed 

to be approximately same as the previous results in Figures 10 and 12, respectively. 

Table 2 shows approximately average cell space values of Cases (a), (b), (c), and (d) 

for non- and quasi-equilibrium MPFMs. The ratios of the cell space in which the space of 

Case (a) is defined as a unit are shown in parenthesis. The ratios in the non-equilibrium 

MPFM decrease rapidly compared to those in the quasi-equilibrium MPFM. Karayagiz et. 

al. reported solidification microstructure simulation for Ni–3.2at.%Nb system by compar-

ing with experimental measurements in various cooling rates and temperature gradients 

[23]. They estimated the ratio of the cell space as 0.35 for cooling rates from 5 × 105K/s 

to 5 × 106K/s, which corresponds to Cases (a) to (c) in Table 2. It is quite close to the ratio, 

0.32, obtained by the non-equilibrium MPFM. Further, the average cell space in the quasi-

equilibrium MPFM is less decreasing as cooling rate from Cases (a) to (c). 

 

Table 2. Average cell space (μm) at a steady interface moving velocity, 0.1 m/s. Numbers in paren-

theses are ratios of the cell space in which the space of Case (a) is defined as a unit. 
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Case Non-equilibrium MPFM Quasi-equilibrium MPFM 

(a) 1.43 (1) 0.45 (1) 

(b) 0.89 (0.62) 0.36 (0.8) 

(c) 0.45 (0.32) 0.29 (0.64) 

(d) 0.31 (0.22) 0.16 (0.35) 

 

Figure 13 shows an as-cast microstructure obtained experimentally for the same alloy 

composition. The experiment was performed at a laser power of 300 W, beam scan veloc-

ity of 900 mm/s, beam spot diameter of 100 μm, and a powder layer depth of 30 μm, lead-

ing to a melt pool depth of about 100 μm. The cooling rate is estimated to be varying in 

the same range as in Table 1, from 105K/s to 106K/s digit orders, by thermal FEM anal-

ysis [36]. It can be seen that the morphology in Figure 13 is constructed by a cellular struc-

ture with a cell space around 1 μm. It is in good agreement with the non-equilibrium 

MPFM (Figure 9, Appendix B and Table 2). The quasi-equilibrium MPFM cell spaces in 

Figure 7 or Table 2 are too narrow compared to those in Figure 13. The fluctuated fine 

cellular segregation area, which is obtained by the quasi-equilibrium MPFM, is not iden-

tified in Figure 13. It is considered that the present non-equilibrium MPFM can accurately 

simulate rapid solidification in powder bed fusion processes. 

 

  

Figure 13. Solidified microstructure of Ni(Bal.)–3.2Al–0.1C–8.5Co–16.3Cr–1.65Mo–1.8Ta–3.22Ti–2.7W (wt.%) in the laser 

powder bed fusion process.  

5. Conclusions 

The non-equilibrium multi-phase field method using the finite interface dissipation 

model and the quasi-equilibrium multi-phase field method coupled with a CALPHAD 

database were employed for Ni(Bal.)–Al–Co–Cr–Mo–Ta–Ti–W–C. The equiaxed and co-

lumnar solidification microstructure evolutions of γ were performed in the LPBF thermal 

conditions by these methods. The main results and conclusion are summarized as follows: 

 

1. The temperature–γ fraction relationships under a cooling rate of 105 K/s for non- and 

quasi-equilibrium MPFMs in the equiaxed simulations were in good agreement with each 

other. They were quite close to the Scheil model profile at 104 K/s. 

2. The differences between non- and quasi-equilibrium methods grew with the cooling 

rate. The non-equilibrium solidification tendency was strengthened over the cooling rate 

106 K/s.  

3. Columnar solidification microstructure evolutions were performed in cooling rates 

from 5×105 K/s to 1×107 K/s at various temperature gradient values while maintaining a 

constant interface velocity, 0.1 m/s. The results showed that as the cooling rate increased, 
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the cell space decreased in both equilibrium methods. The average cell space in the non-

equilibrium method was larger than that in the quasi-equilibrium method in each cooling 

rate.  

4. The thermal undercooling of the non-equilibrium method was much larger than that of 

the quasi-equilibrium method, whereas the diffusional undercooling was almost the same 

for both. 

