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Abstract

We study various properties of the polygonal numbers; such as their recurrence
relations, fundamental identities, weighted binomial and ordinary sums and the partial
sums and generating functions of their powers. A feature of our results is that they are
presented naturally in terms of the polygonal numbers themselves and not in terms of
arbitrary integers as is the case in most literature.

1 Introduction

For a fixed integer r > 2, the polygonal sequence (P, ) is defined through the recurrence
relation,
Pn,r:2Pn71,r_Pnf2,r+r_2 (nZ 2)7

with PO,'r = O, Pl’f,‘ =1.

Thus, the polygonal sequence is a second order, linear non-homogeneous sequence with
constant coefficients. In § 1.2 we shall see that the polygonal numbers can also be defined
by a third order homogeneous recurrence relation.

The fixed number 7 is called the order or rank of the polygonal sequence. The nth polygonal
number of order r, P, ,, derives its name from representing a polygon by dots in a plane:
r is the number of sides and n is the number of dots on each side. Thus, for a triangular
number, r = 3, for a square number, r = 4 (four sides), and so on.

The book by Deza and Deza [3] is an excellent source book on polygonal numbers and fig-
urate numbers in general. Cook and Bacon [2| derived some summation formulas involving
the polygonal numbers. Hoggatt and Bicknell [7] studied the triangular numbers. The ar-
ticle by Garge and Shirali [5] showcases some interesting basic properties of the triangular
numbers. We refer the reader to Dickson [4, Chapter I| for an historical perspective on
polygonal numbers.
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In the sequel, the equations look nicer and simpler if we characterize polygonal numbers by
a quantity v(r) defined by v(r) = r — 2. For brevity we will always write v when we mean
7(r). The recurrence relation for polygonal numbers is then,

Pn,r = 2Pn71,7" - Pnf2,r + Y (TL 2 2) 5 (11)

with Poﬂn = O, Pl,r =1.

We have 7 = 0 for natural numbers (P,» = n), v = 1 for triangular numbers, v = 2 for
square numbers and so on.

The difference equation (1.1) is readily solved, yielding an exact formula for the nth r—gonal
number, namely,

9
P, =222, (1.2)
"7 2

The nth triangular number, P, 3, will, henceforth, be denoted by 7),:

n(n+1)
) 2 :

By re-arranging the rhs of (1.2), we see that every polygonal number can be expressed in
terms of a triangular number:
Po,=n+~T,;. (1.3)

1.1 Extension to negative subscripts

As is the case with other integer sequences, it is possible to continue the polygonal sequence
to include negative indices. Write the recurrence relation as

Pn,r = 2Pn+1,r - Pn+2,r +
and replace n with —n, obtaining
an,r = 2P—(n—1),r - P—(n—2),r + 7,

form=1,2,...
This gives P_;, =v—1, Py, =3y —2, P_3, = 6y — 3, and so on.

The solution of the difference equation
Pm,r - 2Pm+1,r - Pm+2,r + e
with initial conditions P_;, =7 —1, P_g, =37y — 2, is

-2
Ve (1=2)

P, =
’ 2 2
Writing —n for m we have
-2
P, = %/nQ + %n (1.4)
Thus, the sequence (P, ) is defined for all integers; with the exact values given by (1.2)

and (1.4).
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Note, in particular, that,

3= T 2 !

Addition of (1.2) and (1.4) gives
P—n,r - 7”2 - Pn,ra

while their difference gives
P,.,=(—-2n+P,,.

Writing —n for n in (1.3) and making use of (1.5), we also have

P ,,=-n+~T,.

1.2 A third order linear recurrence relation

Write the polygonal recurrence relation (1.1) in two ways,

-Pj,r - 2Pj—1,r =7 - Pj—2,r )

2Pj,r - ijl,r = Pj+1,r -7,

and add to obtain
3ij - 3Pj—1,r = Lj41r — ]Dj—Q,ra

which can be written
PjJ’ - 3Pj—1,7" - 3Pj—2,r + -Pj—3,r .

do0i:10.20944/preprints202102.0385.v1

(1.9)

(1.10)

(1.11)

Relation (1.11) is a special case of a more general recurrence relation, given in Corollary 5.
Note that (1.11) with the seeds Py, = 0, Pi, = 1 and P, = v+ 2 makes (P,,) a third

order recurrence sequence.

1.3 Sum of the first £ polygonal numbers

Theorem 1. If k is an integer, then,

JZk%Pj,T: (F=1+1) T,

3Ty — '%2]{:, if k is even;

d (-1YP;, =

i= 1T, + 22 (k+1), ifk is odd.

Proof. Using (1.2), we have

k y k , 2 k
iR
J=0 Jj=0 J=0
k k k
SR = 23 - S -y,
7=0 7=0 7=0

(1.12)

(1.13)
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from which identities (1.12) and (1.13) follow upon using the following well-known results:

k k
| L RkEDEE+1) (2k+1)
E _ § 2 __ _
- J = Tka - J = 6 - 3 Tk7

k/2, if k is even, Ty, if kis even,

e

—(k+1)/2, if kis odd, =0 —Ty, if kis odd.

