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Abstract: In this article, we present a comparative study between the Adomian
Decomposition Method (ADM) and Variational Iteration Method (VIM). The study
outlines the significant features of the two methods, for solving nonlinear Volterra-
Fredholm integro-differential equations. From the computational viewpoint, the VIM
is more efficient, convenient and easy to use. Moreover, we proved the existence and
uniqueness results and convergence of the solution. Finally, an example is included
to demonstrate the validity and applicability of the proposed techniques.
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1 Introduction

This paper outlines a reliable comparison between two powerful methods that were re-
cently developed which are VIM and ADM. In this paper, we consider nonlinear Volterra-
Fredholm integro-differential equation of the type

3 6@)29 (@) = f(@) + M / Ky (2, 6)G1 (Z(8))dt + Mg / Ka(a,t)Ga(Z(1)dt, (1)
j:O a a

with the initial conditions
ZW(a)=b,, r=0,1,2,---,(k—1), (2)

where Z)(z) is the j** derivative of the unknown function Z(x) that will be determined,
K;(x,t),1 = 1,2 are the kernels of the equation, f(x) and {;(z) are analytic functions, Gy
and G5 are nonlinear functions of Z and a, b, A1, A2, and b, are real finite constants. In re-
cent years, many authors focus on the development of numerical and analytical techniques
for integro-differential equations. For instance, we can remember the following works.
Abbasbandy and Elyas [2| studied some applications on variational iteration method
for solving system of nonlinear Volterra integro-differential equations, Dawood et al.
applied the hybrid method for solving nonlinear Volterra-Fredholm integro-differential
equations, Alao et al. |[4] used ADM and VIM for solving integro-differential equations,
Yang and Hou applied the Laplace decomposition method to solve the fractional
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integro-differential equations, Mittal and Nigam applied the ADM to approximate
solutions for fractional integro-differential equations, and Behzadi et al. @ solved some
class of nonlinear Volterra-Fredholm integro-differential equations by homotopy analysis
method. Moreover, several authors have applied the ADM and VIM to find the approx-
imate solutions of various types of integro-differential equations 15,17].

The main objective of the present paper is to study the behavior of the solution
that can be formally determined by semi-analytical approximated methods as the ADM
and VIM. Moreover, we proved the existence, uniqueness results and convergence of the
solutions of the IVP —.

2 Description of the Methods
Some powerful methods have been focusing on the development of more advanced and

efficient methods for integro-differential equations such as the ADM 12] and VIM
[2,4,. We will describe these methods in this section:

2.1 Description of the ADM

Now, we can rewrite Eq.(1) in the form

k—1 T b

(@) 2 (@) + 3 (@) 2 (2) = f(2) + M / Ky (@, )Gr(Z(0)dt + X / Ka(a,)Ga(Z(D)dt. (3)
=0 a a

Then

by~ 1@ " K (1) " Ky(a, 1) NG
2@ = gt Em G1(Z(t))dt+>\2/a Eo(n) 22t ;}&(@Z

To obtain the approximate solution, we integrating (k)-times in the interval [a,z] with
respect to z we obtain,

Z(x) = L~ ( >+i§_§):'x—a by 4+ ML~ (/ Kyl )Gl(Z(t))dt>
+>\2L1< i [Z((Z)t)G ) ZL ( izm( )), (4)

where L' is the multiple integration operator given as follows:

:/:/;.../:(.)dtdt---dt (k — times).

Now we apply ADM

n=0 n=0

where A,,, B,; n > 0 are the Adomian polynomials determined formally as follows:

A= algme | 8= glgmainl,,  ©
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The Adomian polynomials were introduced in 17] as
Ao = G1(Zo); By = G2(Zo);
Ay = Z1Gy(Zo); By = Z1Gy(Z);
Ay = Z,G\(Zo) + %Z%G;(Zo); By = ZxGy(Z) + lZ12Gl2/(Zo);
Ay = 25G1 (%) + 212G (Z0) + 3 Z1 1G\ (Z0),  Bs=Z:G5(Z0) + 2122G5(Z0) + Zl PGy (Z0),

The standard decomposition technique represents the solution of Z as the following series:

7 = i Z:. (7)
=0

By substituting and @ in Eq. we have

2o = 2 (L) S Ly SRRSO

;Zz(x) = L (&(@) +;ﬁ(m—a) br—i—)\lZL ( S Al(t)dt>
oo k—1

+>\QZL Bl -3y ( f”(x)).
a Sk( ) i=0 j=0

The components Zy, Z1, Zs, - - - are usually determined recursively by
k—1
Zy = L7t (i((a;))>+zl'(x a)"b,, (8)