5. The cell space of the non-equilibrium method agrees with experimental measurements 

better than that of the quasi-equilibrium method. The non-equilibrium MPFM gives us a 

more accurate solidification microstructure estimation tool in LPBF.  
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Appendix A 

General representation of the chemical potential for the FCC_L12 phase using the CAL-

PHAD sublattice model constructed by substitutional and interstitial elements 

The CALPHAD model of FCC_L12 phase for Ni(Bal.)–Al–Co–Cr–Mo–Ta–Ti–W–C is 

explained by the order–disorder sublattice model, which is constructed by two sublattices 

for the substitutional elements and a sublattice for the interstitial element C, as shown by 

(Al#1, Co#1, Cr#1, Mo#1, Ni#1, Ta#1, Ti#1, W#1)m (Al#2, Co#2, Cr#2, Mo#2, Ni#2, Ta#2, 

Ti#2, W#2)n (C, Va)l, where m, n, and l are the site numbers of the first, second, and third 

sublattices, respectively. The chemical potential of each element is given by 

 

(A-1) 

where |Ni, i indicates the differential operation on the coordinate between the solvent Ni 

and the solute element i. The quick subroutine of Thermo-calc TQ-Interface gives a differ-

ential value only by the site fraction for each sublattice. Site fraction is defined by the 

fraction of an element occupying the site of a sublattice. The molar-differential terms in 

Eq. (A-1) have to be converted to the formulations using site fractions.  

The Gibbs free energy for the total site number of the unit lattice, 𝐺′, is given by the 

TQ-Interface subroutine. So, the Gibbs free energy per unit mole, 𝐺, is given by 
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(A-2) 

where the relation 1/(𝑚 + 𝑛 + 𝑙𝑦c) = (1 − 𝑐C)/(𝑚 + 𝑛) is adapted. 𝑦C is the site fraction 

of C in the third sublattice. The molar-differential terms in Eq. (A-1) can be changed to the 

following equations using Eq. (A-2) and the chain rule of differentiation,  

 

(A-3) 

The relations between molar and site fractions of elements can be described as  

 

(A-4) 

where 𝑦i#1 and 𝑦i#2 are the site fractions of the substitutional elements in the first and 

second sublattices, respectively, and 𝑦i ≔ 𝑚𝑦i#1 + 𝑛𝑦i#2. The differential of the site frac-

tion by a molar fraction is formulated with careful treatment for the coordinate between 

the solvent and selected solute composition using Eq. (A-4), as follows: 
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(A-6) 

 

(A-7) 

Substituting Eqs. (A-5), (A-6), and (A-7) into Eq. (A-3) leads to 

 

(A-8) 

Furthermore, substituting Eq. (A-8) into Eq. (A-1) gives chemical potential equations: 

 

(A-9) 

where 𝐺′ and 𝜕𝐺′/𝜕𝑦i ,(i=C, Va, i#1, i#2) values are supplied as the output of TQ-Inter-

face inputted by temperature and composition values. It can be understood that Eq. (A-9) 

has very systematic formations. So, it offers simple programming and fast computation. 

Therefore, it can be inductively extended for not only any number of elements and/or 

sublattices but also any solid solution sublattice models, such as BCC, HCP et. al. Eq. (10) 

for FCC_A1 phase is immediately derived by omitting the second sublattice term in Eq. 

(A-9). 
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Appendix B 

Additional calculation using twice width, 5μm, for non-equilibrium MPFM in condi-

tion of Case (a), cooling rate 5 × 105 K/s and temperature gradient 5 × 106 K/m. 

Calculation conditions were the same as the non-equilibrium MPFM for columnar 

microstructure evolution except for number of the horizontal grid points changed from 

250 to 500. Figure B.1 shows the snapshot of solidification microstructure distribution at 

Al concentration (molar fraction). 

 

 

 

Time 0.53ms 

Case (a) 

Figure B.1. Snapshot of solidification microstructure distributions obtained by the non-equilibrium MPFM at Al concen-

tration (molar fraction) at (a) 5 × 105 K/s and 5 × 106 K/m by twice number of horizontal grid point, 500. 
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