2

O
We remark that, since,
k ' 1—e (k+1)x k 1+ (_1)ke(k+1)x
Z e = 1 _er Z - 1 z )
s —e g +e
the sums of powers of consecutive integers are readily found from
k ; k »
; d 1— e(k—i-l)m . d 14 (=1 ke(k—i-l)z
Zj T Ao ( 1 _ oo ) Z(_l)]J = I ( ) - ) (1.14)
— x —e x 1+e 0

1.4 Some fundamental identities

What Garge and Shirali [5] noted about triangular numbers is true about polygonal numbers
in general: it is generally relatively easy to prove relations and identities involving polygonal
numbers, often by simple algebra; the real challenge is in discovering them.

By using the exact formula (1.2), it is straightforward to verify the following identities
involving the polygonal numbers:

Py = Pir Py — (v = 2) T T, (1.15)
Proinr — Ponr = 0(Posry — Pro_1), (1.16)
Py + Pony = 2P, + 02, (1.17)
Povinr Py = (Pmy = Puy) Py — Pony) (1.18)
Poimy=(m+1)P,, —mP,_1, +7T,,, (1.19)
Putjme = Puy + Py +ym* Ty +ymnj (1.20)
Py jmy = Poy = j Py +ym*T; — ymnj . (1.21)

In the particular case of triangular numbers (7 = 1), we have

T'jm = T’]Tm + Tm—ljjj—l ) (122)

4
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Toin — T = (T — Ton1) (1.23)
Trin + Ty = 2T, + 07, (1.24)
TotmTn-m = (Tn — T)(Tn — Tr—1) (1.25)
Toim =(m+ V)T, —mT,_1+ T, (1.26)
Trnjin = Tn + §Tm +m*Tj_y +mnj (1.27)
Tymj = Tn — jTrm +m*Tj — mnj . (1.28)

Note that the well known identity:
Toin =T+ T +mn, (1.29)

is a special case of (1.27).

1.5 Basic summation tools

In the sequel, we will often make use of the index shift identity,

k k a—1 k+a
D fipar! =aty fral =2ty fiad w2ty fiad (1.30)
j=0 j=0 j=0 j=k+1

where (f;) is any real sequence and a and k are any integers.

Note that if a < 1, then,

a—1 -1
Y fiad ==Y fial, (1.31)
=0 j=a

and
k+a k
Yo fal=— > fal (1.32)
j=k+1 j=k+a+1

We also require the following telescoping summation identities:

k
S (= 15) = fesr = fo, (1.33)
7=0

k
Z T(fi+ f3) = (1) fira + for (1.34)

Jj=0

As an immediate application of (1.33), we can extract a summation identity from the
recurrence relation (1.10).
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Theorem 2. If k is an integer, then,
k
D PP, =2 (P, ) +2(1-27).

Proof. Write identity (1.10) as
Pj,r -7 = 2Pj71,r - Pj72,r
and multiply through by 2/~! to obtain
2071p; — 42T =0ip;  —217p

Thus,
k k
Z 2P, — Y T =D (2P, 2T P, (1.35)
j=0 j=0
To evaluate the sum on the right hand side, identify f; = 297! P;_5, and use identity (1.33)
to obtain

k
, 1
> (2P, — Y Piy,) = 2P =537 -2).

=0
Identity (1.35) now reads

1
22] 'P ’YZQJ 1_2kpk 1r—§(37_2)

7=0
or
k k
VP, - Y =2""P -3y +2,
— par;
from which the result follows when we insert the geometric sum Z?:o 2 = ok+l _ 1, O]

2 A master identity

Theorem 3. Let a, b, ¢, d and e be integers. Then,
(Ta—cTc—bTb—a + Tb—cTc—aTa—b)Pd—f—e,r
= (Tb—cTc—aTe—b - Tb—cTc—bTe—a + Tc—bTb—aTe—c)Pd—i-a,r
+ (Tachcbeefa - TachcfaTefb + chaTabeefc)Pder,r
+ (Tb—cTa—bTe—a - Ta—bTb—aTe—c + Ta—ch—aTe—b)Pd—l—c,r .

Proof. We seek to express a polygonal number as a linear combination of three triangular
numbers. Let

Pd-i—e,r = flTe—a + fQTe—b + .fSTe—c ) (21)

where a, b, ¢, d and e are arbitrary integers and the coefficients f;, fo and f3 are to be
determined. Setting e = a, e = band e = ¢, in turn, we obtain three simultaneous equations:

Pd+a,r = fZTa—b + fBTa—c > Pd—i—b,r = flTb—a + f3Tb—c 5 Pd—l—c,r = fch—a + f2Tc—b .

The identity of Theorem 3 is established by solving these equations for fi, fo and f3 and
substituting the solutions into identity (2.1). O
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Note that the identity of Theorem 3 can also be written

(@ —b)(a—c)(b—¢c)Pirer = (b—c)(e —c)(e — b) Poyar
—(a—c)(e—a)le—c)Pipy (2.2)
+ (a—b)(e —a)(e — b)Piicy .