=0

_ ~1 * Ki(z,) 1 b Ko(x,t)
Z = ML ( - A(t)dt)—i—)\gL (/ i Bo(t)dt>

X (GGa)

j=0
_ -1 ¢ Ki(z,) 1 bKQ(LB,t)
Zn = ML (a e An_l(t)dt>+/\2L ( ) Bn_l(t)dt>
k—1
_ 1 (&) L6 z n
j:oL (fk(l’) anl( ))» > 1

Then, Z(z) = >, Z; as the approximate solution.

2.2 Description of the VIM

This method is applied to solve a large class of linear and nonlinear problems with
approximations converging rapidly to exact solutions [13,16]. To illustrate, we consider
the following general differential equation:

LZ(t) + NZ(t) = [ (1), (9)
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where L is a linear operator, N is a nonlinear operator and f(¢) is inhomogeneous term.
According to VIM [4], the terms of a sequence Z,, are constructed such that this sequence
converges to the exact solution. The terms Z,, are calculated by a correction functional
as follows:

Znia () = Zo(t) + / NNLZa(7) + Ni(r) — f(r))dr. (10)

The successive approximation Z,(¢),n > 0 of the solution Z(t) will be readily obtained
upon using the obtained Lagrange multiplier and by using any selective function Zj.
The zeroth approximation Zy may be selected using any function that just satisfies at
least the initial and boundary conditions. With A determined, several approximations
Z,(t),n > 0 follow immediately.

To obtain the approximation solution of IVP (1) — (2), according to the VIM, the
iteration formula can be written as follows:

k

Zia(@) = Zu(o) + L7 M@)o 6@)2 (@) ~ f(@) = n / " Ky )G (Za (1)t
—)\2/ Kol )Ga(Z, (0)dt] . (11)

where L' is the multiple integration operator given as follows:

L‘1(~):/am/:-~-/am(-)dxdx~--dm (k — times).

To find the optimal A(x), we proceed as follows:

k T
Zuiala) = 0Z,(a)+ 5L N0 S @20 (@) - @)~ M [ Kale)Ga(Zu(0)i

j=0
b
—)\2/ KQ(JUJ)Gz(Zn(t))dtH
= 6Zn(x) + MNx)0Zn(x) — L1 [6Zn (x)X(x)} . (12)
From Eq. , the stationary conditions can be obtained as follows:
N(z) =0, and 1 + A\(z)|z= = 0.

As a result, the Lagrange multipliers can be identified as A(z) = —1 and by substituting
in Eq. , the following iteration formula is obtained:

[ flz x—a)"
Zole) = [fk((:z:))] +r_0( ! ",
k x
Zanle) = Zu@) - L7 [ L 6@Z0@ - @) - x| Kol 06 Zu0)at
3=0 @
h /bKQ(x,t)GQ(Zn(t))dt],n >0, (13)

4
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The term Z (2 Ta)r b, is obtained from the initial conditions, &;(z) # 0. Relation
will enable us to determine the components Z,(z) recursively for n > 0. Consequently,
the approximation solution may be obtained by using

Z(t) = lim Z,(t). (14)

n—oo

3 Main Results

In this section, we shall give an existence and uniqueness results of Eq. (1), with the
initial condition (2) and prove it. We can be written Eq. (1) in the form of:

r=0

Z(x) = L~ [ ((?)hkzl( - LW, /fk K062 ())dt]
k—

H

b

oL [ K (0, 0)Ga(Za 1) } Ll[ ffoU) } (15)

a gk = gk 1,
Such that,
[ [ ammie e - [ S meocizma o)
k—1 k1
1185@)] 56y @ ="6®) )
j:OL [gk(x)]z JZO/Q — 11&(t) 27 (@t (17)

We set,

L f@) S @ —a)
Yiw) =L {fk(m)}—i—g o

Before starting and proving the main results, we introduce the following hypotheses:

(H1) There exist two constants o, and ~; > 0,57 = 0,1,--- ,k such that, for any
Zl7Z2 S C(J,R)
G1(Z1)) — G1(22))| < |2y — 2o

|G2(Z1) — Ga(Z2)| < B2y — Zo]
| D7 (Z1) — DY (Zs)| < |21 — Za]
we suppose that the mnonlinear terms Gi(Z(x))),G2(Z(x))) and DI(Z) =
(LNZ(z) = >0 i, (D7 is a derivative operator), j = 0,1,--- ,k, are Lipschitz

dxd /
continuous.