Theorem 3 yields a myriad of recurrence relations, of which we can mention a couple.
Corollary 4. Let m and j be integers. Then
Piimyr =Tn1Piy2r + (T — 3Ton1) Pjyryr + T2 Py, -
Proof. Set c=0,b=1,a=2,d=j,e=m in Theorem 3. m
In particular, we have the addition formula for the triangular numbers:
Tiym = T Tja + (Tn — 300 1) T + T 2T . (2.3)
Corollary 5. Let m and j be integers. Then,
TwPrite = ToirPir = Tt By + TPy -
Proof. Set a=0,e=1,b=—m,c=—m—1and d=jin (2.2). a
By writing —m for m, the above identity can also be written
TPy = TPy — Ty oPjimy + L1 Piym—1 . (2.4)
In particular, we have
TnTjr1 = Tna Ty — T Tjom + T Tjom—1 - (2.5)
Corollary 6. Let j, a and e be integers. Then,

(U +a)(a—c)(j+c)Pjrer =+ c)e—c)(j+e)Prar
—(+a)e—a)j+e)Pjier-
Proof. Set d = —b followed by b = —j in identity 2.2. ]

Setting n = 0 in Corollary 6 gives

(T, — aT)P., = (T, — €1,)P,, + (1, — aT1.)P., . (2.6)

3 Linear properties: partial sums and generating func-
tions

In this section, we will derive expressions for the partial sum of the polygonal numbers,
namely, Z?:o P; 27 and hence obtain the generating function, Z;io P;,x7. Two equivalent
expressions will be derived, one based on identity (1.10), the non homogeneous second order
recurrence relation and the other based on identity (1.11), the homogeneous third order
recurrence relation for polygonal numbers. We will also derive an expression for the partial
sum of the polygonal numbers with indices in arithmetic progression, Z?:o Prjinrad.

7
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3.1 Partial sum of polygonal numbers

Theorem 7. If k is an integer, then,

k

. T T

ZPjﬂ"xj = (1 _ 33')2 (:Ek(xpk,r - Pk+1,7") +1-— '}/) + 7 (1 — ilfk+1) .
=0

Proof. Multiply the recurrence relation (1.10) by 2’ and sum over j to obtain

k k k k
ZPJHJ —|—ZPJ_U$J—QZP”$ :’}/Zl‘], (3.1)
7=0 7=0 7=0 7=0
in which,
k 1t
Z PjJrl,r-TJ = kakJrLT -+ ; Z Pj’r.fEJ s (32)
Jj=0 7=0
k k
d Pl =y —1-a"'P, 42 P, (3.3)
=0 §=0
and
k ) 1— karl
J_ - = 4
Z:c — (3.4)
7=0
Use of (3.2), (3.3) and (3.4) in (3.1) gives the stated identity. O
For the triangular numbers, we have
. j gt X k+1
T;x) = T, — T, 1— . 3.5
jzo VS (1 _ 13)2 ('T k k+1) + (1 _ .7))3( x ) ( )
Corollary 8. If k is an integer, then,
k
kT, kT,
ZPj,r = Txt1BPryr — Ty Pry1r + 1 3k+1 =—(v—- DT + % ; (3.6)
§=0
k ‘ (Pry + Pey1r — 1)/4, if k is even
> ()P, = (3.7)
=0 {v= A+ Py + Pey1,)}/4, if k is odd.
In particular,
k
k(k+1)(k+2 1
Sz = HEHDEED L (3.5)

k . k(k+2)/4, If kis even;
> ()T = (3.9)
=0 —(k+1)%/4, Tfkisodd.

Corollary 9. We have
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In particular,

Lemma 1 (Partial sum of an n'* order sequence). Let (X;) be any arbitrary sequence,
where X, j € Z, satisfies a n+1 term recurrence relation X; = f1 X, ¢, + foX ¢, +
ot o X, =D X, where fi, fa, ..., fu are arbitrary non-vanishing complex
functions, not dependent on j, and ci, ¢, ..., ¢, are fived integers. Then, the following
summation identity holds for arbitrary x and non-negative integer k :

n Cm Cm _j k i

i i D m=1 {x fm (Zj:l X — Zj:k—cm—‘rl ijj)}
ZX]'$ = 1 — Zn Cmf .
3=0 "

m=1 Z

Theorem 10. If k is an integer, then,

k 2 3 3
3 o r(y=D+z {(1-2)+2°} k1
Pj,rl'j — (1 — x)3 — (1 — x)3 Pk+17rl'
=0
(1 —3z) rio  Pegspat
— Piio,at? — J
(1 —ap 2 (1)

Proof. Arrange recurrence relation (1.11) as
Pja"’ - j+3,T - 3-Pj+2,r + 3.Pj+1’7~ .
In Lemma 1 choose (f1, f2, f3) = (1, =3,3), (c1,¢2,¢3) = (=3, -2, —1) and (X;) = (P},). O

Theorem 11. Let m and k be integers. Then

k
: m(l —x) + 2z A

2 P! =~ gy (@ 0P = P +1)

=0

__om-a) )
(m(1 =)= 2)(1 - a)"

m
+ m (mel,r - xk(PkH,r + ka+m,r)) .

k+1)

Proof. Arrange identity (2.4) as
Tm72pj+m,r - Tmflpj+m71,r = m72Pj,r - Tmflqutl,r s

multiply through by 27 and sum over j, obtaining,

k k

z (Tmf2 - mefl) Z Pjer,rxj = (me72 - Tmfl) Z Pj,rxj - Tmflxk+1pk+1,r
=0 =0

k42
+ me—IPm—l,r - Tm—lpk—i-m,r .

do0i:10.20944/preprints202102.0385.v1
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Corollary 12. Let k and m be integers. Then,

kT, m

. (Pk,r+PZ+1 =1 + Som )(Pk+m7" Pk—l—lﬂ’ + Pm—l,r); if k is even;
Z J+mr = (14 Port P 3
=0 v ki k1)t 2(72171) (Pitmyr — Peyrr — Pm—1y), if k is odd.

(3.12)

3.2 Partial sum of polygonal numbers with indices in arithmetic
progression

Theorem 13. Let m, n and k be integers. Then,

k
, 3z —1 — 28(Thy1 + 2T_1)
Pn jm,r ) = 2 J
]E:O — vm{ E Tia? + 32

1— k k+1 1— k+1
+(Pm77~+7mn){ all x)_ T }+Pm<—x).

(1—-2)2 1-z 1—x

Proof. Differentiating both sides of the geometric sum (3.4) with respect to = gives

i kaFtt o a(l—ab)
Z]x 1—x)+ 027 (3.13)

Multiply through identity (1.20) by 27 and sum over j, making use of identities (3.4), (3.13)
and Theorem 11 with v =1 (triangular number) and m = —1. O

Note that identity (3.13) could also be obtained directly from Theorem 7 with r = 2 (y = 0),
since Pjo = J.

Taking limit of the identity of Theorem 13 as x approaches unity gives the sum of the
polygonal numbers with indices in arithmetic progression.

Corollary 14. Let n, m and k be integers. Then,

ym?

> Prjins = (T(k; — 1)+ P, + ymn) Ty + (k+ 1) Py, .
§=0

In particular, for the triangular numbers we have

2

k
ZTmHn = (m?(k -1)+T,+ mn) T+ (k+1)T,. (3.14)

Using z = —1 in Theorem 13 gives the alternating sum of the polygonal numbers with
indices in arithmetic progression.

10
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Corollary 15. Let n, m and k be integers. Then,

k
E m]+nr =

=0 —EL 2P, +ym(m(k — 1) +2n)}, if k is odd.

P, + ng,,n + %’“ (n + mTk) . if k is even;

Dropping terms proportional to ¥ in Theorem 13 gives the generating function of polygonal
numbers with indices in arithmetic progression.

Corollary 16. Let m and n be integers. Then,

- ] PTLT’ Pm’r 2
mej-i-nrxj_ : +( ; +7mn)x Sl I%1~

S l-z (1—xz)? +(1—x)3’
In particular, we have
> . T, (T, + mn)x m2az?
Thion® = , 3.15
2 Tupen’ = T2+ T T (3:15)

2

Z s x) + (17_'7’;)3 , (3.16)

2

> Tl = (1_2)2 + (1fx)3. (3.17)

4 Quadratic properties: squares and products of polyg-
onal numbers

Here various identities and relations 1nvolv1ng products of polygonal numbers will be devel-
oped. These will include partial sums S°% P i sk i—0 PF i, Z?:o PjiarPjipr? and
the corresponding generating functions.

Lemma 2. If j is an integer, then,

4‘Pjar‘F)j—1,7" = ‘P_72,1" + 4‘Pj271,r - Pj272,r + 27‘Pj—2ﬂ" - 72 ) (41)

4%17"Pj_17T = 4P]2,7' + ‘P]2—1 ‘Pj2+1 T + Q/YP +1 r ,72 N (42)

Proof. Square both sides of identity (1.9) and re-arrange to obtain identity (4.1). Square
both sides of identity (1.10) and re-arrange to obtain identity (4.2). O

Lemma 3. If j is an integer, then,

Py, — 2P + Py, =6vP, + (Y= 1) +1.

11
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Proof. Square both sides of the recurrence relation

Piy1r+ Pjo1y =2F;, +v (4.3)
and re-arrange to obtain
2P, Pjo1y = AP}, = Pl — PPy + 4P +97. (4.4)
The exact formula (1.2) gives
Pijir— Py =2+7(25 - 1). (4.5)

Squaring both sides of each of (4.3) and (4.5) and subtracting, we find
Pji1oPjry = Py —vPj +7 = 1. (4.6)
Eliminating Pj1,P;_1, between (4.4) and (4.6) yields the identity stated in Lemma 3. [

Lemma 4. Let a, b and j be integers. Then,

1 1 1
Pj+a,er+b,r = §Pj2+a,r + §Pj2+b,r - §Pa2—b,7‘
-2 (4.7)
@B+ 0 30— D Py (D).
1 1 1 1
Pj+a+1,rf)j+b+1,r - j+a,er+b,r = §Pj2—|—a,+1,r + §Pj2+b+1,r - §Pj2+a,r - §Pj2+b,r (4 8)
9 .
- %(a — b)2(2j +2b+ 1) — y(a — b)Pa_y, .