(H2) Suppose that foralla <t <x <b,and j =0,1,--- , k:

’)\1(:10 ;'?:(i()l(x,t)’ < 0., Al(m—t;[(l(m,t)’ <0y,
T — k-1 T — Icflj
R el O

a2 [F200] < 0z [rate 0] < 0
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(H3) There exist three functions 65,05, and ~* € C(D,R"), the set of all positive
function continuous on D = {(z,t) € R x R:a <t <z < b} such that:

03 = max |fs]|, 6] =max |04, and ~* =max]|y;|.
(H4) ¥(z) is bounded function for all  in J = [a, b].

Theorem 3.1 Assume that (H1)-(Hj) hold. If
0 <y = (aby + B0s + ky*03)(b—a) < 1. (18)

Then there exists a unique solution Z(x) € C(J) to IVP (1) — (2).

Proof. Let Z; and Zs be two different solutions of IVP (1) — (2)., then

20— 2| = ]/ “tkKl(x D ia(21) - G2t
/ ) Ll[iﬁf Pica(z1) - Gz
Z / 0 80iiz) - Dz
< / ng’f())Kl (e (21) - G (2)|at
; [K2 620 - Gz
x—t b 1@

HDJ (Z1) — DI(Zs)) ’dt
< (a91 +Bt95—|—k7 93)( —a)|Z1—Z2|7

we get (1 —)|Z; — Zs| < 0. Since 0 < ¢ < 1, so |Z; — Z3| = 0, therefore, Z; = Z5 and
the proof is completed.

Theorem 3.2 Suppose that (H1)-(H}), and if 0 < ¢ < 1, hold, the series solution
Z(x) =30 _o Zm(x) and || Z1]|sc < oo obtained by the m-order deformation is conver-
gent, then it converges to the exact solution of the Volterra-Fredholm integro-differential

equation (1) — (2).

Proof. Denote as (C[0,1],]|.||) the Banach space of all continuous functions on .J,
with |Z1(z)] < oo for all z in J.

Frist, we define the sequence of partial sums s,, let s, and s,, be arbitrary partial
sums with n > m. We are going to prove that s,, = > | Z;(x) is a Cauchy sequence in
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this Banach space:
o = sl = \522%\%—%!=V%2§!ZZZ‘<”‘§§Z“ ‘\52%}5‘; )|
Az — )FE (z,t Ks(@,t
— | 3 [P a3 [ (B
VxeJ i1 fk i=m+1 fk(iﬂ)

_Z/ &( —x1_'§tk - W_mdt‘

a

(x —t)F Ky (x, o2 (z,
T nsy ‘ / a k‘ék mt (ZA )dt+/ {K%k((m)t)} (ZBi)dt
S S )|

a

From @, we have

ZAi:Gl(Sn—l) Gl Sm 1 ZB G2 Sn 1 G2 Sm 1 Z% D] Sn 1 Dj(sm—l)-

So,
fon = sl = ma| [ 2T EED 16 o
+ / AQLl[ii(f’)t)}[Gz(sn_l) Gt
—Z / SO 1D (s00) = DY sl
< g [ 1 e 6o = Grton
+/a” a2 B0 (5 1) = Gatomr i
_:”1_,6’; HD Sn-1) = D (sn1)|dt

Let n = m + 1, then

Hsn - sm”oo S w”Sm - Smflnoo S "/}2”377171 - sm72||oo S e S 'l/}m”Sl - SOHooa

S0,
||5n - SmHoo < ||5m+1 - Smlloo + Hsm+2 - 5m+1||oo +o 4+ Hsn - Sn71||<>o
< WP " |ls1 = s0loo
< W[wa? T [ls1 = solleo
m w'ﬂ, m
< (D02
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Since 0 < 9 < 1, we have (1 — " ™) < 1, then [|sp — Smllec < %HZlﬂoo. But
|Z1(x)] < 00, so, as m — 00, then ||, — $mllooc — 0.

We conclude that s, is a Cauchy sequence in C[0, 1], therefore Z = lim,, 00 Zp.

Theorem 3.3 If problem (1) — (2 has a unique solution, then the solution Z,(x)
obtained from the recursive relation (13) using VIM converges when 0 < ¢ = (afs +
B0 + kv*03)(b—a) < 1.