1 /a—b+1
Pjiar1rPivvr1r — PiyarPiiv, = 5 (m) (Plror— Pliyirr)

+5 (5207) Pl = Phaa) o la=tl#1
(4.9)
Proof. Set j =1 in (1.20) and write j for n:
Piimy — Pjr = Py +ymj.
squaring both sides and re-arranging gives

2]Dj+m,r]3j,r =P?

J+m7r

+ PJQT — wa —2ymjP, . — ’meZjQ .

Set 7 — j + b, m — a — b to obtain identity (4.7).
Shift the index in (4.7) and subtract identity (4.7) from the result. This gives identity (4.8).
Arrange identity (2.4) as

Tmf2-Pj+m,r + Tmflqutl,r = Tm72Pj,r + Tmflf)jerfl,r )

12
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and set 7 — j+aand m =b—a+ 1 to obtain
Tb—a—l-F)j'+b+1,T + Tb—a-Pj—i—a—l—l,r = Tb—a—lpj—l—a,r + Tb—a-Pj+b,r .

Squaring both sides of the above relation and rearranging the terms we get

1 T,
_ - 2 2
Pj+a+1,er+b+l,r - Pj+a,r]3j+b,r - §T (]Dj—f—a,r - Pj+b+1,r)
a—b—1
1 Ta—b—l

+ 9 T, s (Pj2+b,r - ‘Pj2+a+1,r) ;

from which identity (4.9) follows. O

Theorem 17. If j and m are integers, then,

_ p?

_P2 ]+2,r):O‘

T (P = P2) = (= 3)(m + 1)(P 0, — Py,

]? j+m7r

)+ T (P?

jHm—1,r
Proof. Write identity (2.4) as

Tn—2(Pjrmy — Pj) = T 1 (Pjym—1 — Pjy1) -
Square both sides of the above relation and re-arrange the terms, obtaining,

2 2
2T 2Ly Py — 2D 1 Pjrr s Dyt

(4.10)
= Tr?@f2<Pj2+m,r + Pj%r) - Tr?mfl(PjQerfl,r + Pj2+1,r) .

Write j + 1 for j in relation (4.10) to get

2 2
2Tm—2Pj+1ﬂ“‘Dj+m+1,T - 2Tm—1pj+2ﬂ"Pj+m,T

(4.11)
= T’r%L—Q(PjQ—Fm—i—l,r + Pj2+1,'r) - T’rzz—l(PjQ—&—m,r + ‘Pj2—|—2,7') .

Subtract (4.10) from (4.11) to get

2
2Tm72(Pj+1,er+m+1,T - ]:JJ}TPJ'erW)
2
- 2Tm_1<Pj+2,er+m,r - Pj+1,7"Pj+m*1,7")
_ 72 2 2 2 2
= Tm—2<Pj+m+1,r + Pj+1,r - Pj+m,r - Pjﬂ“)

2 2 2 2
- Tmfl(Pjer,r + Pj+2,r - Pj+m71,r

(4.12)

- Pj2+1,r) :

Using Lemma 4, identity (4.12) is

T T,
2 m—1 2 2 m 2 2
Tm—2 ( Tm (Pj,r - Pj+m+1,7") + m(Pj—f—m,r - Pj—l—l,r))

Tm_Q Tm—3
m—1 ( (]Dj2+m—1,r - ]Dj2+2,1“) +

Tm73 Tmf2
_ 2 2 2 2 2
- Tm72(Pj+m+l,r + Pj+1,r - Pj+m,r - Pj,r)

2 2 2 2 2
- Tm—l(Pj—i-m,r + Pj+2,r - Pj+m—1,r - Pj+1,r) :

— p2

o))

_ T2

(P2

Jj+1r

The identity given in the theorem follows upon clearing fractions and simplification. O

13
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Corollary 18. If 5 is an integer, then,

PjQ,r - 4‘Pj2+1,r + 5‘P3'2+2,r - 5‘Pj2+4,r + 4Pj2+5,T - ‘Pj2+6,r - 07 (413)
P?, = 5P, +10P7,, — 10P} 5, + 5P, — P}, =0, (4.14)
2P]2,r - 7Pj2+l,r + 7Pj2+2,r - 7Pj2+5,r + 7Pj2+6,r - 2Pj2+7,7“ =0. (415)

Proof. To prove (4.13) set m = —3 or m = 5 in Theorem 17. Setting m =4 or m = —2 in
Theorem 17 proves (4.14) while (4.15) follows from m = —4 in the theorem. O

Theorem 19. Let m and j be integers. Then,

m(m - 2)Pj2+m+1,r - 2<m2 - 4)Pj2+m,r
— mm+2)P2,, — 2(m? — 4)P2,

+m(m —2)(Pry, + 2vPjimi1yr — 27Pj1,) -

+m(m + 2)Pj2+mfl,r

Proof. Arrange identity (2.4) as
Tm72]3j+m,r - Tm71]3j+m71,r = mf2pj,r - Tm71]3j+1,r .

Square both sides of the above identity and use identities (4.1) and (4.2) to eliminate the
products Pjyp,Pjim—1, and P, Pj1;,. The result is

Toni T2 Pl iy + 2Ty = AT 1 Tu2) P

_ (2T3L_1 _ Tm—le—Q)PjQ—i-l,r + (2Ti_2 — 4Tm—1Tm—2)Pj2’T + Tm—le—Q‘lD]?_l,r (416)
+ 2"}/Tm71Tm72(Pj+m+1ﬂ" - ijl,r) )

+ (212 | — Typ1T o) P?

j+m—1r

from which the identity of the theorem follows upon substituting for the triangular numbers.

[l
We have the following examples:
Pj2+3,r - 3Pj2+2,r + 3Pj2+1,r - sz,r = 27(Pj+3,r - Pjr) ) (4‘17)
3f)j2+2,r - 3Pj2+1,r + P]2,r - Pj2+3,7“ = 6’7(Pj+177’ - Pj+277“) : (418)
Identities (4.17) and (4.18) come from evaluating the identity stated in Theorem 19 at

m =1 and m = —1, respectively.

4.1 Partial sums and generating functions

Theorem 20. If k is an integer, then,

k
2 i _ 6yx x vz (1 — z%) B 2" ( Py, — 2Pey)
2 P = (T e )
N (v = 1)? 4+ V(1 — 2¥*1) _ (P, —2b,) (- 1)%x
(1—2)? (1—x)? (I—z)*

14
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Proof. Multiply through the identity of Lemma 3 and sum over j to obtain
k k
SEREEE SRS W
§=0 j=0
k k
=67 Y P + (- 1P )Y
§=0 =0

which, by shifting the index in each sum appropriately and re-arranging can be written
k k k
(1—x)? Z P?x) = 6y Z Pi,o? + ((y =12+ 1)x Z !
5=0 §=0 §=0
e, + 2 P — (y = 1)

from which the result follows when we use Theorem 7. O]

Corollary 21. If k is an integer, then,

k
1 1
> P = < {(k+3)7 st Por = Pesip}yTe-s + ~kP} ., - 5(2k - 3)P,§’r) Tis1

3 (4.19)
1
L DT,
i , (v = 8(Pey1r — Pry) —1}) + % (P,fHJ, — P,?_LT + 4P,€27r) . if k is even;
JP _
par (=29 + {38(Peory — Pep) +1}) — L (P2, — Py +4P2,) . if k is odd.

(4.20)

Proof. Repeated application of L’Hospital’s rule to the identity of Theorem 20 at x = 1
yields identity (4.19); while (4.20) comes from evaluating the identity at x = —1. O

Corollary 22. We have

2 j_ Oy x y? {(v -1+ 1}a  (y—1)3
ZP g 1—x> {<1—x>2+<1—x>3}+ T-2F  (—ap

For the triangular numbers, v = 1 and we have the generating function of the squares of
triangular numbers to be given by

(132 T

Zsza - T A= (4.21)

Theorem 23. If k is an integer, then,

k
S pr i = (DM (22}t () et
— (1—2x)°
7=0
(1 —2)° +2°) e (L= 2)° 425 — 52 -

(1 —52+102?) ws  (L=52) o pig Plys, +_5 .

P -—2p
(1 _ .]7)5 k+3,rx (1 . .217)5 k+47r$ (1 _ l‘)E’

15
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Proof. Write recurrence relation (4.14) as
2 2 2 2 2 2
P = 5Pg+1 r 10Pj+2,r + 1O‘P]+3 T 5Pj—|—4,r + P]+5 T

In Lemma 1 choose (f1, fa, f3, f1, f5) = (5, —10,10, =5, 1), (c1, 2, €3, ¢4, ¢5) = (—1, =2, =3, —4, —5)
and (X,) = (P2,). a

Corollary 24. We have

S (DR - {10 -2}t 4 (4 4) — et f o
ij’rx B (1 —x)°

Theorem 25. Let m and k be integers. Then,

. m(m—2 m x+mm—|—2
Zﬁmr _m( )a? (2 4) Z

m(m + 2)x? — 2(m? — 4)x + m(m — 2)
27m < Z] =0 P] rx Zj:(} Pj+m,rx]>
B (m+2)x2 2(m? )x—l—m( —2)
2’7m ( k+2Pk + ¥ Pk+m+1 r xP—l,r - Pm,r)

m(m + 2)z? — 2(m? — 4)z + m(m — 2)
m(m +2)(z k+2pk2+mr + P13+1r e 1)
m(m + 2)x? — 2(m? — 4)x + m(m — 2)
mm — (PR, + B, — 2P, — PR

m(m + 2)z? — 2(m? — 4)z —|— m(m — 2)

Proof. Multiply through the identity of Theorem 19 by 27 and sum over j, shifting the
index in each sum as appropriate. O

Corollary 26. Let m and k be integers. Then,

m— 2
Z j+mr T) {(Pm,r - 7)2 - (Pk—‘rm—l—l,r - 7)2 - (Pk,r - 7)2 + 1}
m2(m — 2 m(m + 2
2 Prvsnr + Pesrs ~ Pocar + O e b P2 )
1 1
({(k +3)L 5t Prr — Poy1,39Thr + ngk{M - §(2k — 3)P,3,,n) Tes1
1
+3(k+ DT Py,
(4.22)
Proof. Set z =1 in Theorem 25 making use of (3.6), (3.11) and (4.19). O