Proof. We have from Eq. (13):

17 [ i lGa(Za0) - G20
e /ab Ko, )[Go(Za(1)) — Ga(2(0))d]] ).

If we set, &(x) = 1, and Wyt1(z) = Zpga(z) — Z(z), Wy(z) = Z,(z) — Z(x), since
Wy(a) = 0, then

z /\1K1(.T,t)(l‘ - t)k
k!

Won(s) = W)+ / (G (Za(8)) — C1(Z(2)))dt

+/: Ao L1 [Kg(:c,t)[Gz(Zn(t)) - Gz(Z(t))}]dt

I - () — )1 .
B Z/ /\16]((2(_ 1;) (DY (Zn(t)) — DI (Z(1))]dt — (Wi (2) — Wy(a)).
j=0"a '

Therefore,
T MK (z, ) (x— )k b _
Wit (a)] < / ST k?( )‘|Wn|adt+/ Nl [Ka(w, )W )|t
NGO E =
(8 —
+Z/ J(k_l)' ‘max|’yj\|Wn|dt
j=0"1 '
T b k—1 T
< W[ [ atude [ poude+ S [ orfmax]
a a j=0v@
< [Wal(abs + 8Os + ky™05) (b — a) = [Wy|o.
Hence,

= < = .
[Wasall = e (W1 (@)] < 6 s [Wa (@) = 6[Wo|

Since 0 < ¢ < 1, then ||W,|| — 0. So, the series converges and the proof is complete.
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4 Numerical Results

Example 1. Consider the following Volterra-Fredholm integro-differential equation.

Z"x)+ 7' (x) — Z(x) ="' —e® — 1+ /OI Z(s)ds +/0 ST (Z(s))ds,

with the initial condition Z(0) = 1, Z'(0)

—1, and the the exact solution is Z(x) = e~ 7.

Table 1: Numerical Results of the Example 1.

X Exact solution ADM Error ADM VIM Error VIM
0.1 0.904837418 0.896160501  0.008676917 0.904350694 0.000486724
0.2 0.818730753 0.783594511  0.035136242 0.817029618 0.001701135
0.3 0.740818221 0.660685557  0.080132664 0.737405770 0.003412451
0.4 0.670320046 0.525762821  0.144557225 0.664765171  0.005554875
0.5 0.606530659 0.377106516  0.229424144 0.598327465 0.008203194
0.6 0.548811636 0.212950800  0.335860836  0.537264396 0.011547240
0.7  0.496585303 0.031483915  0.465101388 0.480719900 0.015865403
0.8 0.449328964  -0.169154690 0.618483654 0.427831430 0.021497534
0.9 0.406569659 -0.390880529  0.797450188 0.377751090 0.028818569
1.0 0.367879441 -0.635673673 1.003553114  0.329664630 0.038214811

141
121
g — % — Error ADM *
— % — Error VIM //
0.8 *
’
’
06} X
s
¥
N 0.4F p
-0.4 * N . *
AN
*
N F 7
—0.6 « 0.2 *
7
0.8 | | | | I I I I 0 —1‘: _ _ e — % — % — % — %
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.2 0.4 0.6 0.8 1

(a) Comparative between ADM, VIM, and Exact solutions (b) Comparative between Error of ADM , VIM

Figure 1: Numerical Results of the Example 1.
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5 Comparison Among the Methods

The comparison among of the methods, it can be seen from the results of the above
example:

e The methods are powerful, efficient and give approximations of higher accuracy.
Also, they can produce closed-form solutions if they exist.

e Although the results obtained by these methods when applied to Volterra-Fredholm
integro-differential equations are the same approximately. VIM is seen to be much
easier and more convenient than the ADM.

e One advantage of VIM is that the initial solution can be freely chosen with some
unknown parameters. An interesting point about this method is that with few
number of iterations, or even in some cases with only one iteration, it can produce
a very accurate approximate solution.

e The VIM has a more rapid convergence than the ADM. Also, the number of com-
putations in VIM is less than the ones in ADM.

6 Conclusions

We present a comparative study between the Adomian decomposition and variational
iteration methods for solving nonlinear Volterra-Fredholm integro-differential equations.
From the computational viewpoint, the variational iteration method is more efficient,
convenient and easy to use. Moreover, we proved the existence and uniqueness results
and convergence of the solution. The methods are very powerful and efficient in finding
analytical as well as numerical solutions for wide classes of linear and nonlinear Volterra-
Fredholm integro-differential equations. The convergence theorems and the numerical
results establish the precision and efficiency of the proposed techniques.
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