16
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Theorem 27. Let m and k be integers. Then,

Z 2 i 2*Ty3— (m—3)(m+ 1)z +1T, Ek:

T3 — (m—3)(m + 1)2? + T,,23
Tz P2y + (T — (m — 3)(m + 1)z)z" P2, ,
T3 — (m—=3)(m+ 1)z + T,,2*
L™ Py — Tnesa™ PRy,
T3 — (m—=3)(m+ 1)z + T,,a?
T + 2T P2y, — To sP2,
C Tes— (m—=3)(m+1)a2 + T

Proof. Multiply through the identity of Theorem 17 by 27 and sum over j, shifting the
index in each sum as appropriate. ]

Theorem 28. Let a, b and k be integers such that |a —b > 1. Let x € C, x # 1. Then,

k
1 (Tb a :L‘TbQ a— 1 j b a—1 be a ]
2 Z Pj+apj+bxj - Tb aTb a— 1 ]. - ZL’ Z ]—i—a Tb aTb a— 1 ]- - l‘ Z P bmj

5=0
Tyq (PZ— k+1Pk+a+l) X Ty—q1 (B} — xk+1pk+b+1)
Tb—a—l (1 — (L’) Tb a (1 — !L’)
karl P Pb
—2—Piyo1 P 2——
=2 ktat+1d ko1 T -2

Proof. Multiply through identity (4.9) by 27 and sum over j, shifting the index in each sum
as appropriate. ]

Corollary 29. Let a, b and k be integers. Then,

ala — 2
22 Jj+a,r ]-I—br = %{(Pam _7)2_ (Pk+a+1,r _’7)2 - (Pk,r _’7)2_"1}

. 5(58—2)

ala+ 2
F 2D (2 P - P

2
~ya*(a — 2)
i 8

+ 2Tk 11 <{(/€ + 3)

{(Por = 7)* = (Prosprre —7)* = (P —7)* + 1}
) b(b+ 2) (

2 2 2
Pl + P, — bel,r)

0% (b — 2)

8 {Pisvr + Prev1r — Poo1r}

1
+Pkr_Pk+1r}7Tk 1+ k?Pk 1,r —(21{3—3)P]€2’r>

{Pk:—l-a,'r + Pk—l—l,r - a—l,r} +
5 3 3
2
0+ 1) {2 P, = P (Bacay 20— 06+ 200}
)’72((1 — b)2
6

—(k+1 (2k* + k + 6kb + 6b°) .

Proof. Sum each term in identity (4.7) from 0 to k, making use of Corollary 26. m
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5 Powers of polygonal numbers
We have seen that, identity (1.11),
Pj,r - 3Pj+1,r + 3Pj+2,r - Pj+3,r =0 )
and that, identity (4.14),
Pj2,r - 5Pj2+1,r + 10Pj2+2,r - 10Pj2+3,r + 5Pj2+4,r - F)j2+5,r =0.
More generally, on account of Euler’s finite difference theorem, Gould |6, identity (10.1)],
' . 0, f0<m<t:
)3 (—1>t+s( )m - 5.1)
=0 5 (=1, ifm=t,
we have the result stated in the next theorem.
Theorem 30. Let n be a non-negative integer. Then,
2n+1
s(2n+1\ _,
> v (e, 0.
s=0

Here are a few more explicit examples:

Pl = TPy, +21P) = 35F) 5, + B3P,

5.2
- 21};3—&-5,7* + 7R73+6,T - P]3+7 =0, ( )
4 4 4 4 4 4
Bl = 9Py, + 36850, , = 84F5, +126P5,, , — 126P5,5, (5.3)
4 4 4 4 ’
+ 84Pj+67r - 36Pj+7,r + 9Pj+8,7’ - Pj+9,7‘ =0,
P}, = 11P},, 4+ 55P),, — 165P) 3 + 330}, — 462P) ;| (5.4

5 5 5 5 5 5

5.1 Partial sums and generating functions

Theorem 31. Let n be a non-negative integer and k any integer. Then,

k 1 2n+1 om+1 k+s
n .j __ s 2n—s+1 n _.J
> r =t (M) 3 )
s=0

j=0 j=k+1
2n+1 s—1
1 S 271, + ]' 2n—s+1 n ..j

- (1 — z)2ntl Z {(_1) ( s ):c ijmwj :

5=0 j=0
Proof. Multiply through the identity of Theorem 30 by 27 and sum,

2n+1 k
2 1 .

S e () S o

s=0 5 j=0

18
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Using (1.30), this is

2n+1 9 +1 s—1 k+s
Z{(—l)(” )(‘SZ%ﬁij—x‘SZ%mx—SZ )}:o.
s=0 j=0 j=k+1

2ntl e have

Clearing brackets and multiplying through by z

k 2n+1 2n+1 s—1

n .j s 2n + 1 n—s s 2n + 1 n—s n .j

E Pj,rxj E (_1) ( ) >x2 +1 § : (_1> ( ) >:L’2 +1 § Pj,?“xj
Jj=0 Jj=0

s=0 s=0
2n+1 k+s
2 1 .
2 (7 ) 3 <o
s=0 Jj=k+1

The result now follows upon making Z —o I 27 subject in the above equation. Note that

2n+1
Z (—1)" (Qn + 1) p2n—stl _ —(1- x)2n+1 .

S

Observe that Theorem 10 and Theorem 23 are special cases of Theorem 31.

Taking limit as k approaches infinity in Theorem 31, we obtain the generating function of
the powers of polygonal numbers as stated in the next result.

Corollary 32. Let n be a non-negative integer. Then,

- pn J o 1 = ( 1)5—1 2n + 1 2n—s+1 — pnr J
Z g = (1 — z)2ntl Z - s v Z 5
j=0 s=1 7=0

6 Weighted sums

In this section we present some weighted ordinary and binomial summation identities in-
volving the polygonal numbers.

The general summation identities which we require for this purpose are given in Lemmata 5
and 6 and can be proved by induction (see Adegoke [1]).

6.1 Ordinary summation identities

Lemma 5. Let (X,) be any arbitrary sequence. Let X,,, n € Z, satisfy a recurrence
relation X, = f1.Xn_c+ foXn_q+ A, where fi and fs are non-vanishing complex functions,
not dependent on n, and ¢ and d are integers. Then,

S AL = A1)

.f2 par fl Xn—d—jc = Xn - fl an(kJrl)c - 1— fl ) (61)
Zk ; A= £+

fl par fQXn—c—jd - f2 n— (k+1)d — 1— f2 ) (62)
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Theorem 33. Let m, n, k and r be integers. Then,

Z 2anf2mfmj,r = 2k+1pn—(k:+1)m,r - Pn,T + m27(2k+1 - 1) ) (63)
=0

1 1 1,2 ; .
§Pn,r + §Pn72m(k+1),r —;m™, Zf k is even,

k
Z ) 2mj,r — (64)
J= 1Pnr_ Pn 2m(k+1),r> ka is Odd,

6.2 Binomial summation identities

Lemma 6. Let (X,) be any arbitrary sequence. Let X, n € Z, satisfy a recurrence
relation X,, = f1X,_c+ foXn_qa+ A, where fi and fy are non-vanishing complex functions,
not dependent on n, and ¢ and d are integers. Then,

k .
Z( >f1f§ D kdt(d—c)j = Xn — )\((;111—]];2)_ 1 D , (6.5)
k , e _ gk

(—1)’“2(—1)]‘(’;)5‘9 e = 1, + ML) (o

and

i Nk gk
k Z ( )fl_ n+k(d—c)+cj — kaX + ((1 — :;2)_ f2f2> y (67)
=0

fork a non-negatwe integer.

Theorem 34. Let m, n, k and r be integers. Then,

k
k Z ( )2 P, 2mk+mj,r — Pn,r - m2k77 (68)
Jj=
k
k
Z (]) n—mk+2mj,r — QkPnr + Qk ! 21{:77 (69)
k
Z < )zk— Potmimjr = Py — m?ky . (6.10)
Jj=

Theorem 35. Let m, n, k and r be integers. Then,

k
03 P () o+ 1 P e = Par = b, (611
§=0

Yk
> (]> Py ks minyjr = (m A DEPy, 4 k(m 4+ 1) 9T, (6.12)
7=0

k
> (- ( ) m+ D* Py pymin = mP P, — kmF T, (6.13)
7=0

20
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6.3 Double binomial summation identities

7 Some triangular-numbers-specific properties

We will conclude this study by presenting some results which are specific to triangular
numbers.

Theorem 36. Let n be an integer. Then,
LT, =Tp, 1 +T7, 1.
Proof. Since T), — T,,_1 = n and T}, + T,,_; = n?, we have
T+ Ty =T2+T? | — 2T, T, .
Thus,
21,101 = (Tf - Tn) + (Tn2,—1 - Tn—l) )
and the result follows. O

The implication of Theorem 36 is that the product of any two consecutive triangular num-
bers is the sum of two certain triangular numbers.

On account of the summation identity (1.34), the identity given in Theorem 36 invokes the
next result.

Corollary 37. If k is an integer, then,

k
Z (=1 TTjo1 = (= 1) *Trim s -

T
=0 *

Next we give a recursive identity involving any three consecutive triangular numbers.

Theorem 38. Ifn is an integer, n # 0, n # —1, then,

Tnpidns 2 (20202 (0 20 (Teplea)
1, T, \T. \1T. \T T, T, '

Here we have written T(j) = 1.
Proof. Setting m = 1 in identity (1.25) gives
TnJrlTn,l == Tj - Tn - 2TTn71 . (71)

But,
Tn+1Tn— 1

ToiiTh 1 = TT% -1, = T

7, 1. (7.2)
Using (7.2) in (7.1), we have
Tn+1Tn—1 = 2TTn+1Tn71 .

Tn

Thus,
TnJrlTnfl o 2

- Tp41Tn—1
T, T,

21
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from which we get again

Tn+1Tn—1 . 2
T N T_n %T%%:nfl ’ (7.3)
Tn—l—lTn—l 2
T T T #mTer (7.4)
n n noT, M
In short,
T?’L-‘,—lTn—l . 2
O
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